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Preface

This thesis concerns several problems in probability, optimization, and machine learning.

In the first part we study mixing and sampling. We begin by revisiting the riffle shuffle, and
generalizing the classical “seven shuffles suffice” result of Bayer and Diaconis to shuffles with asym-
metric cuts. Our guiding perspective is to pinpoint at what locations and scales the original deck
ordering retains stability. We then turn to our first spin glass model, aiming to sample from the
Sherrington-Kirkpatrick Gibbs measure in the high-temperature phase. We develop a new approach
based not on a Markov Chain, but instead on Eldan’s stochastic localization. Moreover we prove
that no stable algorithm can satisfy the same properties once replica symmetry breaks due to the

phenomenon of disorder chaos.

In the second part we turn to optimization, aiming to find approximate ground states in spin
glass models. This problem is intimately related to their low temperature behavior, and the limiting
ground state energy is given by the Parisi formula at zero temperature. We determine an exact
algorithmic threshold for a natural class of stable algorithms, which is achieved by approximate
message passing algorithms. The broader class of algorithms is defined by its Lipschitz dependence on
the random coefficients of the function to be optimized; it includes general gradient-based algorithms
and Langevin dynamics on dimension-free time scales. Our hardness results stem from a refined

landscape property that we christen the branching overlap gap property.

The third part concerns two problems in high-dimensional machine learning. We first study the
problem of chasing convex bodies, in which one aims to perform stable convex optimization to obtain
robust performance guarantees in changing environments. The solution involves a generalization of
the classical Steiner point in convex geometry and its connections to Lipschitz selection. Finally we
establish the law of robustness, which states that a natural robustness memorization task in high

dimension requires extremely overparametrized machine learning models.
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Chapter 1

Introduction

This introduction surveys the results in this thesis. Its aim is to convey at least roughly the state-
ments and motivations for these results. To this end we have given a brief mention to certain topics
when a more complete and not-overly-long explanation eluded us. The results themselves concern
several quite different problems ranging from mixing times and spin glasses to machine learning.
However common themes such as dimension-free behavior and sharp transitions are present through-

out.

1.1 Cutoff for the Asymmetric Rifle Shuffle

In Chapter 2, we begin with the classical problem of riffle shuffling. In additional to being a
ubiquitous procedure in real life, the riffle shuffle has led to beautiful mathematics. While one can

ask many questions about such a process, the best studied is inarguably:

How many shuffles are needed to randomize the order of the deck?

Repeated riffle shuffling defines a Markov chain, because the distribution for the deck order X4
at time ¢t + 1 given the order X; at time ¢ is independent of the past. Of course, each X lives in
the symmetric group Sy, where N is the number of cards in the deck. We assume the deck starts
in a deterministic order Xy (all choices of X are equivalent by relabelling the cards). We would
like to know how large t should be as a function of N for the distribution p1x; to become close to
the uniform distribution py o on Gx. The Markov chain is said to miz once this occurs, though of

course the amount of time required might depend on the precise notion of distance used.

As has become customary, we focus on mixing in total variation. Recall that the total variation
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Figure 1.1: A riffle shuffle in progress.

distance dy’ (i, v) between two probability measures on the same space is defined by
Ay’ (p,v) = sup [u(A) — v(4)]

where the supremum is taken over all measurable sets A. (In our case, A C &y would be a subset
of the possible N! permutations.) The total variation distance is a stringent notion. Indeed, a small
total variation distance dj’(u,v) < € is equivalent to the existence of a coupling (x,y) such that
x~py~v,and Ple =y > 1 —e.

The total variation mixing time of the standard riffle shuffle was analyzed in [BD92], where it

was shown that (ﬁg@) + 0(1)) log(N) shuffles are necessary and sufficient to mix an N card deck.
[BD92] focused on the Gilbert-Shannon-Reeds (GSR) model of the riffle shuffle. In this model the
N-card deck is first cut into parts of size A and N — A, for A ~ Bin(N,1/2) drawn from a binomial
distribution. In particular the deck is cut “roughly in half”. Next, the cards are “riffled” together

by generating a uniformly random interleaving of the two piles from the (JX) choices.

As above, given an arbitrary deterministic initial ordering for the cards, let py x denote the
distribution for the state of the deck after K shuffles and 11 o the uniform distribution on all N!
permutations. Then [BD92] showed the following result.

Theorem 1 ([BD92]). Fiz e > 0. If the sequence (Kn)n>1 satisfies Ky < (ﬁg@) - 5) log(N),
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then the GSR shuffle satisfies

A AN (N K N e0) = 1

On the other hand, if Ky > (ﬁg@) + E) log(N), then

AN (N K s N 00) = 0.

The above result establishes a sharp threshold at 231135(12\/) shuffles. At this time, the deck quickly
transitions from unmixed to fully mixed. This behavior is known as “cutoff” and is surprisingly
common in Markov chain theory. Setting N = 52 in Theorem 1 led to the moniker “seven shuffles
suffice”. In fact [BD92] showed even more precisely that cutoff occurs within a constant size window

3log N
2105(2) +0(1).

Our new contribution in Chapter 2, based on [Sel22], is to analyze an asymmetric generalization
in which A ~ Bin(N,p) for general p € (0,1). In this p-shuffle model, the riffling is identical to
the GSR shuffle with p = 1/2, but the cuts are biased by p. This seemingly innocent modification
destroys symmetry properties used in [BD92] and requires a completely new analysis. We establish
cutoff at (C), & o(1)) log N shuffles for an explicit constant C), (see Figure 1.2). As expected, C,, is

symmetric and minimized at p = 1/2. Thus, asymmetry can only slow mixing.

Some foundational ideas for our work, including most of lower bound on the mixing time, were
previously introduced in [Lal00]. Moreover (as with Theorem 1), our result below extends to “multi-
nomial” shuffles in which the deck is cut into more than 2 parts. We denote by un k), the distribution
of the deck after p-shuffling K times.

Theorem 2 ([Sel22]). There exists a constant C), such that the following holds. Fiz e > 0. If the
sequence (Kn)n>1 satisfies Ky < (ép — 6) log(N), then the p-shuffle satisfies

1\}i—r>noo dN (1N, K ps BN ,00) = 1.

On the other hand, if Ky > (61, + 5) log(N), then
AN (N Fps 1N 00) = 0.

Prior to our work [Sel22], several interesting results were known for the asymmetric riffle shuffle.
[ADS12] determined the mixing time in the more stringent separation and L senses with O(1) cutoff
window. The papers [Sta0l, BD98b, BHR99] established connections to quasisymmetric functions
and hyperplane arrangements, showing that the eigenvalues of the chain are all real despite its
irreversibility. While these papers rely on exact identities, our approach does not and instead

directly analyzes the time ¢ distribution of the chain.
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Figure 1.2: The values C,, are shown. The color-change points indicate non-smoothness of C, at
approximately p &~ 0.28 and p ~ 0.72.

Other aspects of riffle shuffles are surveyed in [Dia03], and several other choices for the interleaving
process have been studied [Tho73, Mor09, Mor13, JM15]. Many seeming basic open problems remain,

for example to generalize these results to non-binomial cuts.

Of course, the subject of Markov chain mixing extends far beyond riffle shuffling. First, many
other interesting walks on the symmetric group have been thoroughly studied including random
transpositions [DS81, Sch05], adjacent transpositions [Lacl6] and random-to-random [BN19]. Other
important distributions that can be efficiently sampled from via Markov chains include graph color-
ings [DG98, CDM*19], the hardcore model, uniform spanning trees [Bro89, Ald90, Wil96, ALGV19],
contingency tables [DG95], and log-concave measures [FKP94, SL19, LST20]. Several other random-
ized estimation algorithms employ Markov chain sampling as a fundamental primitive. For example,
prominent algorithmis to estimate the volume of a convex body [LS93, LV06, JLLV21] or the number
of perfect matchings in a graph [JS89] use such a strategy.

In the case of symmetric group, it is of course easy to sample a uniformly random permuta-
tion 7 directly by choosing 7(1),7(2),...,7(N) sequentially and enforcing distinctness throughout.
However for many examples mentioned above, a rapidly mixing Markov chain is indispensable for
efficient sampling. For example as explained in [DV13], Markov chain sampling enables randomized

algorithms to approximate the volume of a d-dimensional convex body K by evaluating the function
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lzex a polynomial (in d) number of times. This task requires exponentially many queries for a

deterministic algorithm.

1.2 Algorithmic Stochastic Localization for the Sherrington-
Kirkpatrick Model

Chapter 3 is the first of three chapters on spin glasses and is based on joint work [AMS22] with
Ahmed El Alaoui and Andrea Montanari. We begin with the Sherrington-Kirkpatrick model, the
probability measure on the Boolean cube {—1,+1}" defined for an inverse temperature parameter
8 >0 by

7.A0) 4

B
ppa(0) =e2! o.

We sample the N x N symmetric matrix A from the Gaussian Orthogonal Ensemble, which means

A has independent entries (except that A;; = Aj;) with distribution

A ~N(0,2/N);
Ay ~N(0,1/N), i#j.

The Sherrington-Kirkpatrick (SK) model was introduced in [SK75] to understand diluted mag-
netic materials such as CuMn and ZnO. It is a mean-field model because it ignores the 3-dimensional
structure of physical space in favor of greater mathematical tractability. Indeed to view this model
as a physical system, one considers N atoms such that the entry A;; describes the interaction be-
tween atoms ¢ and j; thus the SK model describes a “fully connected” system. In Chapter 3 we
consider the high-temperature regime of the SK model with # small. We focus on the problem of
sampling from this Gibbs measure using an efficient algorithm, e.g. one requiring time growing at

most polynomially in the dimension V.

The Sherrington-Kirkpatrick model is known to exhibit a phase transition at 5 = 1. For g < 1,
the behavior is known to be “replica symmetric” while for 8 > 1 replica symmetry breaking begins.
This phase transition has a number of interpretations, but perhaps the simplest is that when 5§ < 1,

an i.i.d. pair 1,09 ~ g 4 of Gibbs samples satisfy

N —o0

. (o1,09)
lim P || 2272
1m H N

ga}zl

for any constant ¢ > 0. Here the probability is taken over the randomness of A as well as (o1, 02).

becomes highly non-

However once replica symmetry breaks, the distribution of the overlap %

trivial and the Gibbs measure exhibits certain “hierarchical clustering” behavior.
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In accordance with this, it is natural to believe that simple Markov chains should mix quickly in
the replica-symmetric phase 8 < 1. The most prominent such chain is the Glauber dynamics: from
deterministic initialization % € {—1,+1}"V, one repeatedly chooses a uniformly random index i €
[N] and resamples the coordinate ! from the desired Gibbs measure conditioned on the other N —1
coordinates of x!. Unfortunately, classical techniques to upper bound the mixing time of Glauber
dynamics such as the Dobrushin condition [AH87] only imply polynomial mixing at extremely high
temerature S~ > Q(N1/2).

Rigorous progress on this problem has been achieved only recently. It was shown in [AJKT21]
that for 5 < 1/4, the Glauber dynamics mixes in O(N log N) time based on a modified log-Sobolev
inequality. This result followed [EKZ21] which showed an O(N?) mixing time also for 8 < 1/4 by
establishing a spectral gap. Conversely it is shown in [BAJ18] that mixing is exponentially slow in
spin glass models satisfying a certain overlap gap condition (which is actually not expected to hold
for the SK model).

We take a very different approach to efficient sampling based on Eldan’s stochastic localization.
This idea was introduced in [Eld13] and further developed in many works including [Eld16, LV17,
LV18a, Eld20, Che21, KP21], see also the ICM survey [Eld22]. Following the approach of [EAM22],
the stochastic localization process can be described as follows. Let u be a compactly supported
probability measure on RY, and let B; be a standard R¥-valued Brownian motion. Consider the
diffusion defined by

dX; =zdt+dB;, Xo=0, =~ pu. (1.2.1)

One may view X; as a way to gradually reveal the point . Indeed z is almost surely determined

by the full path (Xt)te[o,oo) since the law of large numbers implies that

X

P [lim s m] =1 (1.2.2)
t—oo

At a finite time ¢, the conditional law of  given X is a random measure p;. Moreover the probability

we(S) is a martingale for any Borel set .S, and thus (u);>0 can be said to define a martingale on the

space of probability measures on RY .

A key and non-obvious property is that the measures p; localize. For instance at time t = oo,
(1.2.2) implies that one has pie = 0 for pioo = lim;_, o p¢. This suggests that for large finite ¢, the
measures u; should concentrate tightly. In fact, it is possible to make this quantitative and prove

that the expected covariance matrix of y; is bounded above by % -Iy.

Our approach to efficient sampling in Chapter 3 is to simulate (1.2.1) for a large constant amount
of time, and then round the mean of y; to a corner in {—1,+1}". We show that this procedure
alg

succeeds in sampling from a probability distribution uj3%, with o(1) (normalized) Wasserstein dis-

tance Wo y from the true Gibbs distribution pg 4. This means there exists a coupling (x,y) with
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marginals pg 4 and p%, such that

1
Bz = yl5] < ovsoe(1)-

A small Wasserstein distance is of course significantly weaker than a small variation distance. On
the other hand, our algorithm succeeds in sampling for a larger range of temperatures 5 < 1/2 than

the previous state of the art 5 < 1/4.

Theorem 3. For any € > 0 and 8 < 1/2 there exists a samping algorithm which inputs a random
matriz A and outputs a random point ™5 € {—1,+1}" with law p’* such that with probability
1—on(1) over A ~ GOE(N),

Wan (1, s ) < €. (1.2.3)

The total complezity of this algorithm is O(N?).

The first key point is that the annealed law of X; (i.e. averaged over ) is described by
dX, = E*#[z]dt + dB;, Xo=0. (1.2.4)

In other words, one needs only to repeatedly compute the mean of p; rather than understand
the full high-dimensional distribution all at once. The approximate computation of E*~#t[z] and
discretization analysis of (1.2.4) are both nontrivial but fall into the wheelhouse of high-dimensional
statistics. They are achieved by combining a contiguity argument, an approximate message passing

algorithm, and local convexity of the so-called TAP free energy.

Finally we complement Theorem 3 with an impossibility result. The sampling algorithm used in
Theorem 3 is stable in the sense that (roughly speaking) it returns a similar output if the inverse
temperature 8 and/or the matrix A are slightly perturbed. We show that such a stability property
cannot hold for any sampling algorithm once 8 > 1 by an application of Chatterjee’s theorem on
disorder chaos. Conversely Chatterjee’s theorem combined with the stability of our algorithm implies
the following purely mathematical result for the true Gibbs measure 14 5. Let Ay, = /1 — s2A+sA’
for A" ~ GOE(N) independent of A. Hence A; is another GOE matrix correlated with A, and is
very close to A for small A;. Finally let p-lim denote a limit in probability.

Theorem 4. Fiz 3 < 1/2. With high probability Gibbs measure 1a g is Wasserstein-close to small

perturbations pa g and pa, g in the sense that

1. im0 p-limy_, oo Wa N (14,8, 114.,8) = 0.
2. limg g p-limy_, o Wa n (14,8, 11a,8) = 0.

In fact our use for Chatterjee’s result is essentially to show that Theorem 4 fails when 5 > 1.
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We believe that Theorem 4 holds for all § < 1, and that an improved analysis of our algorithm can
be used to establish this.

1.3 Optimizing Mean-Field Spin Glasses: Background

In Chapter 4 we turn from sampling to optimization, again in the context of spin glasses. The results
of this chapter are based on [AMS21] and [Sel21b]. The former is joint work with Ahmed El Alaoui
and Andrea Montanari, and the latter is a follow-up work.

Here we consider the more general even mixed p-spin models. For each p € 2N, let GP) € (RN ) @r

be an independent p-tensor with i.i.d. N(0,1) entries. Fix a sequence (7,)pean with 7, > 0 and
Zpe2N 2p'y§ < 00. The mixed even p-spin Hamiltonian H is defined by
Hy(o) =Y % (GO 0P,

N({—1)/2
p€e2N

We consider inputs o in either the sphere Sy = {o € RV : Zf\il 0? = N} or the cube Ly =
{—=1,1}". These define, respectively, the spherical and Ising mixed p-spin glass models. The
coefficients v, are customarily encoded in the mizture function &(x) = ZPGQN ’ygxp . Note that H N

is equivalently described as the Gaussian process with covariance
EHy(o")Hy(0%) = NE((o?,0%)/N).

For example the SK model discussed above is an Ising spin glass, in which 5 = 1/2 and ~; = 0 for
k> 2.

Our purpose in Chapter 4 is to shed light on a discrepancy between the asymptotic maximum

values

1 1
OPTS = OPT{® = plim — max Hy(o),  OPT™ = OPT{ = p-lim — max Hy(o)

N—oo oeSN N—oo oETN

and the maximum efficiently computable values of Hpy over the same sets.

The values OPT®P and OPT™ are given by the celebrated Parisi formula [Par79] which was proved
for even models by [Tal06d, Tal06a] and in more generality by [Panl4]. While most often stated as
a formula for the limiting free energy at inverse temperature 3, the asymptotic maximum can be
recovered as a 8 — oo limit of the Parisi formula. Restricting for concreteness to the Ising case (we

will state the analogous result for the spherical case in Section 5.2), the result can be expressed in
the following form due to Auffinger and Chen [AC17Db].
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Define the function space
1
U = {C :10,1) = R>p : ¢ is right-continuous and nondecreasing,/ ¢()dt < oo} . (1.3.1)
0
For ¢ € %, define @, : [0,1] x R — R to be the solution of the following Parisi PDE.

O Pc(t, ) + %5”@) (02a®c(t, ) + C(£)(0:Pc(t,2))?) =0 (1.3.2)

Oc(1,2) = |z|. (1.3.3)

Existence and uniqueness properties for this PDE are well established and are reviewed in Sub-

section 5.6.1. The Parisi functional P™ = Plgh : % — R is given by

PR(C) = 2c(0,0) ~ 3 / (7 (1)C(8) dt. (1.3.4)

0

Theorem 5 ([AC17b, CHL18]). The following identity holds.

OoPT! = Jnf) PIs(¢). (1.3.5)

Moreover the infimum is achieved at a unique (. € U

The minimizer (, € % can be obtained as an appropriately renormalized zero-temperature
limit of the corresponding minimizers in the positive temperature Parisi formula. These positive
temperature minimizers roughly correspond to cumulative distribution functions for the overlap
(o',02)/N of two independent samples from the Gibbs measure e?*~ /Zx(B); this is why the

functions ¢ considered in Theorem 5 are nondecreasing.

Efficient algorithms to find an input o achieving a large objective have recently emerged in a line
of work initiated by [Sub21]. We reproduce a lightly modified version of his marvelous optimization

algorithm for the spherical setting below.

The existence of a suitable vy comes from the fact that for HO‘H; = ¢, the Hessian V2Hy (o)
restricted to the subspace oj has the law of a GOE(N — 1) matrix scaled by 1/€”(g), which has
maximum eigenvalue roughly 2\/«% with high probability. This would show that such a v, exists
with high probability if o) were independent of Hy. Of course this is not the case. However by
a famous result of [AG97], a GOE(N — 1) matrix has maximum eigenvalue at least 2+/¢"(q) — n
with probability at least 1 — e~ ¢(MWN *. Thanks to the N2 in the exponent, one can show by a union
bound over an e-net of the radius y/¢N sphere that such a v, always exists with high probability.

This argument circumvents the dependence of o on Hy.

By summing the energy gain accumulated at each step and taking § — 0, it follows that Subag’s
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Input: Input tensors G(k), accuracy parameter € > 0.

Output: A point o € RY with L? norm |||, = /N such that Hy(o)/N > ALG?p —e.
1 Initialize oy = (VNJ,0,...,0) € RN for k=1,--- , K do
2 Find a unit vector v L o}, such that
(v, V2Hy (ok)vr) > 26" (k6)'/? — de;
(v, VHN(0%)) = 0

Ok+1 =0, + VNbvy.
3 end
4 return o

algorithm succeeds in fiding o on the sphere of radius v/N such that Hy(e)/N > ALG?p —¢, for

1
AL = [ €0 a0
0

This value turns out to coincide with the asymptotic ground state energy in some cases. In fact:

Proposition 1.3.1. The following are equivalent:

Sp S
1. ALGEp = OPTgp.

2. &"(q)~ 2 is concave on (0,1].

Qualitatively, the above conditions are also known to coincide with the model having no overlap
gap, a phenomenon discussed further below. Shortly after, Montanari [Mon21] gave a more com-
plicated approximate message passing algorithm for the Sherrington-Kirkpatrick model on the cube
under an assumption of no overlap gap. In the next section we discuss this and subsequent works,

as well as results suggesting that these algorithms are best possible.

1.4 A Brief Description of Approximate Message Passing

Here we review the general class of approximate message passing (AMP) algorithms. AMP algo-
rithms are a flexible class of efficient algorithms based on a random matrix or, in our setting, mixed
tensor. AMP was introduced in the setting of Gaussian random matrices in [Boll4, BM11b]; we will

rely on extensions of these results to tensors.

We begin with an elementary fact. Given a GOE(N) random matrix A and vectors x,y € RY

independent of A, one has
E(Az, Ay) = (z,y) (1.4.1)
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and in fact (Ax, Ay) is within a 1 £+ ox(1) factor of its expectation with 1 — oy (1) probability.
Moreover the individual coordinate entries of Ax are essentially given by i.i.d. Gaussians. In
the more general setting of a mixed p-spin glass Hamiltonian Hy with mixture function &, one

analogously has
E(VHy(z), VHN(y)) = £ ((z,9)).

It is natural to ask what happens if one iterates these operations. For instance, does
2 2,0\ ?
(A%x, A%y) =~ (x,y) (1.4.2)

also hold with high probability? In fact (1.4.2) is not true. For instance, we cannot apply (1.4.1)
to (Ax, Ay) because both vectors are dependent on A. The idea of AMP is to explicitly account for
the dependence causing (1.4.2) to fail. Conditioned on the product Az, the conditional law of A has
“most of its randomness” left, and can be analyzed directly. The result is a precise description for the
behavior of rather general iterative algorithms which consist of a constant number of multiplications-
by-A, or evaluations of VHy(+). In fact this description applies even when a non-linear function is

applied coordinatewise between these gradient evaluations.

To specify an AMP algorithm, we fix a probability distribution py on R with finite second moment
and a sequence fo, f1,... of Lipschitz functions f, : R“*! — R, with f_; = 0. The functions f,

will often be referred to as non-linearities. We begin by taking 2° € RY to have i.i.d. coordinates

(z?)ie[N] ~ po. Then we recursively define 2!, 22,... via
2 = VHN(fo(2% .., 29) = > dejfia(20.., 277, (1.4.3)
j=1
C__en 0 A Y3 0 j—1 e 0 4
dej=¢§ (<fg(Z v 2) (20,2 )>N)E @(Z s ) (1.4.4)

Here Z° ~ pgy while (Z e) ¢>1 is an independent centered Gaussian process with covariance Q¢ ; =
E[Z*Z7] defined recursively by

Qerrjir =& B [fe (2%, 2°) £;(2°---,Z7)]), Lj=>0. (1.4.5)

The key property of AMP, stated below in Proposition 4.2.3, is that for any ¢ the empirical

distribution of the N sequences (29,2}, 2%,..., zf)ie[N] converges in distribution to the Gaussian
process (Z°,Z1,..., 7% as N — oo. This is called state evolution.

Definition 1.4.1. For non-negative integers n,m the function 1 : R™ — R™ is pseudo-Lipschitz if
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for some constant L and any x,y € R™,

9 (2) = ()l < LA+ [[z]] + [[yIDl|= = vl]-

Proposition 1.4.2 ([AMS21, Proposition 3.1]). For any pseudo-Lipschitz ¢ : R“1 — R, the AMP

iterates satisfy

N
p-lim % ;w (22, 2) =E [y (2°,---,29)]. (1.4.6)

An early motivation for AMP was to give an analog of belief propagation, which is best suited for
trees (or at least graphs with no short cycles) to the setting of dense graphs. The basic connection is
that a random symmetric matrix can be viewed as the adjacency matrix of a weighted graph. This

point of view is explained in [DMM10].

The majority of the AMP literature has focused on the matrix case. The state evolution result
above for tensors was suggested in [RM14] and established in [AMS21]; we give the proof in the
Appendix of this thesis. In the past decade, state evolution results have been established for many
situations such as orthogonally invariant random matrices, semirandom matrices, matrices with i.i.d.
sub-Gaussian entries, and more [JM13, BLM15, BMN19, CL21, Fan22]. Notably, the matrix A can
include a signal, e.g. be of the form

A=GY 4 z§?

for G? ~ GOE (N). This extension is crucially used in Chapter 3. Because state evolution holds
for essentially arbitrary non-linearities fy, it allows a great deal of flexibility in solving problems

involving random matrices or tensors.

We close this discussion with a brief comparison of two different flavors of AMP algorithm. The
first involves a simple fixed-point iteration using the same memory-free non-linearity f,(2°, ..., Z*) =
f(Z%) at all times. In such a case, one can often prove that the (abstract) state evolution iterates
Z* converge to a limit (with Gaussian law) as £ — oo. This implies a similar convergence result for

£

the true iterates z“ on time-scales which grow very slowly with N. Such an AMP algorithm is an

important ingredient in Chapter 3, and serves as the first phase of the algorithm of Chapter 4 below.
On the other hand, [Mon21] introduced an incremental AMP (IAMP) algorithm of a very differ-

ent flavor. The rough idea here is to simulate a Brownian motion by making the iterate Z¢ behave
like the increment B,y 1)s — Bes of a Brownian motion By, where § > 0 is a small constant. One
can then define auxilliary functions of this discretized Brownian motion which correspond to diffu-
sions driven by B;. Such an TAMP procedure comprises the second phase of the main algorithm in
Chapter 4. TAMP behaves quite differently from the fixed-point iteration above. For example we
show in Chapter 4 that IAMP algorithms can be branched to output many far apart solutions of

essentially the same quality.
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1.5 Optimizing Mean-Field Spin Glasses: New Results

The main result of Chapter 4 in the Ising case can be described as follows. For a function f : R — R
and interval J, let ||f ||Tv( Jy denote the total variation of f on J, expressed as the supremum over

partitions:
n

fllpyey =sup  sup Y [f(t) = ftioa)].

n to<t1<--<tn,t;€J i=1

Let .Z D % denote the set of functions given by

¢:[0,1) = Rxo: ¢ right-continuous, [ - ([pyg g < oo for all t € [0,1),

P = 1
Ag@mww<w

(1.5.1)

It turns out (see Subsection 5.6.1) that the definition of P! above extends from % to . Therefore
we may define ALG™ = ALGEh by

ALG"™ = Cig) PIs(¢). (1.5.2)

Note that ALG"™ < OPT'™ trivially holds. We have ALG™ = OPT™ if the infimum in (5.1.9) is
attained by some ¢ € %, and otherwise ALG™ < OPT™. The following result is proved in Chapter 4
and is from [AMS21, Sel21b]. Below the “efficient AMP algorithms” considered use a constant (N-
independent) number of steps. This results in computation time linear in the description length of
Hy when ¢ is a polynomial, assuming oracle access to the minimizer (£ € % and corresponding
solution ®. to (5.1.6).

Theorem 6. Assume there exists (Z € £ such that P*(¢Z) = ALG™. Then for any € > 0, there
exists an efficient AMP algorithm A : Hyx — [—-1,1]" such that

P[HN(A(HN))/N > ALGS —g] > 1 —e7N, c=¢(e) > 0.

In fact, fir also a finite ultrametric space (X, dx) with diameter at most \/2. Then there exists a
| X |-tuple of efficient AMP algorithms outputting points {o,|v € X} in [—1,1]N such that

Hy(o2) € P(v.) —e,P(v.) +¢], zeX, (1.5.3)
w € [dX(zvy)*gadX(l‘7y)+€}’ x,yGX (154)

with probability 1 — eV,

The non-equality ALG"® < OPT™ has a natural interpretation in terms of the optimizer (,

of (5.1.7). Namely, it implies that {, € % is not strictly increasing (see Chapter 4 for a more
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precise condition). Thus, in the case that (. is strictly increasing, the above result implies that
ALG™ = OPT™; this was the condition assumed in [Mon21].

The construction of ultrametric configurations rather than single solutions in Theorem 6 is related
to the overlap gap property discussed below. Indeed as we will see, the existence of such ultramet-
ric configurations can be taken a posteriori as a purely geometric definition for the algorithmic
thresholds ALG™ and ALG®P.

As discussed already, it is natural to ask what the best algorithms for optimizing the random
function Hy are. Of course it seems difficult to establish any limitations on the power of general
polynomial-time algorithms for such a task as this would require essentially resolving at least RP
vs NP. However one might still hope to characterize the power of natural classes of algorithms that
include gradient descent and approximate message passing. To this end, we define the following
distance on the space Hy of Hamiltonians Hy. We identify Hy with its disorder coefficients
(G®) con, which we concatenate (in an arbitrary but fixed order) into an infinite vector g(Hy).

We equip H with the (possibly infinite) distance
[Hy — Hyll, = llg(HN) — g(Hy)l,-

A consequence of our results in Chapter 5 (obtained in [HS22] in collaboration with Brice Huang)

is that no suitably Lipschitz function A : Hy — [~1,1]V can surpass the asymptotic value ALG™.

Theorem 7 ([HS22]). Let 7,& > 0 be constants. For N sufficiently large, any 7-Lipschitz A : Hy —
[—1,1]V satisfies

P [HN(A(HN))/N > ALG™ +¢| <exp(—cN), c=c(€ e,7) > 0.

The algorithms of Theorem 6, as well as general gradient based algorithms on dimension-free
time scales, are O(1)-Lipschitz in this sense. While the approach of [Sub21] is not Lipschitz, its
performance is captured by AMP as explained in [AMS21, Remark 2.2].} Hence in tandem with
these constructive results, Theorem 7 identifies the exact asymptotic value achievable by Lipschitz
algorithms A : Hy — [~1,1]¥ (assuming the existence of a minimizer ¢, € £ as required in
Theorem 6). We also give analogous algorithms and impossibility results for spherical spin glasses,
in which there is no question of existence of a minimizer (¥ on the algorithmic side. Let us finally

—cN

remark that the rate e in Theorem 7 is best possible up to the value of ¢, being achieved even

for the trivial algorithm A(Hy) = (1,1,...,1) which ignores the disorder tensors G™™ entirely.

I'We also outline a similar impossibility result for a family of variants of [Sub21] in Subsection 5.3.7.
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1.6 The Branching Overlap Gap Property

Theorem 7 states that the objective value ALG achieved in Theorem 6 is best possible within the
class of algorithms with dimension-free Lipschitz dependence on the entries of the tensors G® . In
particular, this condition is verified by standard optimization algorithms such as gradient descent,
Langevin dynamics, and approximate message passing on dimension-free time scales. Here we discuss

the main construction used in the proof.

First, it is worth mentioning the high-level heuristic that algorithmic hardness in a random
optimization problem ought to be linked with the geometry of the solution space. One version of
this connection was proposed in [ACO08, COE15] based on a shattering phase transition: at large
constraint density the solution space breaks into exponentially many small components, for suitable
random instances of k-SAT, g-coloring, and maximum independent set. Intuitively, shattering seems
to pose a problem for algorithms, especially those based on local search. Other predictions based on

the clustering, condensation [KMRTT07] and freezing [ZK07] transitions have also been suggested.

Our approach is based on an extension of the overlap gap property (OGP). In the past several
years, a line of such works [GS14, RV17a, GS17, CGPR19, GJ21, GIJW20a, Wei22, GK21a, BH21,
GJW21] have developed the OGP framework, turning properties of the solution space geomtry into

rigorous algorithmic hardness results against restricted families of algorithms.

An overlap gap property argument typically considers pairs of points (o9, 01) with medium
overlap and large energy as “forbidden structures”. One aims to show that such configurations do
not exist at all. If fact in most cases, one needs to consider an ensemble of many correlated instances
HY, Hj,, ... of the optimization problem and show that points (o, 1) with medium overlap cannot
be good solutions to any pair Hi;, H ]JV of problems in this ensemble. If this stronger property can
be established, one gradually deforms the Hamiltonian Hpy and argues that a “stable” algorithm
will trace a continuous path, hence constructing such a forbidden configuration and obtaining a
contradiction. The main technical difficulty in such an argument is to prove that such forbidden

structures are completely absent with high probability.

In Chapter 4 we introduce a much richer type of forbidden structure. Namely, we consider
arbitrary ultrametric trees of solutions with diameter at most v2N. We call this the Branching
OGP. The definition involves an ensemble of “ultrametrically correlated” Hamiltonians Hy, for
indices u = ujus ... up € [k]P corresponding to the leaves of a k-ary tree with depth D, such that
HY and HY, are py correlated if u; = v; for i € [d] but not ¢ = d+1, where0 =py <p; <---<pp =1

is a finite increasing sequence. We consider a separate input o* for each HYy;.

We show using concentration of measure that a Lipschitz algorithm A : Hy — [—1,1]" applied

to such an ensemble constructs with high probability an approximate ultrametric space of outputs
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Hp o Hyy Hy, A(Hyt) =0 ‘
o o—eo i
01

Figure 1.3: A cartoon overlap gap property argument. By a discrete-time version of the intermediate
value theorem, one shows that a “stable” algorithm must produce an output o; at medium distance
qogp from a previous output og. Hence if one can prove that no pair of good solutions can be at
this medium distance from each other (thus establishing an OGP), one can rule out certain classes
of algorithms from solving the random optimization problem well.

o5 = A(HY). This is because by Gaussian concentration of measure, if HY and HY have pg-

correlated disorder, then the overlap
R(A(HK), A(HK))
concentrates with high probability. More precisely,
P[R(A(HY), A(HY)) € [ga —n,qa +n) 21—~

for a number gg = x.4(pa), arbitrarily small n > 0, and a constant ¢(£,.4,n) > 0 independent of p,.
In other words, a Lipschitz algorithm turns an ultrametric ensemble of Hamiltonians into an approx-
imate ultrametric of outputs (%) ,c(xp. Using an extension of the Guerra-Talagrand interpolation,

u

we upper-bound the total energy on any configuration (%), c[r)» With such an ultrametric overlap
structure. This upper bound turns out to be smaller than ALG + € once the ultrametric tree has

sufficiently large depth D = D(e), with the choices 6 = 1/D and ¢4 = dJ.

Finally we prove that our methods are in some necessary to identify the threshold ALG within
the overlap gap property framework, at least for spherical spin glasses. More precisely we consider
the result of an overlap gap property that can only use (arbitrary, possibly highly non-symmetric)
ultrametric forbidden structures whose corresponding rooted trees can only contain full binary trees
of bounded size at most D. We show that whenever ALGS? < OPTSP| the corresponding OGP-
based threshold is bounded below by ALGSP + ¢p for ep depending only on D and £. Thus, to
establish ALGP as the exact threshold via an OGP, one essentially must use the full power of the
branching OGP. Several intermediate-strength OGPs were used in previous work, as summarized in

Figure 1.4.
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(a) Classic OGP: o1, 02 have medium overlap. (b) Star OGP: many solutions, medium overlaps.

(¢) Ladder OGP: medium “multi- (d) Branching OGP: many solutions in an ultrametric tree.

overlaps” between o; and {o1,...,0;-1}.

Figure 1.4: Schematics of forbidden structures in overlap gap property arguments. The classic, star,
and ladder OGPs have been used in several works to prove algorithmic hardness results in random
optimization problems. The results of Chapter 5 are obtained by the branching overlap gap property.

1.7 Chasing Convex Bodies

We now turn our attention away from spin glasses and to a problem in real-time or online decision
making. Let X be a d-dimensional normed space and K7, Ks,..., Ky C X a finite sequence of
convex bodies. In the chasing convex bodies problem, a player starting at o = 0 € X learns the
sets K; one at a time, and after observing K; moves to a point z; € K;. The player’s cost is the

total path length

T
cost(x1,...,ar) =Y |lzy — ze1]]. (1.7.1)
t=1

Denote the smallest cost (in hind-sight) among all such sequences by

T

cost(Ky,...,Kr) = min — Yr—1||-
( ! T) (thKt)thtz:;Hyt vt 1||
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The player’s goal is to ensure that
cost(z1,...,x7) < aq - cost(Ky,. .., Kr) (1.7.2)

holds for any sequence K,..., Ky, where the competitive ratio oy is as small as possible and is
independent of N. We make no assumptions on the sets K; and in fact allow them to be chosen

adversarially, even possibly depending on the algorithm’s previous choices.

We remark that unlike the algorithmic questions considered in the previous chapters, the issue
of computational efficiency is now of secondary importance. Rather, the core difficulty is that the
points z, = x,(K,..., K,) must depend only on the sets revealed so far, i.e. the decisions must
be made in real time. An online algorithm achieving (6.1.1) for some finite oy is said to be agy-
competitive, and the smallest possible ag among all online algorithms is the competitive ratio of the
chasing convex bodies problem. The literature on competitive ratios for algorithmic problems is vast
and includes scheduling [Gra66], self-organizing lists [ST85], efficient covering [AAA03], safely using
machine-learned advice [BB00, KPS18, LV18b, WZ20], and the famous k-server problem [MMS90,
Gro91, KP95, BBMN15].

The finiteness of the competitive ratio for convex body chasing was first posed in [FL93], which
proved the case d = 2. In the past few years, the problem has seen renewed interest thanks to
several applications such as efficiently powering data centers. The basic idea is that a point z € R?
represents the state of (in this case) a data center. The data center receives a time-varying demand
and meets this demand using resources of different types. Thus K; represents the feasible region of
server configurations which meet the demand at time ¢. If turning servers on and off is costly, then
minimizing the objective in (1.7.1) is a natural goal. In fact one may consider the seemingly more

general problem of chasing convex functions with cost

T
cost(xy,...,x7) = Z llze — zeo1|| + fe(xy)
=1

for convex functions f,, : R? — R, . This problem gives a lot of flexibility in modelling for instance,

the time-t energy cost from leaving a server on.

In a prior work with Bubeck, Lee, and Li [BLLS19] we resolved this problem, showing that
ag < 29 for all d > 1. In Chapter 6, which is based on [Sel20], we give a d-competitive algorithm
for chasing convex bodies in any normed space. This is an exponential improvement over the
aforementioned result, and the competitive ratio of d is exactly optimal in the ¢°° norm. (Indeed
for random requests Ky = {x : x; = ¢;} for t € [d] with i.i.d. Rademacher variables ¢; € {£1}, no
algorithm can be better than d-competitive in the £>° norm even in expectation.) In the Euclidean
norm, our algorithm is O(y/dlogT) competitive after T' steps, nearly matching a v/d lower bound
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(proved by the same construction) for moderately sized T. Moreover the algorithm generalizes to

chasing convex functions: the competitive ratio min(d, v/dlogT) simply increases by 1.

Our improved algorithm is based on the Steiner point, a classical object in convex geometry first
defined in 1840 [Ste40]. Given a convex body K in a finite-dimensional normed space X, its Steiner
point s(K) € K is an interior point whose definition we will not present here. Our idea is to follow
the functional Steiner point of a suitable convex function. The function W; : R¢ — R, used is the
work function t

Wi(x)= min <||:c —z + ) s — x5_1|> .
s=1

(T15e02e):
€K, Vs€E(t]

This work function essentially encodes the “effective total cost” of the sets K,..., K; seen so far

(and has an analogous definition for chasing convex functions).

In another previous work [BKL*20], we used the ordinary Steiner point to solve a special “nested”
case of chasing convex bodies, together with Bubeck, Klartag, Lee, and Li. Concurrently with the
main result presented in Chapter 6, a related algorithm for chasing convex bodies with O(d) com-
petitive ratio in the Euclidean norm was obtained in [AGGT21]. In fact we explain their algorithm
at the end of Chapter 6 and show in a precise sense that it is almost the same as the functional

Steiner point.

1.8 A Universal Law of Robustness via Isoperimetry

Chapter 7 is based on joint work [BS21] with Sébastien Bubeck. The motivation is the massive
scale of modern machine learning, which often employs models with 100 times as many trainable
parameters as examples. This is quite different from what most statistics and learning theory
predicts, and moreover deep learning models are believed (and in some regimes, proved) to memorize

essentially arbitrary labelled data.

We present a model for memorizing in high-dimension in which a surprisingly large number of
parameters are required in order to memorize using a function with a small Lipschitz constant. The
Lipschitz constant of a predictor is a natural proxy for its vulnerability to small adversarial input
perturbations, which are a major concern in applications such as computer vision. An informal
statement of our main result is as follows. Below, poly(n, d) denotes a quantity at most (1+mn+d)°

for some constant c.

Let F be a class of functions from R? — R and let (z;,y;)"; be i.i.d. input-output pairs in
RY x [~1,1]. Assume that:

1. F admits a poly(n,d)-Lipschitz parametrization by p real parameters, each of size at most

poly(n,d).
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2. The distribution p of the covariates x; has log-Sobolev constant (d) (e.g. is uniform on the

d-dimensional unit sphere), or is a mixture of n%-% such distributions.

3. The expected conditional variance of the output (i.e., the “noise level”) is strictly positive,
denoted o2 = E*[Var[y|x]] > 0.

Then, with high probability over the sampling of the data, one has simultaneously for all f € F:

i;(f(wi)yipﬁgzg = Lip(f)gﬁ(i 7?) )

Here Q indicates a lower bound up to logarithmic factors.
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Chapter 2

Cutoff for the Asymmetric Riffle
Shuffle

2.1 Introduction

The riffle shuffle is among the most common methods to randomize a deck of cards. We study a
parameterized model for riffle shuffles called p-shuffles, defined as follows for any p € (0,1). From
a sorted deck of N cards, first remove the top Bin(N,p) cards to create a top and a bottom pile.
Next, interleave the two piles according to the following rule. If the piles currently have sizes A and
B, the next card is dropped from the first pile with probability AJ‘:%B. Conditioned on the pile sizes,

this rule gives a uniformly random interleaving.

The case p = %7 known as the Gilbert-Shannon-Reeds (GSR) shuffle, is perhaps the most natural
model for riffle shuffling. It was analyzed by Bayer and Diaconis in [BD92] following work of
Aldous ([Ald83, Example 4.17]); they proved that (%g@) + 0(1)) log(N) shuffles are necessary
and sufficient to randomize a deck. More precisely for any € > 0, as N — oo the total variation
distance of the deck from a uniform permutation tends to 1 after [(ﬁg@) — 5) log(N )J shuffles,

and tends to O after ML + 5) log(N)J shuffles. In fact they showed that the total variation

2log(2)
distance decays exponentially in C after ?’Qlﬁ)gg(g)) + C' shuffles.

By contrast, determining the mixing time for general p-shuffles has remained open. This dis-
crepancy is because of a special property underpining the analysis in [BD92]: the deck order after
a fixed number of GSR shuffles is uniformly random conditioned on its number of rising sequences.
Therefore to understand the mixing time it suffices to understand how the number of rising se-

quences is distributed. This distribution turns out to admit a simple closed form, which enables

22



CHAPTER 2. CUTOFF FOR THE ASYMMETRIC RIFFLE SHUFFLE 23

explicit analysis and a sharp understanding of the rate of convergence. When p # % this conditional

uniformity no longer holds and the problem becomes more complicated.

p-shuffles were introduced in [DFP92, Example 7] and further studied in [Lal96, Ful98, Lal00].
These works established upper and lower bounds of order log(/N) on the mixing time, but with
differing constant factors. Interestingly the eigenvalues of the p-shuffle chain are given explicitly by
certain power sum symmetric functions. This follows from general results regarding random walks

on hyperplane arrangements — see [BHR99, BD98b, Sta01] or the survey [Zha09].

Several aspects of riffle shuffles are surveyed in [Dia03]. Other interesting models arise from
modifying the interleaving probabilities, such as the Thorpe shuffle [Tho73, Mor09, Mor13] and
clumpy shuffle [JM15].

2.1.1 Main Result

The main result of this chapter is that all p-shuffles exhibit cutoff. More generally, let p =
(po, - --,pr—1) be a discrete probability distribution with p; > 0 for each 7. We show cutoff for
the more general p-shuffles, which were also introduced in [DFP92]. To define such a shuffle, one
first generates a multinomial (N, p) vector (ng,...,ng—1) so that each n; has marginal distribution
n; ~ Bin(N, p;) and Zi:ol n; = N holds almost surely. One then splits the N cards into k piles by
taking the top ng cards off the top to form the first pile, the next n; cards to form the second pile,

and so on.

Interleaving the k piles into a single pile is done similarly to the k = 2 case. Namely, if the current

remaining pile sizes are Ay, ..., Ax_1, then the next card is dropped from pile i with probability

A;
Ag+ Ay + -+ Ay

(2.1.1)

This latter phase is again equivalent to interleaving the k piles uniformly at random conditioned

on their sizes. Note that the asymmetry of p appears only in the first phase to determine the pile

1
EEE

which is the k-partite analog of the GSR shuffle. k-shuffles exhibit cutoff after SQI(ESZ) + O(1) steps

sizes and does not directly enter the second phase. When p = (%7 5 %), we recover the k-shuffle

by the same rising sequence analysis as in the k = 2 case ([BD92]).

To state our main result for general p-shuffles, we must define several constants. With arbitrary
tie-breaking, set inax = argmaxie(o,..k—1}(Pi) and prax = Pi,,. Similarly define inin and ppin.

Define the functions

k-1
Sp(t) =D bl Up(t) = —logdp(t).
i=0
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Define the positive constant 8, by the identity 1p(0p) = 2¢5(2), i.e.

k—1 k—1 2
bp(Op) = Zp?p = <Zp12> = ¢p(2)%.
i=0 i=0

This uniquely determines 6, because ¢, and v, are strictly monotone. Finally define the constants
Cp, 5p, and 61, as follows.
3+0p 3+0p
Cp = = 3
4p(2)  2¢p(bp)
~ 1
Cp=+———,
P log(1/pnax)
Cp = max(Cp, Cp).

We can now state our main result.

Theorem 8. The p-shuffles undergo total variation cutoff after Cplog(N) steps. That is, for any
e >0,

Jim di([(1 - €)Cp log(N) ]) = 1, (21.2)
Jim dy ([(1+¢)Cplog(N)]) = 0. (2.1.3)

Here dy (K) denotes the total variation distance from uniform after p-shuffling K times.

It is easy to see that Cp is symmetric and continuous in the entries of p. In the next proposition

we show that for any k, the fastest possible mixing for any p = (po, . . ., px—1) occurs in the symmetric

casep:(%,%,...,%).

).

=

Proposition 2.1.1. For any k, Cp, has minimum value ﬁ achieved uniquely at p = (%, %, ceey

Moreover for any p,

Cr € {wj(z)’w:(z)) ond Gy e {wl@wﬁ(?))

It also follows from Proposition 2.1.1 that for any p, cutoff occurs in total variation occurs strictly
sooner than in the L and separation distances. Quite precise results for these alternative notions

of mixing are shown in [ADS12] by different methods, for the same asymmetric riffle shuffles that

we study. In particular, cutoff occurs in both of these distances after 21lfg((2];] ) 4 O(1) shuffles. Recall

that separation and L°° distance always upper-bound total variation distance, so only the strictness

of the resulting inequality
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between mixing time growth rates is non-trivial.

Proof of Proposition 2.1.1. When p = (%, %,,%) it is easy to see that 6, = 3 and ¢p(2) = +

-
Therefore

3 1
0 = S10gk ~ Togk O

The value ¢p(2) is symmetric and strictly convex in p, hence achieves unique minimum at p =

(11 1

T E)' Moreover 8, > 3 always holds as Cauchy—Schwarz implies

k-1 2 k-1 k-1 k-1
$p(2)* = (ZP?) < (ZP?) : <Zm> = p}=6p(3).
1=0 1=0 1=0 1=0

Therefore C}, achieves unique minimum at p = (%, %, R %)7 hence the first result. Moreover 6, < 4
also holds because
k—1 2 k-1
oo = ($58) > Tt = it)
i=0 i=0

This shows that Cp € {21/13(2)’ ‘WZ@)) It remains to estimate 51,, and the claimed bounds amount

to showing

The left inequality holds because

k—1 k—1
Zp? < Zpipmax = Pnax
1=0 =0

and the right inequality is clear. O

Our primary contribution is proving the upper bound (2.1.3), i.e. that the mixing time is at
most Cp, log(N). In Section 2.3 we reduce (2.1.3) to the estimation of a certain exponential moment,
which occupies Sections 2.4 and 2.5. In the other direction, Lalley showed mixing time lower bounds
of both 51, log(N) and Cp log(N) in [Lal00]. However the latter result required p ~ (£, %,..., %)
to be close to uniform. ([Lal00] only considered the case k = 2, but the arguments work identically
for larger k.) In Section 2.6 we generalize the Cp log(IN) lower bound to all p = (po,...,pk—1) by
refining Lalley’s approach. For the sake of continuity, several of our notational choices, such as the
constants Cp and ép, are adopted from [Lal00]. However we reversed the sign of ¢, from [Lal00] so

that ¢p(t) > 0 for all ¢ > 1.
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Approximate Mixing Times Cp, log N for p-Shuffles
Deck Size | p=0.5 p=20.6 p=0.7 p=08 |[p=09 |p=0.95
52 8.6 9.2 11.3 18 37 7
104 10.1 10.8 13.3 21 44 90
208 11.6 12.4 15.3 24 51 104
520 13.5 14.5 17.9 28 29 122
N 2.16log N | 2.321log N | 2.86log N | 4.5log N | 9.5log N | 19.5log N

Table 2.1: The values Up log N are shown for varying deck sizes N and p = (p,1 — p).
These values should be taken as a rough guide because our results are asymptotic in

N.

10

0.8}
1

Mixing Time Constant C,,

0.4

0.6

Cut Size p € [0, 1]

0.8

1.0

Figure 2.1: The values C), for p = (p,1 — p) are shown. The blue and red depict the transitions
between Cp and Cp, which occur at p =~ 0.28 and p = 0.72. As p — 0, the divergence is ép =

1 1
eea/a=py = p T O)-
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2.2 Preliminaries

Let P, denote the probability measure on the symmetric group &y given by applying a p-shuffle to
the identity. Given two discrete probability vectors p = (po,...,pk—1) and @ = (qo, . .., qe—1) define
their convolution

P*q= (pOQO,pOQh -+--3,Poq¢—-1,P140, - - - 7pk71Qe71)~

This convolution turns out to correspond to shuffle composition.

Proposition 2.2.1 ([DFP92, Example 7]). Performing a q-shuffle followed by a p-shuffle is equiv-
alent to performing a (p * q)-shuffle. That is,

Proposition 2.2.1 yields an explicit description for the distribution Py« of a deck after K shuffles.
For instance in the “symmetric” setting of [BD92], it implies that composing a ki-shuffle and a ko-
shuffle results in a kjko-shuffle. It will actually be more convenient for us to work with the inverse
permutations. We now explain how to do this, following [Lal00]. First define a distribution on
sequences

S:(Sl,...,SN)

of length K strings as follows. Generate N strings of length K, all with i.i.d. p-random digits in
[klo ={0,...,k—1}.
S is obtained by sorting these strings into increasing lexicographic order
$1 <iex 52 <iex ' Ziex SN-

Recall that the lexicographic order on strings of the same length is just given by comparing their
base k values. In general, the lexicographically smaller of two different [k]o-strings is the one with
the smaller digit at the first place where their digits differ, or is the shorter string if one string is a

prefix of the other.

Next define the associated shuffle graph G = G(S) on vertex set
[N]={1,2,...,N}

in which 4,7 4+ 1 € V(@) are neighbors if and only if s; = s;41, and no other edges are in G. Hence
G is a union of disjoint paths, which we call G-components. (We say S and G = G(S) are p-random

when they are constructed in this way.) Finally choose a uniformly random permutation 7 € & and
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S = (000, 010, 010, 011, 101, 101, 101, 110, 110, 111)

G = ° ° ° ° ° ° ° ° ° °

™ = 3 4 2 8 7 1 5 6 10 9
>< e G S

¢ = 3 2 4 8 1 5 7 6 10 9

Figure 2.2: In this example with N = 10 strings in [k]& = [2]3, the lexiographically sorted sequence

of strings S leads to the shuffle graph G = G(S). The permutation © € & is then transformed into
7@ by sorting within each G-component. By Proposition 2.2.2, the inverse (7%)~! of the resulting
permutation has distribution Pp.x.

define its G-modification 7¢ by, within each G-component, sorting the values 7(i) into increasing
order. The next proposition states that 7 is exactly the inverse permutation of a p*%-shuffled
deck.

Proposition 2.2.2 ([Lal00, Lemma 3]). Let 7 € Sy be uniformly random and G = G(S) be p-
random as defined above, for some fized positive integers N and K. Then the distribution of (m%)~1

is exactly Py«x . In particular, the total variation distance of 7% from uniform equals dyY(K).

In other words, the inverse permutation of a shuffled deck can be generated by starting with
a uniformly random permutation 7, and then modifying 7 to create 7& which is increasing on an
independently random set of subintervals in [N]. After more and more shuffles, these subintervals
shrink in distribution, leading eventually to mixing. In fact, L°° and separation mixing both corre-
spond to G having no edges with high probability, see [Lal00, Corollary 3] and [ADS12]. However
because GG is random, total variation mixing can and does occur sooner. We refer the reader to
[Lal00, Section 2] for more explanation and examples regarding Proposition 2.2.2. In brief, the N
sequences s; € [k]& correspond to the sequences of pile-types that each of the N cards in the deck
appears in during the shuffles. The sorting within G-components corresponds to the fact that if
two cards are in the same pile during all K of the riffle shuffles, then their relative order must be

preserved.

Throughout the remainder of this chapter, we work entirely with this transformed problem.
Namely we will show that for K > (1+¢)C,log N the permutation 7¢ has total variation distance
o(1) from uniform, while for K < (1 —)C),log N this distance is 1 — o(1).

2.2.1 Intuition Based on an Independent Point Process

There are two main obstructions to mixing which lead to the separate lower bounds of 5}, and Cp.

The simpler obstruction is that if K < (Cp —¢)log(N), then some strings will typically occur many
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times, so 7¢ will contain an abnormally long increasing substring of length N1, Indeed, from the
oL ~ 1
definition Cp, = o2 /m)

strings with s; = iE s

max

it follows that after K < (Cp —¢) log(N) shuffles, the expected number of

B[ € (V] 5 = i} = oV
> N,(épfg) log(1/Pnax)+1

Z NQs(l).

Since the number of such strings is binomially distributed, it is well-concentrated around its mean.
Therefore with probability 1 — o(1) the p-random shuffle graph G' contains a length N<(1) path,

and so 7€

contains an increasing contiguous substring of the same length. However in a uniformly
random permutation m, the probability to have an increasing substring of length ¢ > log N is
at most N/(¢!) = o(1). Therefore the total variation distance from uniform is 1 — o(1) when

K < (Cp — 2)log(N).

The more complicated obstruction to mixing comes from a fractal set of predictable locations
(referred to as “cold spots” in [Lal00]) which tend to contain many G-edges. This obstruction,
as well as our approach to the upper bound, can be motivated by an independent point process
heuristic. (See also the last section of [Lal00].) Suppose we observe o € &y which is generated by
either o = 7 or ¢ = 7% for uniformly random 7 € & and p-random G. Since the transformation
7 — 7% simply arranges small subintervals into increasing order, let us suppose that we observe only
the ascent set A(o) = {i : 0(i) < (i + 1)}. As a heuristic, we may treat A(c) as an independent
point process on edges in both the uniform ¢ = 7 and shuffled o = 7@ distributions. Specifically,
for each i € [N — 1] let

n; =P[(i,1+ 1) € E(G))].

be the probability for (¢,7+ 1) to be an edge in G. Then

1
Pl(i,i+1) € A(m)] = 3
while, roughly speaking, )
P[(i,i + 1) € A(nC)] ~ %

(Technically P[(i,i+1) € A(7%)] should also depend on 7;_; and ;41 but we will ignore this point.)
This heuristic suggests that the likelihood ratio

]P)?TEGN[,R-G _ O‘]
IP?TI'EGN[ﬂ- J— O']
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evaluated at a uniformly random o € &y behaves like the random product

II a+m)

i€[N—1]

where the + signs are i.i.d. uniform. This product is close to 0 in probability (so mixing has not

occured) if >°, n? > 1, and is close to 1 in probability (so mixing has occured) if Y, n? < 1.

Next observe that even without heuristic assumptions,
S 7 = E[E(G,C)]
is the expected size of the edge-intersection
E(G,G") = E(G)N E(G")

of two independent p-random shuffle graphs G and G’. Therefore it is natural to guess that mixing
occurs once |E(G, G')| is typically small. Indeed, the quantity |E(G, G")| will be crucial throughout.

Let us finally summarize how it and related quantities appear in the proofs.

To lower bound the mixing time, one identifies deterministic “cold spot” sets H C [N] which typi-
cally contain at least |H| 370 G-edges and shows that this implies non-mixing (see Proposition 2.6.1).
The existence of such sets H implies in general that E[|E(G,G’)|] > 1 (Remark 2.6.1). Moreover
in the independent point process model, the existence of such sets H is essentially equivalent to
>oim? > 1. Indeed, if -, n? > N % then by the dyadic pigeonhole principle it follows that for some
positive integer n there are at least (22" N%/3) values i € [N — 1] with n; € [27",27"F1]. These

values of ¢ can be taken for the set H.

On the other hand, it can happen that E[|E(G,G’)|] < 1 holds strictly before the onset of
total variation mixing. This requires that pgax > max(pg,pr—1) and in particular k > 3 — see
Remark 2.5.1. Instead as explained in Section 2.3, we reduce the mixing time upper bound (2.1.3)
to showing that suitably truncated exponential moments of |E(G,G’)| are small. Estimating
these exponential moments is rather involved. Our strategy is outlined just before the beginning of

Subsection 2.3.2, and the proof occupies Sections 2.4 and 2.5.

These exponential moments arise naturally from considering (after some truncation) a chi-squared
upper bound for total variation distance (see Lemma 2.3.3). In fact this seems to be a generally
applicable method to upper-bound the total variation distance from a mixture of distributions with
“random hidden structure” to a “null distribution” by controlling the interaction between two inde-
pendent copies of the “structure” (in our setting, the graph G). For instance, a related observation

was made in [MP12, Proposition 3.2] and later exploited in [LS16, LS17] to analyze information
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percolation for the Ising model (see also the exposition [LS15]).

2.2.2 Notation

For any M > 1 the set [k]}! consists of all length M strings with digits in [k]o. (All strings will have
digits in [k]o.) Let
S < ([k]g)™

denote the set of all lexicographically non-decreasing sequences S = (s1,...,sn) of N strings with
length K each. Let G denote the set of all shuffle graphs, i.e. subgraphs of the path graph on N

vertices. For G € G, let C(G) be the set of G-components, i.e. connected components of G.

Define pp ar, often abbreviated as just jup, to be the probability measure on [k]}! with each
digit independently p-random. By abuse of notation, we also use up as or simply pp to denote the
associated p-random distributions on S or G. We sometimes use square brackets to denote strings
written out by their digits. For instance [(k—1)(k —1)] indicates the string with two digits of (k—1)
while [(k — 1)(k — 1)0%~2] denotes the string with two initial (k — 1)-digits followed by K — 2 final
0-digits. We also occasionally use brackets to denote digits of a string, so for instance the digit

expansion of a string x may be written

We write E7,E™, P?, and P™ to denote expectations or probabilities taken over uniformly random
permutations o or w in &y. We similarly write E® to indicate expectation over S ~ pp k. We will
continue to use E(G,G’) = E(G) N E(G’) to denote the edge-intersection of G,G’ € G. S and
G' = G(5') will always denote independent copies of S and G.

The following definitions are used to prove Lemma 2.3.9 at the end of Section 2.3, and otherwise

do not appear until Section 2.4. For each string

with M > 1 a positive integer, define
ty =PYHEP My <oy ], (2.2.1)
M
Ag =EPYHe My = g] = szm, (2.2.2)
i=1

Jo = [te,te + Aa)- (2.2.3)
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Hence the intervals (J;),ppa partition [0,1) for any fixed M. Note that
tx + /\x = p¥~he.M [y Slex ,I]

It will often be useful to observe that to sample a p-random string = € [k]3!, one may equivalently
sample a uniform random variable a € [0, 1] and take the unique x with a € J,,. Similarly to sample

(s1,...,8Nn) € S, one may instead sample uniform i.i.d.
ay,...,ay €10,1],

sort them into increasing order

1 13 35 5
Joo = |0, = = |-, = Jio= 1=, = Ji=|=,1
Joo {U,9> Jo1 {9,9> 10 L) 9> 11 {9 >

0 0.2 0.4 0.6 0.8 1

Figure 2.3: The partition [0,1) = Uze[k]é” Jp with k =2, M =2, and (pg,p1) = (%, %)

2.3 Upper Bound Approach

Here we explain some of the ingredients used to prove the mixing time upper bound (2.1.3). In
Subsection 2.3.1 we present the more conceptual parts, ultimately reducing (2.1.3) to a certain
exponential moment estimate. In Subsection 2.3.2 we prove a few other lemmas used in Subsec-
tion 2.3.1. This section might be viewed as an extended setup for the more difficult parts of the
proof. For instance the constant C, does not explicitly enter until the next section. However we
emphasize that the results of this section are both specific to the particular problem considered and

essential to understand the remainder of the argument.

2.3.1 High-Level Approach

We begin by carefully examining the Radon-Nikodym derivative between the distributions of 7¢
and 7 where 7 is a uniformly random permutation. For each G € G, let C(G) = {G1,...,G;} be

the G-components, and suppose that each G; contains v; vertices. Then it is easy to see that the
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map Sy — Gy given by m — 7¢ is ( g:l vi!) to 1. Moreover its image consists of those ¢ with

c¢ = o. Therefore

J )
[T, vt
N! 7

As a consequence, for fixed G' € G the Radon—Nikodym derivative fg, of 7% with respect to 7 is

P™[7¢ = 0] = 1y—pc - cEByN.

given by

_ P [x¢ = 0]
Joo = P [r = o]

= N! - P"[x% = o]

J
= 1G.G:o. . Hvl'
i=1

. ]‘O'G:CF
© Pr[aCG =]

Observe that for fixed G € G,
Elfc.o] = 1. (2.3.1)

On the other hand for fixed o and pp, x-random G = G(S), we may apply the law of total expectation
to the second definition of fg , above. This implies that for fixed o,

E® -
PW,S[WG(S) =] = [f;('s), ].

Therefore the total variation distance to uniform after K shuffles is given by

Ay (K) = = -E|E%[fa(s).0 — 1]|-

N |

Next, we use a chi-squared upper bound for total variation distance after removing exceptional
sequences from S. To carry this out, given a partition S = §; U Sy (where S; consists of “typical”

sequences), write

E° [E°[fa(s).0 — 1| < B [E¥[(fa(s),0 — Dlses:)| + E7 [E¥[(fa(s),0 — Dlseso)|

< E° |E%[(fa(s).0 — Dlses ]| + E7®[(fa(s),0 + 1)lses,]

2.3.1) o
CiVg |E°[(fa(s).e — Dlses, ]| + 21p(So).- (2.3.2)

Take S’ to be an independent copy of S and define for any shuffle graphs G,G’' € G

fa.o =B |faofar o)
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We now use the Cauchy—Schwarz inequality to upper-bound the main term of (2.3.2) via

(B |BS[(fo(s).0 — Dlses]|)* < B [(ES[(fG<S),a - 1)15651])2]
- EUIES’S,[(fG(S),U —D(fasn.e —Dlsses ]
= BB [(fo(s)0farsn.0 — Dlssres:]
=E55 [(fa.or — Dls.sres,) - (2.3.3)

The second equality holds by switching the order of expectation and using (2.3.1). Starting from
(2.3.3) and throughout the remainder of the chapter, we set G = G(S),G = G(S’). Based on
(2.3.3), to establish mixing it remains to show that fg o/ rarely exceeds 1 in an L' sense (modulo

choosing S; and Sp).
We will upper-bound fg ¢ using the number |E(G,G’)| of edges shared by G and G'. As

motivation for why such a relationship should exist, observe that if no vertex ¢ € [N] is incident to
both a G-edge and a G’-edge, then fg, and fo , are exactly independent for o € G uniformly

random. Hence in this case we have the exact equality

fe.6 =B [fo.0fero) = 7o 0B e o] “27 1.

In fact Lemma 2.3.1 below implies that fg.g < 1 holds whenever |E(G,G’)| = 0. In essence,
incident but non-overlapping edges only reduce fg /. It is now unsurprising that fg g can be
bounded above by some function of |[E(G,G")|. We show in Lemma 2.3.3 that this dependence is at
most exponential when a condition called L-sparsity holds for both G and G’. The requirement of

L-sparsity will be part of the eventual definition of Sj.

In general, for any shuffle graphs G and G’, define the new shuffle graph U to be their edge-union
with U-components C(U). The next lemma shows how to estimate fo ¢ based on the intersection

structure of G and G’. The proof is deferred to the next subsection.

Lemma 2.3.1. Suppose the U-components have vertex-sizes (uq,...,u.). Then

fa.ar < H (ui!). (2.3.4)

1<i<c,
E(U;)NE(G,G")#£0

We now define the first condition that “typical” sequences in S; must satisfy. The objective is
to ensure that the u; in Lemma 2.3.1 are uniformly bounded by some constant L = L(p,¢). Let
us point out that it is not enough to argue that max;(u;) < L holds with high probability over
random pairs (5,S’). Indeed, the truncation step (2.3.2) was used to remove Sy before applying

Cauchy—Schwarz to introduce S’. There is no analogous way to remove an arbitrary low-probability
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subset of pairs (5,5’) € S. Tt is therefore important that the definition of L-sparsity below implies

max;(u;) < L via separate restrictions on G and G’.

Definition 2.3.2. For L > 10 a positive integer, a shuffle graph G is L-sparse if within any
discrete interval {i,i+1,...,9+L—1} C [N] of L consecutive vertices, at most L/3 (of the possible
L —1) edges are in E(G).

Lemma 2.3.3. Suppose G and G’ are L-sparse shuffle graphs. Then fq o < (L!)'E(Gvgl”.

Proof. We claim that max;(u;) < L, i.e. each U-component contains at most L vertices. Indeed by
L-sparsity, U contains at most % < L —1 edges within each subinterval of L vertices, hence no such

interval can be a connected subgraph of U. Therefore Lemma 2.3.1 implies that

fao < H (L).

1<i<c,
E(U)NE(G,G)#0
By definition, |E(G,G")| is at least the number of components U; satisfying E(U;) N E(G,G") # 0.
This completes the proof. O

Given Lemma 2.3.3, our main remaining task is to control the (truncated) exponential moments
of |E(G,G’)|. For technical reasons outlined at the end of this subsection, we will cover E(G,G")
by a union E(G,G’) = Etor (G, G') U Epack (G, G') of two sets which omit lexicographically late and
early strings respectively. To ensure that E(G,G’) can be covered in this way for G,G’' € S, we
add a second restriction to the definition of S; called regularity. This amounts to requiring that
both prefixes [00] and [(k—1)(k—1)] appear with roughly the expected frequency among the strings
(s1,...,8n) of S.

Definition 2.3.4. The sequence S = (s1,...,8n) € S of strings is regular if at most (pg + pop%) N
strings s; begin with [00] (two consecutive O digits) and at most (pi71 + pop%) N strings begin with
[(k—=1)(k —1)] (two consecutive (k — 1) digits).

Lemma 2.3.5. For any p and ¢ > 0 there exist L = L(p,e) € Z* and 6 = d(p,e) > 0 such

that the following holds. Consider a p-random sequence S = (s1,...,8n) of strings of length K >
(51, +¢)log(N). Then with probability 1 — O(N~°), S is regular and G(S) is L-sparse.

The proof is deferred to the next subsection. S&; can now be defined: it consists of the regular
sequences S for which G(S) is L-sparse for L = L(p,e) as in Lemma 2.3.5. Then Lemma 2.3.5
exactly states that

p(S0) = O(N?)

for some small § = d(p, €).
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We remark that the convergence rate O(N~?) eventually appears as the upper bound for the
total variation distance to uniformity (see (2.3.5) and the next displayed equations in that proof).
The rate O(N %) seems to be tight in e.g. Proposition 2.4.1 via Lemma 2.4.15. As a result we use
this rate in the statement of Lemma 2.3.5 although it could be improved. In fact the probability
for S to be regular is at least 1 — e~*»(V). The probability for G(S) to be L-sparse can be made at
most e~“N for any desired C' > 0, if L = L(C, p, ) is taken sufficiently large.

Next we show how to cover E(G,G’) when S and S’ are regular.

Definition 2.3.6. Let Eror(G) consist of all edges (i,i+ 1) € E(G) for which the strings s; = si41
do not begin with prefiz [(k—1)(k —1)]. Let Etor(G,G') = Etor(G) N Etor (G'). Define Epacx (G, G)
in the same way but with [(k — 1)(k — 1)] replaced by [00].

Lemma 2.3.7. If S,S’ € S are regular, then
|E(G,G")| < |Btor (G, G")| + | Bvack (G, G")|.
Proof. Regularity implies that Efor (G, G’) contains all shared edges (i,i + 1) € E(G,G’) with
i < (1= pi_y — (popk—1/2))N,
and Fhack (G, G") contains all shared edges (i, + 1) € E(G,G’) with

i > (pg + (popk—1/2))N.

Since
Pg + Popk—1+ Ph_1 < (o +pe—1)® < 1
we obtain
(5 + (popk-1/2))N < (1 — pi_y — (popk—1/2))N.
Therefore
E:or (G, G U Epac (G, G') = E(G,G")
which implies the result. O

Using symmetry to suppress the identical case of Epack, to establish the mixing time upper bound

in Theorem 8 it remains to verify the following lemma.

Lemma 2.3.8. For any p and positive reals € and t, there is 6 = J(p,e,t) such that if K >
(Cp +¢)log(N) then
E[eﬂ‘Efor(G,Gl)'] < 1+ O(N—(S)
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Indeed, the mixing time upper bound (2.1.3) in Theorem 8 easily follows from the results above

as we show now.

Proof of (2.1.3). Let § > 0 be sufficiently small depending on (p,¢, L, t), some of which are yet to
be chosen. By (2.3.2) and (2.3.3),

d]T\/V(K) — 1 . E° |ES[fG(S)7U] - 1|

<

DO =N

ESS [(fa.ar — Dlsses,] + mp(So): (2.3.5)

(It follows from (2.3.3) that the expression inside the square-root is non-negative.) Since up(So) =
O(N~%) by Lemma 2.3.5, it remains to estimate ES5'€S [(fg.ar — 1)1g.s7cs,]. Using Lemma 2.3.3

in the first step, then Lemma 2.3.7 and finally Lemma 2.3.8 with ¢ = 2log(L!), we obtain

5SS [(fo,q — Dlsses] < B [(L)PE -1) 1gges]

Lemma 2.3.7
< E((L B GO H1Bwa GO _1) 15 g,
< E[(L!)IEm(G,G’)IHEback(G,G')\ —1]
< E[(L!)2‘Ef°r(G’G/>‘];E[(L!)ﬂEback(G,G’n] B
QLemma 2.8.8
< O(N79).
Combining the above, we conclude that d} (K) < O(N~?%) when K > (Cp + ) log(N). 0

The above constitutes a complete proof for the upper bound, except that Lemmas 2.3.1, 2.3.5
and 2.3.8 are yet to be proved. The first two are not difficult and are handled in the next subsection.
Lemma 2.3.8 is more challenging and its proof occupies Sections 2.4 and 2.5. We now outline
our approach to Lemma 2.3.8, which starts from the following basic fact. Suppose X € N is a

non-negative integer-valued random variable satisfying the uniform hazard rate bound

sg}g]P’[X >j+1|X > 4] <ON79 (2.3.6)
J>
for some § > 0. Then X is stochastically dominated by a geometric random variable with mean
O(N79%), and therefore E[e!X] = 1+O(e! N~?) = 1+ 0(1) for any constant ¢. To prove Lemma 2.3.8,
we will implement this idea with X = |E¢.. (G, G’)|. We explore G and G’ by revealing their strings
together in order, so that

(s1,...,8) and (s],...,s})

i

have been revealed at time i € [N]. We show that at any time, the expected number of unrevealed
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edges in Ftor (G, G") is at most O(N~?%). That is, almost surely,

E [|Efor(a, G giisr... | ‘ (51,-v . 50,8, ... 8] < ONT9). (2.3.7)

(Here we write Etor (G, G')|(s,i41,...,n} to indicate the set of edges (j,j+1) € Fror(G,G") with j > 4.)
The estimate (2.3.7) readily implies Lemma 2.3.8 analogously to the above discussion on (2.3.6). See
Lemma 2.5.4 for a detailed proof.

As a first step towards establishing (2.3.7), in Section 2.4 we prove for K > (Cp, + ¢)log(N) the
weaker first moment bound
E[E(G,G")|] < O(N79). (2.3.8)

In Section 2.5 we use (2.3.8) to show (2.3.7). The idea is to group the set of possible future strings
{s € K& : 5 >10x 5i}

into a small number of blocks. Here each block B, consists of all strings beginning with some prefix
z € [k]}! (where M = M(x) depends on z). Such a block B, is essentially equivalent to a copy
of [k]5=™. The idea is to first estimate the left-hand side of (2.3.7) by a sum over blocks (using
Cauchy—Schwarz several times), and to then estimate the contribution of each block using (2.3.8).
The total number of blocks will always be O(log N) < N°(1). Therefore summing over blocks is no
problem (up to adjusting the value of § slightly) as long as the hypothesis of (2.3.8) applies “within”
each block.

To illustrate the key reason for introducing Fs.r, let us explain why (2.3.7) can be false if
FEtor (G, G') is replaced by E(G,G’). Suppose that s; = s, = [(k—1)%] holds for some i € [N]. Then
conditioning on (s;, s}) forces s; = s = [(k — 1)*] for all j > i. Hence E(G,G’) must contain all
the edges (4,4 +1),(t +1,i +2),..., (N —1,N) and so

E [’E(G7G/)|{m+1,,,,,]\r}| ‘ (81,...,si,s/1,...,s;)] =N-—i+1

However working with FE..(G,G’) prevents such situations by halting exploration once either s;
or s; becomes too lexicographically late. This circumvents the above obstruction because the left-

hand side of (2.3.7) is trivially 0 unless a lot of “space” in [k]& remains available for future strings

(Sit1s-vy SNy Sjp1s---1SN)-

In fact, this guaranteed available space is also directly helpful in implementing the block decom-
position strategy outlined above. Namely for any prefix = € [k])?, it ensures that the distribution
for the number of strings (s;41,...,Sy) starting with « cannot increase too much from conditioning
on (s1,...,8;) (see Lemma 2.5.6 for a precise statement). This is important because when applying

(2.3.8) to the block of strings starting with some prefix z, we replace N by the number of strings
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starting with z (and also replace K by K — M). In short, we must ensure that the hypothesis of
(2.3.8) holds within each block.

2.3.2 Proof of Lemmas 2.3.1 and 2.3.5

Here we prove Lemmas 2.3.1 and 2.3.5, thus reducing the proof of the mixing time upper bound
(2.1.3) to establishing Lemma 2.3.8.

Proof of Lemma 2.3.1. Let (v1,...,v,) be the vertex-sizes of the G-components and (wq, ..., wy) be

the vertex-sizes of the G’-components.

We first claim that

(H?:l Ui!) ) (H?:1 wj!) .

, = 2.3.9
fo H;:l (2 ( )
Indeed this follows by writing
faa =E%faofar o)
a b
= EU lg'G:o' . laG/:a . <H ’Ui!> . H’LU]'
i=1 j=1
a b
=E° [1,v_,] - (H vi!> A T wst
i=1 j=1
b
_ (H?:l ”i!) ) (Hj:1 wj!)
H§:1 !
Decomposing the product in (2.3.9) based on the components U; € C(U) implies
faa =] fo.crv (2.3.10)
¢

where we define
(Hi:G,QU@ Ui!) ) (Hj;c;;gU,Z wj!)

Ug!

fea v, =

Observe that in general, for any positive integers my, ..., m,, M with

n

D (mi—1) <M -1,

i=1
one has [[;~; m;! < M!. Indeed both sides can be written as a product of at most M — 1 integers
at least 2, and the M — 1 numbers appearing in the product for M! are clearly larger. In particular,

this holds for M = u, whenever my, ..., m, are the vertex-sizes of edge-disjoint subinterval graphs
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of V(Uy). Tt directly implies

H Ui! S Ug!,

i:G; CU,

H w]‘! SUg'

J:GLCU,

from which it follows that fg.g.u, < ue! holds. Moreover if Uy does not contain any edge in E(G, G')

then the G-components and G’-components are collectively edge-disjoint. Hence for such Uy,

H vl | - H w;l | < up!

&G CU; §:G,CU,
which implies fo ¢y, < 1. Substituting these estimates into (2.3.10) implies (2.3.4). O

The next lemma is used to show Lemma 2.3.5.

Lemma 2.3.9. For K > (Cp+¢)log(N), there is §(p,e) > 0 so that the following holds. Conditioned
on any initial strings si, Sa, ..., S;, none of which begin with [(k—1)(k—1)], the conditional probability
that s; = s;11 is at most O(N~°).

Proof. Recall the definitions (2.2.1), (2.2.2), (2.2.3) and the subsequent discussion. We use the

sampling model of N i.i.d.-then-sorted uniform random variables, letting

be uniformly random before being sorted and then choosing s; such that a; € J,, foreach 1 < j < N.

Recall that we condition on s;. Let us now condition further on the value a; € Js;. Then
the remaining numbers a; for j > i are, up to sorting, conditionally ii.d. in [a;,1]. The crucial
observation is that the interval [a;, 1] has length lower bounded by 1 —a; > p? ;| > pZ.. Indeed,
a; < 1—p?_| is equivalent to the assumption that s; does not begin with [(k — 1)(k — 1)]. (For
instance, note that Jyz—1)k—1) = [1 — pi_1,1).) Meanwhile the length of Jy, is As,.

Combining these observations, it follows that the conditional distribution for the number of
j > i with s; = s; is stochastically dominated by a Bin(N, Pz, ) random variable, regardless of
the value a;. Averaging over the unknown a;, the same stochastic domination holds conditioned on

just (s1,...,s;). Since K > (Cp + €)log(N) was assumed,

The result now follows. O
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Proof of Lemma 2.83.5. The regularity readily follows from Chernoff estimates so we focus only on
the L-sparsity. First, Lemma 2.3.9 implies that P[s;,1 = s;|(51,...,5:)] < O(N~%) whenever 8; <1y
[(k—1)(k —1)]. A simple Markovian coupling now implies that the set of edges formed by strings
$; <1ex [(k — 1)(k — 1)] is stochastically dominated by instead choosing each edge independently
with probability O(N _5). By symmetry the same holds for edges formed by strings starting with
[(k = 1)(k — 1)]. Call these ordinary edges and final edges, respectively.

A simple Chernoff bound implies that for L > 10006~!, each interval {i,i +1,...,i + L — 1}
of L consecutive vertices contains at most L/6 ordinary edges and at most L/6 final edges with
probability 1 — Oy, (§z). Since L/6 + L/6 = L/3, union bounding over at most N such length-L
intervals shows that L-sparsity holds with probability at least 1 — O(N~') > 1 — O(N79). O

2.4 Upper Bounding the Expected Shared Edges

Define the constant

1 1 _
C, =max | Cp, , < Chp.
P ( P log(1/po) 10g(1/pk1)> i

The purpose of this section is to prove the following crucial result.

Proposition 2.4.1. For any e > 0, if K > (Qp + 5) log(N) holds then

E[|E(G,G")]] < O(N~).

We eventually need to control the (truncated) ezponential moments of E(G,G’). However Propo-
346

Wp(2)
emerges naturally in its proof. We note that for our main goal of establishing cutoff, proving Propo-

sition 2.4.1 is the most involved part of upper-bounding the mixing time, and the value C, =

sition 2.4.1 only for K > (C}p, + ¢) log(N) would suffice just as well. However there is no additional
difficulty in proving Proposition 2.4.1 as stated. Moreover the case C|, # Cp amounts to an inter-
esting discrepancy between the first moment and exponential moment behavior of |E(G,G’)|. See

Remark 2.5.1 for more discussion of this point.

Let us mention that after further preparation in Subsection 2.4.1, we provide in Subsection 2.4.2

a proof outline for Proposition 2.4.1.

2.4.1 Preparation for the Upper Bound Proof

We now introduce several more technical definitions. As a convention, p and ¢ will be treated as fixed,
while § = §(p,e) will be taken sufficiently small. As before G and G’ will always be independent

p-random shuffle graphs. Moreover s will denote strings of length K while x will denote strings of
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arbitrary length M < K.

Lexicographic Subintervals and Blocks

000 001 010 011 100 101 110 111
B.OO él

Figure 2.4: The blocks By and By are shown for £ =2 and K = 3.

For a string z of length M, define its block B, C [k]{ to be the set of strings of length K beginning

kK_M

with x. Hence B, consists of strings. Given a lexicographically sorted sequence (s1,...,sy) €

S of strings, define the discrete interval Z(B,) C [N] by
I(By)={i€[N]:s; € By} ={e(x),e(x) +1,...,7(x)}.
In general, we define
vz) =1{i € [N]:s; <iex T}| + 1, 7(x) = |{i € [N]: 8; <1ex T Or 8; € B }|.

This ensures |Z(B,)| = 7(z) — ¢(z) + 1 even if Z(B,) is empty. Observe that for fixed = (recall the
definitions (2.2.1) and (2.2.2)),

[ Z(Bg)| ~ Bin(N, As), (2.4.1)
u(z) ~ Bin(N, t,) + 1, (2.4.2)
7(xz) ~ Bin(N,t; + A\z). (2.4.3)

Finally define Gp, to be the induced subgraph of G with vertex set Z(B,), which retains the
edges (4,7 + 1) € E(G) such that s; = s;+1 € B,. Denote its edge set by E(Gp,).
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Entropy

We will require the entropy function. Given any k-tuple of non-negative real numbers (ag, ..., ar—1)
with sum ae, let
k—1
4 ot (2

Gtot

H(ao,...,ak,l) =

be the entropy of the discrete probability distribution with weights (a; /amt)Z o-1fag=-- =
ak—1 = 0 then set H(ag,...,ar—1) = 0. The following result allows approximation of multinomial
coefficients using entropy. (The values a; log(N) correspond to the normalization in Definition 2.4.3

just below.)

Proposition 2.4.2 ([CS04, Lemma 2.2]). For fized A > 0 and any non-negative real numbers
ag, - .- ax—1 € [0, A] satisfying a;log(N) € Z,

NatotH(ao,...,ak,l)—oN(1) < ( ot IOg(N) ) < NatotH(ao,...,ak,l).
~ \aglog(N),...,ak—1log(N)/ —
Here the term on(1) tends to O for any fized A as N — oo, uniformly in the values ag,...,ax_1 €
[0, A].

The following special definitions will also be convenient. For ¢t > 0, let p’ be the probability

distribution on [k]o given by (pt); = ¢f%t). Define

i
i log 1 pi)
I(p,p") = Du(p" || p) + H(p') = > _(p")ilog(1/p;) = Z / > 0. (2.4.4)
=0
It is not difficult to verify the identity
H(p')=t-I(p.p') — ¥p(t), teR". (2.4.5)

Digit Profile

Here we define several notions based on the digit profile of a string, which tracks how many of each

digit a string contains, as well as initial digits of 0 or k — 1.

Definition 2.4.3. For a string x € [k]}!, the digit profile of x is the (k + 2)-tuple

(bo(x), br—1(2), co (@), . .., cu_1(x)) € (Z/log N)" 2

of non-negative real numbers summing to by + bx_1 + Zf;ol = deﬁned as follows. by log(N)

is the number of initial 0-digits in x and by_1log(N) is the number of initial (k — 1)-digits (so

log
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min(bg, bg—1) = 0). After the first (bg + br—1)log(N) digits, © contains c;log(N) digits of i for each
i € [Ko.

M

Tog N 18 of constant order. We next

The normalization @ above is taken so that the total sum

define constants depending on the digit profile of . Let
k-1
Crot(T) = ch(x)

1=

be the number of digits in « after the initial 0 or initial (k — 1) digits. Also define

k—1
1 1 1
cr(x) =1 —bolog (po) — bg—1 log ( ) - E ¢; log (p) =1+4logy(Az)s
i=0 ’

Pk—1

1 —bg log (p%) — br_1log (pklil)
D) )
1 —bglog (p%) — b1 log (pil

) k1 )
— ¢; log <> ,
2 ; pi

cp()

cp(x) =cp(z) —cp(x) =

M-K K
ente) = (o) vo(2) = (b oo = 0 ) <0
ex(x) = oo H(Co, - -5 Ch—1) + bep, — 2¢p + 2¢E.
Finally say x is d-stable if
cr(x) — cp(z) € [, 20]. (2.4.6)

The typical size of |Z(B,)| is N°t while N°F is the order of fluctuations for ¢(x) and 7(x). cg is

related to the typical number of G-edges coming from strings in B,. cx is related to the typical

number of G-edges coming from strings of the same digit profile as x. Note that when by = b1 =0
1

we have cp = 5. As explained in the next subsection, this corresponds to «(z) and 7(z) having

fluctuations of order N1/2.

2.4.2 Proof Outline for Proposition 2.4.1

We now outline the proof of Proposition 2.4.1. Except for the end of this outline we will only
consider strings « with by(z) = br—1(x) = 0 so that the interval J, € [0,1] is a constant distance
from the boundary points {0,1}. We will take 6 < € to be a small constant, and simply write ¢
when a constant multiple such as 40 would be technically correct. Since we are targeting an upper
bound O (N’QP(E)) in Proposition 2.4.1, factors of N can usually be thought of as small.

The first idea is to start from the empty block By = [k]& and recursively refine the partition of
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[k]& by decomposing a block B, into k smaller blocks via

B, = U Bai.

i€[k]o

For example when k& = 2 such a refinement might proceed as
BQ) — BoU By — BgoU Bg1 UBy = [2]5

We recursively refine the partition By in this way until each block B, in the partition has size
pp(Bs) = N—219; this is formally carried out in Lemma 2.4.5. The set of strings x used in the

resulting partition is denoted by Lstapie, S0 that we obtain

K= |J Bx, and [N]= |J Z(B.). (2.4.7)

€ Lstable T € Lstable

as in Lemma 2.4.6. The first and last indices ¢(x) and 7(z) of Z(B;) are (non-independent) binomial

random variables with N trials, hence each fluctuate by at most O(N 1/ 2) with high probability.

The upshot of the above is that the random set Z( B, ) agrees with a discrete deterministic interval
of size [N.J, NZ| ~ N2+% up to boundary fluctuations |.(z) — Nt,| and |7(z) — N(ts + Ay )| which
are smaller than N21° with high probability. Because the random interval Z(B,) has typical size
of larger order than the fluctuations of its left and right endpoints, we may think of Z(B,) as being
nearly deterministic. In line with this intuition, we show in Lemma 2.4.10 that given any ¢ € [N]
there exist adjacent ;1,22 € Lstapre such that i € Z(B,, ,) UZ(B;, ,) holds with extremely high
probability. Combining this with AM-GM, we show in Lemma 2.4.11 that E[|E(G,G")|] is upper
bounded by the expected number of shared edges from pairs (Gp,,G’; ) of matching blocks as

follows.

E|E(G,G) S Y. E[E(Gs,,Gp,)] (2.4.8)

€ Lstable

= ¥ i P[(i,i + 1) € E(Gp,)]?.

TE€Lstaple =1

Here the informal notation < hides a constant factor and a negligible additive term.

Our next objective is to upper-bound for each x the probability P[(i,i+ 1) € E(Gp,)] appearing
in (2.4.8). We do this by conditioning on the multiset S, of strings appearing in Z(B,) and averaging
over the still-random external strings. Although this conditioning determines the size and internal
edge-structure of Z(B,,), the position of Z(B,,) is conditionally random. Indeed the position of the

interval Z(B,) depends on the number of external strings lexicographically smaller than x, which we
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have not conditioned on. This shift is conditionally binomial with order N'/2 fluctuations. Crucially,
these fluctuations “homogenize” the edge locations within each block B,. Indeed averaging over these

external shifts, it follows that

max P(i,i+1) € B(Gp,)|S,] < LGB

249
i€[N—1] N1/2 ( )

It is not difficult to control the typical size |E(Gp, )|. Moreover since the location of Z(B,) is almost
deterministic, the above probability is negligibly small for all but O(E[|Z(B,)|]) = O(Nz1%) values
of . Combining these considerations leads to an upper bound on

N—1

P[(i,i+ 1) € B(Gp,)]*. (2.4.10)

i=1
The precise bound requires some care to state and is given in Lemma 2.4.14.

The preceding argument allowed us to estimate (2.4.10) for each z. In light of (2.4.8), it remains
to sum over © € Lgrapre. The last key point is that all £ € Lgpapie With a given digit profile
contribute essentially identically. Moreover there are only log(N)°(1) < N°(1) possible digit profiles.
It therefore suffices to count the number of © € Lgtap1e with each digit profile and then determine
the maximum total contribution of any fixed digit profile. This count is easily approximated using
Proposition 2.4.2. The resulting maximum turns out to be achieved when x has digit frequencies

approximately given by p?r, which leads to the appearance of the constant Cp.

So far, this outline considered only blocks B, with bg(z) = bx—1(x) = 0. When by (z) or bg_1(z) is
large the fluctuations of ¢(x) and 7(z) shrink, simply because the variance Np(1 — p) of a Bin(N, p)
random variable shrinks when p is close to 0 or 1. To handle such prefixes x requires a slightly
revised definition of Lstapie. In general the fluctuations of «(x) and 7(x) should be slightly smaller
than the typical size of Z(B,); this is precisely the definition of §-stability in (2.4.6). It turns out
that the resulting maximization problem over digit profiles nearly reduces to considering those with
bp = bx—1 = 0. Indeed by an elementary linearity argument (see (2.4.18)), the only other digit
profiles that must be considered are the degenerate cases with co =c¢; = -+ = ¢x_1 = 0 in which =
consists of all 0 digits or all (k—1) digits. These cases are much simpler and lead to the requirement
that

1 1
Cp 2 max <log(1/po)’ log(l/pk_ﬂ) .

During a first reading of the next subsection it may be easier to focus on the main case by = by_1 =0

so that the proofs match the outline above more closely.
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Finally, we remark that the estimates outlined after (2.4.8) lead to the inequality

B[ E(Gs, )

BIBG, G SN ST S

T € Lstable

Hence for the purpose of counting edges in F(G, G’), each block B, behaves approximately like an
ii.d. point process of edges in Z(B,) with z-dependent edge probability %. In fact (2.4.9)
states that this holds more precisely at the level of individual edge probabilities. These hold precisely
because the boundary fluctuations of Z(B,) are only slightly smaller than E[|Z(B,)|], so that the
homogenizing effect of the random shifts is near-total. Somewhat fancifully, one might then view

the partition (2.4.7) as analogous to an ergodic or pure state decomposition.

2.4.3 The Partition into Stable Blocks

We now turn to a tree-based partition of [k]¥ into blocks B,. Define the k-ary rooted tree T = Ty

of depth K which consists of all [k]g-strings of length M at each level 0 < M < K. Here the children

[kJo"

of s € [k])! are the concatenations s0,s1,...,s(k—1) € . Hence the leaves of T are given by

[k]& while the root of T is the empty string @. Recall from Subsection 2.4.1 the definition

1 — by log (i) — by log (pk 1

en(x) = (@) — crlx) = A )—fqmgn.
i=0 v

Moreover, as in Proposition 2.4.1, we assume throughout that K > (C,, + ¢)log(V) holds for some
small, fixed £ > 0.

Lemma 2.4.4. Let x be the parent of y in T. Then

0 < ene) —en) <0 (1ot ) (2.4.11)

Moreover cp takes value cp(0) = 1 at the root, while cp(s) < —Qp () for any leaf s € [k]{

Proof. The values by, bi—1,co, . . .,cx—1 each change by O (1/log(N)) between neighboring vertices

in 7, which shows that
1
— < — .

Moreover since cp is decreasing in each coordinate of the digit profile it follows that c¢p(z) —cp(y) >
0. This concludes the proof of (2.4.11).

When x = () is the root, by = by,_1 =co = -+ = cx—1 = 0, and so cp () = % Finally for any leaf
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s € [k]& of T we have
k—1

bo(s) + br—1(s) + Zci(s) =K>C,+e.
i=0

Since ¢t — log (1) is decreasing and positive for ¢ € (0,1),

()

CL(S)—CF(S):% T—bkq o8 (pk 1) chlog< >

(Cp + &) min(log(1/po), log(l/pk_l), 210g(1/Puax))

<
- 2

l\.')\»—l

By definition €', log(1/po) > 1 and C, log(1/px—1) > 1. Moreover Proposition 2.1.1 implies

20, 10g(1/Prax) > g > 1.

P

Combining yields
C, - min(log(1/po),log(1/pr—1),210g(1/pnax)) > 1

which implies the result. O

Define the subtree Tgiapie C T to consist of all x € T with c¢p(z) > 26, as well as all children of
such x. Let Lgtap1e denote the set of leaves of Tgiap1e- We say a finite rooted tree is a full k-ary tree

if all of its vertices have either 0 or k children.

Lemma 2.4.5. Tgiapie 5 a full k-ary tree. Moreover Lgrapie consists entirely of d-stable strings.

Finally all x € Lsyavie are strings of length in [Qp s(log N), K — Qp s(log N)| and satisfy
cp(z) >  and cp(z) > 26.

Proof. First we explain why Tgtapie is a full k-ary tree. The point is that since ¢p(x) is decreasing
down T by Lemma 2.4.4, the set of strings « with ¢p(z) > 2§ forms a subtree, and adding all

children of such x therefore yields a full k-ary subtree.

Next, Lemma 2.4.4 shows cp(0) = 5 while ¢p(s) < —Qp(e) for any s of length K, and also shows
m) on 7. It follows that Tspap1e contains all of the first Q(log(NV))
levels of 7" but none of the last Q(log(N)). As a result all © € Lgiap1e have length in

¢p has Lipschitz constant O (

[2p,5(log(N)), K — Qp 5 (log(N))].

The fact that all leaves are d-stable holds because children were added in the definition of Tgiapie.
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Indeed this definition combined with (2.4.11) implies that
cp(x) €26 — O(1/log N), 26]
for all € Lstap1e- Moreover recalling the definition (2.4.6), all © € Lgpap1e satisfy
cr(z)+6 < cp(x).

Finally the inequality ¢ (x) < 2c¢p(x) holds for any string . Altogether, these inequalities imply
cr(x) > ¢ and therefore
cp(x) > ep(x) +0 > 26.

Lemma 2.4.6. The following partitions (i.e. disjoint unions) hold:

K= |J B and [Nl= ] Z(B.). (2.4.12)

€ Lstable TE€Lstable
Proof. The first partition clearly implies the second. The first partition holds because Lgtap1e consists
of the leaves of Tgtaple and Tgrapie € T is a full k-ary subtree. Indeed, it simply asserts that the
subtrees of 7 rooted at each x € Lgrapie partition the leaves of T. O
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Figure 2.5: The first partition in Lemma 2.4.6 is shown in the case that Lstapre = {Boo, Bo1, B1}
with (k, K) = (2,3). It states that [k]&X = [2]3 = Boo U Bo1 U By.

2.4.4 No Edge Intersections in Expectation

In this subsection we prove Proposition 2.4.1. As explained in the outline, the idea is to estimate
E[|E(G,G")|] by a sum of individual contributions from each & € Lstap1e and then control the total

contribution from each digit profile.

Lemma 2.4.7. Let X ~ Bin(N,q) for some q € [0,1]. Then fort < \/Nq(1 —q),
P [\X —E[X]| > ty/Nq(1 —q)} < e
holds uniformly over q.

Proof. This follows from Bernstein’s inequality; see for instance [BLM13, Inequality (2.10)]. O

Lemma 2.4.8. For any = € [k}, either

min(ty, 1 —¢;) =0
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or

min(t,, 1 —t,) =, N~1+2r@)

holds. The same holds for min(t; + Ay, 1 — t; — Ay). Here < denotes asymptotic equality for large
N up to p-dependent constant factors.

Proof. We focus on min(t,, 1 —t;) (as the two statements are symmetric) and assume z has a digit
x[i] # 0 so that ¢, # 0. If 2[1] = 0 and ¢ > 1 is minimal with x[i] # 0, then bo(z)log(N) =i —1 and
S0

ty =p pgo(m) log(N) _ N*1+25F.

Similarly if 2[1] > 0 and ¢’ > 1 is minimal with z[i'] # (k — 1), then

1—t — A =p ka_—ll(z) log(N) _ pr—1+2cr
O
Lemma 2.4.9. Let x € Lgiapie have digit profile (b, bg—1,co,...,ck—1). Then
P H|I(B$)| ~ Ner| > NCL?J] < e, (2.4.13)
P [’L(l‘) — Nt,]| > NCF%} < e~ (2.4.14)
P UT(.’L‘) — Nty + \)| > NCF+%} < e OUNY), (2.4.15)

Proof. First, inequality (2.4.13) follows immediately from (2.4.1), by applying Lemma 2.4.7 with
t= N2,

For inequality (2.4.14) we similarly recall the distribution of ¢ given by (2.4.2). From Lemma 2.4.8
it follows that unless ¢, = 0 (in which case ¢(z) = 1 with probability 1),

min(t,, 1 —t,) < N~1+2er,

Then Lemma 2.4.7 with t = N°/? completes the proof of (2.4.14) as § < min(%, cp) by Lemma 2.4.5.
Inequality (2.4.15) is proved identically. O

The next lemma shows that for any i € [N], there are at most two blocks By, ,, B, , that i could

plausibly appear in.

Lemma 2.4.10. For each index i € [N], there exist x;1,%;2 € Lstapre With

Pli € Z(B,,,) UZ(B,,,)] > 1 — e ¥V,
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Proof. Choose ;1 € Lgtap1e SO that ﬁ e J, = [twi,l,tggi,1 + Awi,l), and without loss of generality

assume

i Ao,
N € tzqt,l + 9 - vtﬂﬂq‘,,l =+ )‘I71)

Then we obtain

L(xiJ) < Ntﬁ?zl + |L('ri71) - Nt%l
Nz,

<1i—

+ |L(SU7;’1) — Ntmi,ll .

N, L= NCL(Iz‘,l) > NCF(Ii,1)+6,

using inequality (2.4.14) implies that
Ple(x; 1) <i] >1-— e~ UN?)

If x; ;1 is the lexicographically last element of Lsiapre then u(z; 1) < i already implies i € I(me).
Otherwise using Lemma 2.4.6 we take x; 2 € Lstap1e immediately lexicographically following x; 1, so

that 5, , + Ay, , = ts, ,- Reasoning identically to the above shows that
P[T({Ei’g) Z Z] 2 1-— B_Q(Né).

If (251) <@ < 7(242), then i € Z(B,, ,) UZ(By, ,) holds because x;1 and x;2 are consecutive in
Lgtabie- The result follows. O

Based on the previous lemma, we now upper-bound E[|E(G,G")|] by a sum over the individual
blocks B;. Recall that E(Gp,) C E(G) is the set of edges (i, + 1) € E(G) coming from strings

$i = Siy+1 € By.

Lemma 2.4.11. E[|E(G,G")[] < e ¥V 445 . SN 'P[(i,i+1) € B(Gp,))>.
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Proof. Lemma 2.4.10 and the AM-GM inequality imply
N—-1

E[|E(G, G < Y Pli,i+1) € E(G,G)]
i=1

<N Z > Pli.i+1)€E(Gp,  ,Gs

=1 j1,j2€{1 2}

—Q(N5>+22 > Pl(i,i+1) € B(Gp,, )
=1 je{1,2}
N—-1

<e N g ST ST PG+ 1) € (G,

TE€Lgtap1e 1=1

The next lemma uses the quantity

en(o) = (ML) 0(2) = (0(e) + hs(0) + cun(o) — ony ) () <0

defined near the end of Subsubsection 2.4.1.

Lemma 2.4.12. For anyx € T,
E[|E(Gp,)| | IZ(B.)]] < |Z(B,)PN=®),

Proof. The right-hand side upper-bounds the expected number of pairs (i,7) with s; = s; and
i,j € Z(B,), by summing over the |Z(B,)|? pairs of pre-sorted strings in B,. Indeed it is easy to

see that for independent pp, g-random strings s and s, and fixed = € [k]}!,

Pls = 5'|s,s' € B,] = ¢p(2)"HM) = Neo(@),

The following lemma upper-bounds the probability for an edge (i, + 1) to appear in E(Gp,) as
a function of z, uniformly over ¢ € [N]. The idea is that even conditioned on the value |Z(B,)| and
the internal structure of Z(B,), the remaining randomness of the value ¢(x) has a “homogenizing”
effect.

Lemma 2.4.13. For any x € Lgtapie and index i € [N — 1],

P[(i,i + 1) c E(GBx)] < AN2¢L(@)—cr(x)t+ep(x)+26 + e—Q(NS)_
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Proof. We condition on the multiset of strings S, = [s;|s; € B,] appearing in B,. We will show
that if

|Z(B,;)| <2N°t < N/2 (2.4.16)
holds, then

P(i,i+ 1) € E(Gp,)|S,] < AN2cr(@)—cr(z)+ep(w)+26

This implies the desired result since by inequality (2.4.13),

P[Z(B,)| < 2N°] > 1 — ¢~ 2,

Observe that the multiset S, determines the values |E(Gp,)| and |Z(B;)| = |Sz|, and in fact
determines the entire set E(Gp,) up to shifts. Given S,, it is easy to see that «(x) has conditional

law

t(x) ~ Bin (N — |Z(By)|, - fw/\ ) +1.

From (2.4.16), we have N — |Z(B,)| > N/2. Because any & € Lstanie has length Q(log(N)) by
Lemma 2.4.5, it follows that A, < %
Lemma 2.4.8 gives t, = 0 or t, > Q(N~1T2¢r) Similarly

for all z € Lgtapie When N is large enough. Therefore

o l—te=Ae

1— —
W 11—\, =

Q(N—1+20F)

unless 1 —t, — A\, = 0.

Let us now split into two cases, the first being that
min(t,, 1 —t, — Ay) > 0.

In this case we conclude that ¢(x) — 1 is binomial with number of trials N — |Z(B,)| > N/2 and total
variance Q(N2°F). Recalling that cp(x) > 6 for © € Lgtapie, the Lindeberg condition implies that
conditionally on Sy, «(x) satisfies a central limit theorem with standard deviation € (N°* (‘r)). Since
t(z) — 1 is binomial, this implies a pointwise bound on its probability mass function. Explicitly,
we may apply either [Pit97, Equation 25] or the combination of [Pit97, Equation 24] and [Can80,
Theorem B] to obtain

max P[u(z) = j|S,] < N~er@)+23, (2.4.17)

JE[N]

Next in the second case, assume that
min(t,, 1 —t, — A;) =0.

This simply means that = consists of all digits 0 or all digits (k — 1). Then cior(z) = 0 and so
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= 2¢p < cp + 20 implies ¢p < 26. Hence (2.4.17) holds in either case. As a result for any
i€ [N -1,

P[(i,i+1) € E(GB,) | S:] < |E(Gg,) ~}Ielﬁ§<]ﬂj’[b(x) = J15.]

< |B(Gp,)| - N7,
Applying Lemma 2.4.12 shows that when (2.4.16) holds,

P((i,i+1) € B(Gp,) | Sy] < 4NZer(@)merlo)ten(@) 25,

O
Using Lemma 2.4.13, we can estimate each term appearing in Lemma 2.4.11.
Lemma 2.4.14. For any x € Lstaple,
N-1
Z P((i,i + 1) € E(Gp, )]2 < GANDeL () =2¢cr (z)+2¢cp (x)+48 _,'_e—Q(N‘;).
i=1
Proof. For those i € [N] with
i € [Nty — N3 N(t, + \y) + Nor T3
Lemma 2.4.13 implies
P[(i,i + 1) € E(Gp,)] < 4AN2c1(®=cr@)ten@)+20 1 o=ON®),
As cp + g < ¢p, — 2, the above applies to at most 2N°L values of 7. For all other i € [N — 1],

inequalities (2.4.14) and (2.4.15) imply P[(i,i + 1) € E(Gp,)] < e~2(N"). Combining and using
(a+b)? < 2a? + 2b? yields

N-1
S P[(i,i+1) € E(Gp,))? < 2N (A,NQCL<’c)—CF<%)+CE(UC>+2<S + e—mN‘;))z + Ne=9(V)
=1
< 64N50L(x)—2cF(a:)+2c’E(x)+45 + e—Q(N‘S).
0

Having controlled the individual summands in Lemma 2.4.11 in terms of the digit profile of =z,
it remains to sum over & € Lgtapie- This amounts to determining the number of © € Lgiap1e With

each possible digit profile, and then finding the maximum possible contribution of each digit profile.
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Recalling the definition
ex = oot H(co, -, ch—1) + Ber, — 2¢p + 2¢E,

it follows from Lemma 2.4.14 and Proposition 2.4.2 that the contribution of a given digit profile x
to the bound of Lemma 2.4.11 is roughly N¢X(*), The next lemma shows that cx (2) is uniformly
negative over & € Lgtape when K > (Qp + ¢)log(N). Here we give a concise proof which does
not provide much intuition for the constants 6, and Cp,. See Subsection 2.4.5 for another argument

which is longer and less formal but probably more enlightening.

Lemma 2.4.15. For § = 0(p,¢) small enough, if K > (C, + ¢)log(N) then

max ex (bo, br—1,¢c0,...,c6—1) < —Qp(e) < 0.

(bo,br—1,c0,...,ck—1) O-stable

Proof. Let us extend the definitions of c¢to, ¢r, cr, g, and cx to be functions of arbitrary (k + 2)-

tuples (bg, bg—1,¢0,-..,Ck—1) € (R"’)kJr2 which are constrained to satisfy min(bg,br—1) = 0. Having
done this, we observe that ¢x = ¢x(bg, bk—1, co, - - .,ck—1) is affine in ¢ along the paths
teR — ((1 — tOép) bo, (1 - tap) br_1, (1 + t)Co, ey (1 + t)Ck-_1) (2418)

where ap > 0 is chosen so that ¢, — cp remains constant as ¢ varies.

Therefore to conclude we only need to show cx < —Q(e) at the endpoint cases, which take
the forms (bg,br—1,0,...,0) and (0,0,cg,...,cr—1) and which continue to satisfy ¢, — cp € [0, 24].
As either by = 0 or by_; = 0, we assume without loss of generality that by_; = 0. In the case
(bo,0,...,0), we get

1 1 K
=5— 1 — ] -1 1 — 2 - — 2) + 2
ex (b0, 0, /0 =5 = Sbolog <P0> *holog (Po) - (bo log(N)> Ul )+ 2

=4 (1 — bolog (;{))) +2 (bo - bg%) Pp(2) + 26

From ¢y, — cp € [0,26] we obtain

1 —bglog (p%)

5 € [6,24]

CL —Cr =

and so

1
bo log <) S [1 — 44,1 — 25]

Po

Using also that

>C +e>——— +¢,
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we find
1-26 1
(bo, ) < 85 +2 - +f Yp(2) + 26
log (170) log (p—o>
< —Qp(e) + 100
< *Qp(g)-

The last inequality above holds because 6 = d(p, €) is sufficiently small. We now turn to the main

task of estimating c¢x (0,0, co, - ..,cx—1). We use the following identities and inequalities.

o Pp(0p) = 2¢p(2).

To deal with the entropy term in cx, we use the non-negativity of Kullback Leibler divergence. For

any discrete probability distribution q = (qo, ..., qk—1) (with Z 0 g =1),

k—1
1
H(qo,-..,qr-1) = Z%‘ log ((«9;,)) — Dxi(q, ng)
=0 PP)i
k—1 1
(1)
; 5\ %)
:_wp +9 Zq110g< )

Using the above estimate with ¢; = cfzt,
3
Cx(o, 0,co,---, Ckfl) = CtotH(Co, . 7Ck,l) =+ 5(CL — CF> =+ 5 + 2cg + 26
3
—Crot¥p(fp) + 0 ch log + 5+ 2ep +120 (2.4.19)

<0 Zcilog( > 3. 2(Cp +e)Yp(2) + 120

<0 ch log ( ) 43 20p(2)C,, — Qp(e). (2.4.20)
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The last line again follows because § is sufficiently small. Finally we recall the following:

k—1 1 1
Zcilog () =1-—cL==-+0(),
i=0 pi 2

1 1
= < = |
c, Cp = max (Cp’ log(1/po)’ log(l/pk_l))

Substituting into the estimate (2.4.20), we obtain

3+ 6, + 0(0)

2 — 2p(2)Cp, — Qp(e) < —Op(e)-

CX(07 07 Coy -t 7Ck—1) S
This completes the proof. O
Proposition 2.4.1 readily follows by combining the ingredients just established.

Proof of Proposition 2.4.1. We start from the upper bound in Lemma 2.4.11 and group the strings
x € Lstap1e by their digit profile. For each digit profile (bg, bx—1, co, €1, - - -, ¢k—1), by Proposition 2.4.2

the number of corresponding blocks © € Lgtap1e 1S at most

( Ctot IOg(N) ) < thotH(co,...,ck,l).
colog(N), ..., cx—1log(N)

Lemmas 2.4.14 and 2.4.15 imply that for each fixed digit profile (b, bx—1,co,¢1,...,Ck—1),

2

—1
Z P[(i,i—i— 1) c E(GBE)]Q < GAN CrorH (Cor-cn1)+5cr —2¢cp +2c5+20 +e—Q(N5)
1

€ Lstable, i
Digit Profile(z)=(bo,...,Ck—1)

— 64ch+45 _’_e—Q(NS)
< AN e (e) e*Q(NS).

Since there are at most O(log"™?(N)) < N°() total digit profiles (bg, bg_1, ..., cr_1), Lemma 2.4.11

therefore yields the desired estimate

E[|E(G,G")|] < 256 N~ () 4 =N,
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2.4.5 Informal Derivation of the Value Cj

We saw the constant

k—1
Up(2) = —log ¥ p}
1=0

arise naturally in Lemma 2.4.12, expressed via cg. In this informal subsection, we will explain why
the constants 0, and Cp, appeared in the final stages of the proof above by determining “straight-
forwardly” how large ;X% must be for Lemma 2.4.15 to hold. We again view cx(co, ..., cx-1) as a
continuous function and restrict to the main case that by = by_; = 0. Moreover we will set all O(9)
terms to zero for simplicity. For € Lgrapie With bo(z) = br—1(z) = 0, we have ¢ (z) = cp(z) = 1/2

which yields the constraint equation

1

k—1
> cilog(1/pi) = 3 (2.4.21)
=0

Setting C = ﬁ, we find from cp,(z) = cp(x) = 1/2 that

cx = (H(co7 oy Ch—1) + 2¢p(2)) " Cot 1 g —2C9p(2).

To maximize cx = cx(co,...,ck—1) given the constraint (2.4.21), we set the gradient Vex to be
parallel to the constraint direction (10g(1/p0)710g(1/p1), e ,log(l/pk,l)). (Without arguing too
formally, one expects there are no issues of maxima occurring at the boundary because the entropy
function is concave and its inward-normal derivative diverges when any coordinate approaches 0.)
By writing out the definition of entropy one readily computes that the maximizer (cf,...,c5_;)

satisfies

D1og(1/p1) = (c5)

g
E3
Cj

*
tot

= 20p(2) +log(ciop/c}) =14+ Y

C
J€[k]o

= 20 (2) + log(cioe/})

for some proportionality constant § € R. Recalling that ¢ (t) = —log ¢p(t) for ¢p(t) = Zf;ol P,

we obtain by rearranging

c
i 2 2), 6
L 20n(2)y
Ctot
(7
b;
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Since Zf;ol Ci*i = 1it follows that ¢p(6) = ¢p(2)?, i.e. & = 0. Moreover we find (;—Ot, .. C’“*”) =
p?». Solving for ¢}, using (2.4.21) above yields
1 g kol

= ) v los(1/p) = 21(p, p).
tot p 1=0

Finally plugging back into the definition of c¢x and recalling properties of I(p, p?),

H(p®) +2y,(2) 3
ex(ch-onciy) = TR 1 202
_ H(p%) + p(0p) | 3
S e T2 el
_ % 20, (2).

Rearranging shows that c% < 0 is equivalent to

C>Cp— 3+0p,  3+0,

C Ap(2)  20p(0p)

Therefore we have “straightforwardly” recovered the statement of Lemma 2.4.15. Let us also point

out that

o 1 _ 0p
cer 21(p, pfr) 2(H (p%) + Vp(0p))
< 0o < 34+ 0p
2¢p(0p)  2¢p(0p)
—Cp <Gy

Here we used (2.4.5) in the first line. Hence the maximizer we found corresponds to “real” blocks
B, with length M =~ cot log N < K.

Since this argument ignored O(d) error terms and some details on boundary issues, we verified
Lemma 2.4.15 directly in the previous section instead of making the informal argument rigorous.

The main step of this verification was to use non-negativity of the Kullback-Leibler divergence

Dy(q,p%) with ¢; = % in inequality (2.4.19). Given the argument above, this step becomes

Ctot

quite natural. Indeed cx is linear in (cp,...,ck—1) except for the entropy term, so (2.4.19) simply
linearizes this entropy term around the equality case (;70, RN CC’“;1> ~ pfr.

2.5 Proof of Lemma 2.3.8

In this section we prove Lemma 2.3.8, whose statement is recalled now.
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Lemma 2.3.8. For any p and positive reals € and t, there is 6 = d(p,e,t) such that if K >
(Cp +¢)log(N) then
]E[et'\Efor(G,G’)l} <14+ O0O(N79).

It was shown in Section 2.3 how to upper-bound the total variation distance from uniform after
K p-shuffles based on the exponential moment estimate above. Therefore establishing Lemma 2.3.8

will complete the proof of the mixing time upper bound (2.1.3).

2.5.1 Preparatory Lemmas

Define F(a,b) to be the value E[|E(G,G")|] for i.i.d. p-random shuffle graphs G and G’ on decks
of a cards with b shuffles. Proposition 2.4.1 provides the main upper bound on F(a,b), stated as a
bound on F(N, K). The next lemma gives a much easier estimate we will use for small values of a
and b.

Lemma 2.5.1. For any non-negative integers a and b,
F(a,b) < min (a,a® - $p(2)") .
Proof. The bound F'(a,b) < a is obvious. The other bound
E[[E(G, G| <E[E(G)]] < a*¢p(2)"
follows by summing over all (3) pairs of strings s;, s; as in Lemma 2.4.12. O

The next two lemmas allow us to upper-bound relatively complicated expected edge intersections
based on simple expected edge intersections. They will be used below to estimate the left-hand side

of (2.5.2) as a sum over the blocks in the decomposition (2.5.3).

Lemma 2.5.2. Let A and B be independent random subsets of a finite set A. Let A’ and B’
respectively be independent copies of A and B. Then

B4 B < EIAN AT+ BB B
< : .

Proof. For each a € A let A, = Pla € A] and B, = Pla € B]. Then the statement reduces to
showing Y AqB, < M which holds by AM-GM. O

Lemma 2.5.3. Let A be a random subset of a finite set A and let F be a o-algebra. Let A’ be an
independent copy of A and let Ax and A’y be conditionally independent copies of A conditioned on
F. Then

E[|[ANA'[) <E[JAr N A% (2.5.1)
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Proof. For each element a € A, let Q, = Pla € A|F]. Let P, = Pla € A] = E[Q,]. Then (2.5.1)

amounts to showing
> PI< Y EQ:)
acA acA

Since E[Q?2] — P? > 0 is simply the variance of the random variable @, for each a, the result
follows. O

2.5.2 The Edge-Exploration Process

We now define the exploration process mentioned at the end of Section 2.3, which explores a pair
(s1,...5,8N),(8],...,8y) €S of sorted string sequences in order starting from s1,s}. At step i, the
currently revealed strings are
(s1,.--,8;) and (s},...,s))
which results in revealed subgraphs
GiCG, G, Cq&

that grow with 7. Explicitly, G; and G are simply the induced subgraphs of G and G’ on the vertex
set {1,2,...,4}. When either s; or s, begins with the prefix [(k — 1)(k — 1)] we stop the process.
Essentially by definition, this process finds all edges in Efor(G,G’). As alluded to at the end of
Section 2.3, the following lemma shows how to bound the exponential moments of Fs.. (G, G’) using

this exploration process.
Lemma 2.5.4. Suppose v > 0 is such that the conditional expectation estimate

E[Eeor (G, G') — E(Gi, GY)IF] < (25.2)
holds almost surely with F; = o(s1,...,8i,8),...,8;) for each i € [N]. Then

]E[et'Ef"r(G’G/)] <1+ 2y

for any t > 0 satisfying ety < %.
Proof. Define for simplicity the random variable X = Eto (G, G’). For each j > 0 let ¢; = inf{i :
E(Gi,G}) > j}. Then t; is an stopping time, and if #; < oo then |E(Gy;,Gy,)| = j holds because
E(Git1,Gi, 1) — E(G;,Gj) < 1 holds almost surely for each 7. Morever when ¢; < oo we have

PIX > j|F,] <~

due to the assumption (2.5.2). Of course the inequality X > j implies that ¢; is finite. Hence by
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optional stopping, we may average the above display to conclude that
PIX > jIX > j] <.
This means X has hazard rate at least that of a geometric random variable Y with

PY =j]=(1—-), j=>0.

Therefore X is stochastically dominated by Y. Using the assumption ey < 1—10, we find

E[etX} < E[etY]

< (1= (M)

O

To analyze the exploration process we group the potential future strings which are lexicograph-
ically larger than s;. Supposing that s; <iex [(k — 1)(k — 1)] does not begin with [(k — 1)(k — 1)],
set

Blocks(s;) = Blocks(s;, [(k — 1)(k —1)])

in the notation of Lemma 2.5.5 just below. By construction, Blocks(s;) consists of O(log N) blocks
and
{s €Ky 5 <texs <aex [(k=D(k-D}=  |J Ba (2.5.3)
w€Blocks(s;)
The fact that [Blocks(s;)| < O(log N) < N°() will be used in the proof of Lemma 2.3.8 in the next
subsection. It allows us to estimate a sum over x € Blocks(s;) by its maximum term; see just before
the start of Case 1 therein.
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Figure 2.6: The decomposition of (2.5.3), guaranteed by Lemma 2.5.5, is shown when s; = 010
with (k,K) = (2,3) It states that {S € [2]8 1010 <qex S <tex 11} = Byo1 U Byp.

Lemma 2.5.5. Let s, <iex Sp be strings each of length at most K. Define the lexicographic interval
ISa,Sb = {3 € [k](I)( 1 Sa <lex S <lex Sb}'

Then I, 5, can be written as a disjoint union of blocks

Isa,sb = U B,

xEBlocks(sq,Sp)

for some set Blocks(sq, sp) containing at most 2Kk < O(log N) strings, each of length at most K.
Proof. For 0 < M < K, define
BlocksM(sa, sp) ={x € [k]}': B, N1, 4, # 0}

to be the set of all length-M strings x such that B, has non-trivial intersection with I, o, . Similarly
define
MM(Savsb) = {fﬂ € [k]év[ 1B, C Is,,,,sb}
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to be the set of all length-M strings x such that B, is contained inside I Clearly BlocksM(sa, sp) C

arSb”

BlocksM(sa, sp). Moreover the fact that I,, s, is a lexicographic interval means these sets differ in

at most 2 elements, i.e.

BlocksM(sa,sb)\BlocksM(sa,sb)‘ <2. (2.5.4)
Define
—_— —M
Blocks(Sq, Sp) = U Blocks (Sq,Sp),
0<M<K
Blocks(sg, Sp) = U Blocks™ (s, 5p).
0<M<K

Next, for any s € I s,, note that all ancestors (prefixes) of s are contained in Blocks(s,, sp), while

() ¢ Blocks(sq,sp). Let ys be the longest ancestor string of s with

Ys & Blocks(sq, Sp).

By definition ys # s, so ys has a child x5 which is also an ancestor of s (possibly s = s). By
definition of ys,,
x5 € Blocks(Sq, Sp)

and so
Bazs g Isa,sb-

We claim the blocks B,  constructed in this way from s € I, 5, are pairwise equal or disjoint.
Indeed if
By, € By,

then x4 is a prefix of y,. However
Ys & Blocks(Sq, sb)

and

xy € Blocks(Sq, Sp)

which contradicts the fact that Blocks(s,, sp) is descendent-closed.

Above, we started from an arbitrary s € I, 5, and found a block B, containing s. It follows

that the distinct blocks B, appearing in the above construction form a partition of I Finally,

a;Sb*

note that by inequality (2.5.4), and the fact that y, has length at most K — 1, ys ranges over a set

of size at most 2K. Hence x4 ranges over a set of size at most 2Kk. This concludes the proof. [
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The next lemma shows that conditioning on the exploration process for G up to s; with
Si <lex [(k — 1)(k — 1)]

does not dramatically increase the typical size of Z(B,) for any x € Blocks(s;). The fact that
8; <1ex [(k — 1)(k — 1)] is crucial here, as was discussed at the end of Subsection 2.3.1. Indeed
conditioning on s; = [(k — 1)%X] would imply that

SZ‘:SH_lz'”:SN:[(k—l)K]

so that F(G) contains all remaining potential edges (¢,i+1),(i+1,i+2),...,(N — 1, N). However
when s; <iex [(k — 1)(k — 1)], a constant fraction of the pp x-measure of [k]¥ remains not yet

occupied, which prevents such an example from occuring.

Lemma 2.5.6. Conditioned on (s1,...,s;) which satisfy s; <iex [(k — 1)(k — 1)], for any = €
Blocks(s;) the conditional distribution of |I(B,)| is stochastically dominated by a Bin(N,p2\sz)

random variable.

Proof. Condition further on the largest value j € [N] with s; = s;. Then we can generate all strings
(8j+1,--+,5n) by sampling i.i.d. random numbers a’, ,...,a}y uniformly from [t, + As,, 1], sorting
them into increasing order a;1+1 < aj42 < --- < ay, and choosing s, € [k]& such that ay € Jg, for
¢>j+1. There are N — j < N such random numbers ap, and 1 — (ts, + As,) > p2,. because of the
assumption that s; <iex [(k — 1)(k — 1)]. Therefore conditionally on j, each a; has probability at

most p,;ii)\gg to fall into the interval .J,, which completes the proof. O

2.5.3 Proof of Lemma 2.3.8

We now complete the proof of Lemma 2.3.8. In light of Lemma 2.5.4 it remains to show that the

conditional expectation for the number of unrevealed edges in E¢..(G,G’), given by
E[Efor(G, G/) - E(Gla G;)|‘7:7«]’

is almost surely bounded by O(N~%). The idea is to use Lemmas 2.5.2 and 2.5.3 to upper-bound this
quantity by a sum over the future blocks appearing in (2.5.3), see Equation (2.5.6) in the proof below.
Analyzing the summand corresponding to a block B, for x € [k]3! amounts to a smaller version of the
problem considered in Proposition 2.4.1 since B, can be viewed as a copy of [k]é( ~M " As a result,
the summand for B, has value F(|Zp,|, K — M). This term can be estimated by Lemma 2.5.1
when E[|Zp,|] < N? is small (Cases 1 and 2 of the proof below) and by Proposition 2.4.1 when
E[|Zp,|] > N? is reasonably large (Case 3 of the proof).
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Proof of Lemma 2.3.8. Take § = §(p, ¢) sufficiently small, n = n(p, €, d) smaller and ¢ = {(p,&,d,n)
yet smaller. Define the following o-algebras.

Fi=0(81,...,8,80,...,8),

’ 9%

Fi=o (sh ey 80y STy, Sh (I(B$))m€Blocks(si)> .
(Note that the o-algebras F; do not define a filtration as i varies.) Let
Gu,l = Efor(G)\E(Gz)

consist of all so-far-unrevealed edges which do not involve strings beginning with [(k — 1)(k — 1)].
Let G2 be a conditionally independent copy of G, given j—v} - equivalently this means G, 2 is
obtained by resampling G, ;1 conditioned to have the same sets Z(B,) for each z € Blocks(s;).
Define G, 1,G, 5 the same way for G'. Hence Gy 1,Gu2,G, 1, G, o are shuffle graphs with all
edge-endpoints in {i,i+1,...,N}.

We will show that at any time ¢ in the exploration process, the expected number of unrevealed
edges in Etor (G, G') is bounded by

E[|E(Gu1, Gyl Fi] < O(NT).

By Lemma 2.5.4, this will complete the proof of Lemma 2.3.8 up to replacing ¢ with 4. First, using
Lemmas 2.5.2 and 2.5.3 conditionally on F;, we estimate the expected number of unrevealed edges

by
|E(Gu,1aGu,2)| + |E( .

/
u,l’ ~u, )|
EE(Gu1, G| Fi] <E A

Therefore by symmetry it suffices to show that
E UE(Gu,la Gu,2)||-7:i} < O(Nig)

holds almost surely. By definition, conditioning on .7?1 determines the interval Z(B,) for each such
x. Moreover the remaining K — M digits of each of the |Z(B;)| random strings in B, are still i.i.d.

p-random. As a consequence,

E[E(Gur,Gu2)|Fl ={i>i:s;=s}|+ > F(I(B),K - M). (2.5.5)

xEBlocks(s;)

Indeed recall from the start of Subsection 2.5.1 that F'(a,b) is the expected size of E(G,G’) when
there are a cards and b shuffles. Thus (2.5.5) essentially holds by definition.
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Next, the law of total expectation yields

E[E(Gu1,Gus2)|Fi] = E |E[E(Gui, Gu )| Fil

A
=E[{j>i:s;=si}||F]+ Z E [F(IZ(B,)|, K — M)|F]. (2.5.6)

xEBlocks(s;)

The first term on the right-hand side of (2.5.6) is controlled by Lemma 2.3.9, which implies
E[l{j >i:s; = si}[|Fi] <O(N™C).

To estimate the other (main) term on the right-hand side of (2.5.6), we will show for each x €
Blocks(s;) that
E[F(|Z(B,)|, K — M)|F;] <O(N~°).

As [Blocks(s;)| = O(log N) < N°() this suffices to finish the proof. We now split into three cases
depending on the size of A,. In all cases below we let M denote the length of z. Case 3 (the main

one) is where Proposition 2.4.1 is essential.

Let us emphasize that [I(B,)] is still random conditionally on F;. While we do not have good
almost sure bounds on |I(B,)] itself, its conditional distribution is uniformly stochastically bounded
by Lemma 2.5.6. Since we are estimating a conditional expectation given JF; and not F;, this suffices

for an almost sure bound.

Case 1: Ay < N~17% addpunct. In this case, Lemmas 2.5.1 and 2.5.6 imply

E [F(|Z(B,)|, K — M)|F;] <E[Z(B,)|]
< O(N™%).

Case 2: N7170 < )\, < N~ addpunct. In this case, Lemmas 2.5.6 and 2.4.7 imply that
|Z(B,)| < N?° holds with probability 1 — e~ 2N The fact A, < (Pnax)™ implies

-1

< log(/\fl)

IOg(pmaX)
(1+6)logN
S
log(Prax)

In particular as 6 < ¢ is sufficiently small this implies K — M > Qp(e)log N. Lemma 2.5.1 now



CHAPTER 2. CUTOFF FOR THE ASYMMETRIC RIFFLE SHUFFLE 69

yields

E [F(IZ(B,)], K — M)|F;] < E[|Z(B,)[*|¢p(2)7 ()16
<0 (N267(2p(5)>

< O(N™9).

Case 3: Ay > N~ addpunct. Similarly to the previous case, observe that

log(\;!

M < 108 fl) (2.5.7)
log(pmax)

< Cplog(A\;h). (2.5.8)

We break into subcases depending on |Z(B,)|. The first subcase is that |Z(B,)| < N". Here the
lower bound K — M > Qp(dlog N) follows from inequality (2.5.8), and applying Lemma 2.5.1 yields

F(IZ(B,)|, K — M) < N*¢,(2)K~M < N~
In the main subcase |Z(B,)| € [Nn72p;iiN>\z] we obtain:

(6;, + g) log(2p,aN.)

> (Cp + 5 ) log [Z(B,)].

v

Since |Z(B;)| > N tends to infinity with N, Proposition 2.4.1 implies
F(IZ(Bs)|, K — M) < O (|Z(B.)| ™) < O(N™).

Finally the subcase |Z(B,)| > 2pm2 N, occurs with tiny probability e=2") by Lemmas 2.5.6
and 2.4.7. In this subcase we use the trivial bound F(|Z(B;)|, K — M) < N. Combining subcases,
we have established that whenever Case 3 holds,

Combining cases (and substituting ¢ for ¢ at the end) concludes the proof of Lemma 2.3.8. O
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Remark 2.5.1. Recall that throughout Section 2.4, and in particular in Proposition 2.4.1, the
weaker inequality K > (C,, + ¢)log N sufficed where

1 1 _
C, =max | Cp, , < Chp.
P ( 7 log(1/po) log(l/pk—1)> i

This means that when k > 2, for some parameter choices such as p = (0.01,0.98,0.01), the expec-
tation E[|E(G, G")|] becomes small before mixing occurs, so the exponential moments of |E(G, G’)|
are still large. This discrepancy can be explained as follows. When K satisfies
K _

C < —— < (Cp —¢,

Epte log N P e
the graph G typically contains N(D-size connected components coming from strings with nearly
all digits ipax. In such situations E[|E(G, G")|] < o(1) is small by Proposition 2.4.1. However an easy
pigeonhole argument on N copies of G shows that with Q(1/N?) probability, E(G,G’) contains an
N2 _gized component formed by a large G-component and large G’-component overlapping. As a
result |E(G, G")| has large exponential moments. (Moreover this argument still applies if we initially

require S, S’ € §; to be “typical”.)

In upper-bounding the mixing time, the bound K > (C} 4 ¢)log N, as opposed to K > (C,, +
¢)log N, is necessary in two places. The first is in Lemma 2.3.9. The other occurs above in (2.5.9)
where we needed to ensure that Proposition 2.4.1 yields an upper bound for F(|Z(B,)|, K — M). In
the worst case, all M of z’s digits might be iyax. Then typically (at least when the right-hand side
below is positive),

log | Z(B..)| ~ 1og(N) — M 10g(1,/pes).

To apply Proposition 2.4.1, we thus need
K—M > C,(log N — Mlog(1/Pnax))

to hold for any M making both sides positive. In particular, if we continuously increase M the
right side must reach 0 before the left side, which implies K > %. On the other hand, when
M = 0 we need K > Clog N for Proposition 2.4.1 to apply. Hence at least in bounding the
exponential moments of |E(G,G')|, the value C, = max (QP, m) arises from the need to

apply Proposition 2.4.1 for all sizes of block B, appearing in the partition (2.5.3).
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2.6 Proof of the Mixing Time Lower Bound

In this section we take K = |(Cp — €)log(IN)] and show that almost no total-variation mixing
occurs after K shuffles. First, when K < (ép — ¢)log(N) we previously argued at the start of
Subsection 2.2.1 that the total variation distance from uniform is 1 — o(1). Hence we may assume
that 5p < Cp holds, else there is nothing to prove. By taking ¢ small enough, we may further
assume

K > (Cp+e)logN. (2.6.1)

For a set H C Z, its boundary 0H C H is defined by
OH={heH:h—1¢ Horh+1¢H}.

Its edge set E(H) is the set of edges with both endpoints in H, ie. we identify H with the
corresponding induced subgraph of G. We will verify the following criterion from [Lal00] for non-
mixing. The idea of the proof is to use the number of ascents of ¢ € Gy within H to distinguish

the uniform distribution o = 7 from the shuffled distribution ¢ = 7.

Proposition 2.6.1 ([Lal00, Proposition 2]). Let (Kn)n>1 be a deterministic sequence of positive
integers. Suppose there exist deterministic subsets H = Hy C [N] such that for some § = §(p, ) the
following properties hold as N — oo, where G is the shuffle graph for a deck of N cards undergoing
Ky p-shuffies:

|H| — oo (2.6.2)
0H| = O(|H|'?) (2.6.3)
P ||E(G) N E(H)| > \H|%+5} S (2.6.4)

Then asymptotically no total-variation mixing occurs after Ky shuffles, i.e.

lim d (Ky) = 1.

N —o0

Remark 2.6.1. By using AM-GM or Cauchy—Schwarz similarly to the proof of Lemma 2.5.3, the

conditions of Proposition 2.6.1 imply

s EIE@ 0 BEP
E[B(G, 0] 2 = - (L= o(1)

> Q(H[*)

> 1.
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However it does not follow from what we show that K = (C,+0(1))log N is always the cutoff point
where the expected number E[|E(G, G')|] of shared edges in G and G’ transitions from superconstant

to subconstant. This is because the analysis of this section assumes inequality (2.6.1).

2.6.1 Preparation and Proof Idea

Define aor log(N) = [i log(N)J , where as usual § = §(p, ¢) is sufficiently small. Choose (via

21(p,p°?)
some rounding procedure) positive integers aglog(N), ..., ax_1 log(N) satisfying
k—1 0
ot log(N)p.*
Zai = agor and a;log(N) — w <1. (2.6.5)
i=0 (bp( p)

Note that aor < %; indeed we showed in Proposition 2.1.1 that 6, < 4, hence
1 0
Qo + O(9) = = P
ot O0) = 57 p%e) = 2(H(p) + U (6))

Op 340y
< <

2¢p(0p)  3vp(p)

_ 26 2

3 — 3

We may therefore take SBiorlog(N) = K — ayorlog(N) > Q(log N) and choose positive integers
(Bilog(N))ie[r), With

k—1

> Bi=fw: and |Bilog(N)

=0

_ Beot log(N)p?
@) | T

The numbers just constructed satisfy
k—1 k—1
Z a;log(N) + Z Bilog(N) = auor log(N) + Brot log(N) = K.
i=0 i=0

We will consider G-edges coming from strings with a; log(IV) digits 4 in the first auos log(N) digits,
and f; log(N) digits i in the last Sior log(N) digits, for each ¢ € [k]p. This is essentially a two-part
digit profile. Let us point out that strings with many leading 0 or (k — 1) digits will not require

special care in this part.

Definition 2.6.2. The length o log(N) string x € [k]) is a collision-likely prefix (we write
x € Prec) if & contains «; log(N) digits of i for each i € [k]o.

Definition 2.6.3. The string s € [k|& is collision-likely (we write s € CL) if s satisfies the

following properties.
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o With M = auor log(N), the first M digits of s form a collision-likely prefiz.
° s[M—i—l]zO, S[M+2] =1.

o The Piot log(N) digits s[M + 1],s[M + 2],...,s[K] consist of B;log(N) digits of ¢ for each
1€ [k]o

Recall from (2.2.3) the definition J, = [t5,t; + Ay) and set

H=17Zn ( U NJx> .
T EPrecL
That is, H consists of the “expected locations” of collision-likely prefixes. The set H is essentially

the same as in the lower bound of [Lal00]. Our analysis differs from Lalley’s in the last part of

Definition 2.6.3 where we consider strings whose later digits have empirical distribution p?.

Before proceeding into more technical details, let us give some intuition both for the definitions
above and the remainder of the proof. Based on Subsection 2.4.5, we expect that the bulk of the
edges in E(G,G") come from the blocks B, with digit profile

« 1 p;”

ci(z) = cf = o) ou(0n)’

Therefore we took o; ~ ¢} and defined H so that

H~ | Z(B.).

T EPregy,

The main difficulty in applying Proposition 2.6.1 is to verify the last condition by lower-bounding
the number of G-edges appearing in blocks B, for x € Prec.. Intuitively, to count these edges one
should simply count pairs of strings in B, as in Lemma 2.4.12. However this will overestimate the
number of G-edges for strings that appear many times. Hence one would like to also control for
example the number of equal triples s; = s;41 = S;42 = s — this is relevant for obtaining the
correct first moment and also for controlling the variance. Such a strategy was carried out in [Lal00,
Lemmas 8 and 9]. However for this approach to work, p must be close to a uniform distribution so

that the expected number of triples does not overwhelm the expected number of pairs.

Instead of counting pairs of equal strings s; = s;, we consider for each s € CL the event Y, that
$; = 8;+1 = s holds for at least one i € [IN]. Because of the “extra margin” afforded by the second
property of CL in Definition 2.6.3, it follows that with high probability, all ¢ € [N] with s; € CL
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satisfy ¢ € H (see Lemma 2.6.6). Under this event, we have

|E(G)NE(H)| > ) 1y,. (2.6.6)
s€CL
The sum ) . ly, turns out to concentrate nicely while retaining almost the same expectated

value. Indeed the mdlcator functions 1y, are pairwise anti-correlated as s € CL varies. Therefore
whenever the expected value E [Z secL ].ys] > N2 s large, Chebychev’s inequality immediately

implies a high-probability lower bound of the same order.

Since P[Ys] is a function of the digit profile of s, it suffices to focus on a single digit profile,
keeping in mind that the prefix should be collision-likely. Restricting the sums above to s € CL
exactly corresponds to such a choice of digit profile. The reason to choose p? for the distribution
of the later digits in the definition of CL is that conditioned on two p-random digits being equal,
the distribution of this shared digit is p2. Thus we expect most collisions inside a block B, to have
digit distribution p? in the later K — M digits.

In summary, the lower bound (2.6.6) essentially involves two separate truncation steps. The first
step, truncating |E(G) N E(H)| to a sum of indicators 1y, is important to obtain control of the
second moment. The second step, restricting this sum to collision-likely strings s € CL, is simply a
convenient way to isolate the dominant contribution to the sum over all strings s with collision-likely

prefixes s[1]. .. s[ator log(N)] = © € Preqr.

We conclude this subsection with two lemmas, the second of which verifies the “easy” parts of

Proposition 2.6.1.

Lemma 2.6.4. For sufficiently large N,

—1+44
> ailog(p) = g * o(1).

Proof. By the definition of a; in (2.6.5) and of I(p, p’?) in (2.4.4),

p"logpz 1
ilog(pi) = ‘ -
Sovtostn) > gy SR -0 ()

—14+9 1
. —OQ%N>. (2.6.7)

Proposition 2.6.5. As N — co we have |H| — 0o and |0H| = O(|H|2). More precisely

|H| = NI+ @ilog(pi)+aweH(ao,..;ak—1)+0(1)
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Proof. For each = € Precy, Lemma 2.6.4 shows

Ay = NI ailog(p)Eo(1)  y=52+0(1)

Moreover it is easy to see that
[NA:] S |ZANJ,[ < [NA;]. (2.6.8)

This immediately implies |H| — oo as Preg. is non-empty. For the precise asymptotics, Proposi-

tion 2.4.2 implies

|PreCL| _ < Qltot log(N) ) — Nath(ao,...,ozk,l)+o(1).
aglog(N),..., ax—11og(N)
As the discrete sets (ZNN Jy)zepre,, are disjoint, they have total size at most N. By (2.6.8) these sets
individually have size N lziJrO(l), and so |Prec| < N *5%+0(1) This means the number of connected

components of H is smaller than the size of each component, hence |0H| = O(|H|z). O

2.6.2 Lower Bounding the Number of G-Edges Inside H

It remains to show that H contains many G-edges with high probability. The next lemma shows
that with high probability, all appearances of collision-likely strings are inside H, so that it suffices
to simply count edges (i,7 + 1) with s; = s;11 € CL. The reason is simply that the requirements
s[M + 1] = 0 and s[M + 2] = 1 effectively refine collision-likely prefixes © € Prec. to 201. By is

deep enough inside B, to overcome the small fluctuations of Z(B,,) vs N.J,.

Lemma 2.6.6. With probability 1 — o(1), all i € [N] with s; € CL satisfy i € H.

Proof. The Dvoretzky—Kiefer—Wolfowitz—Massart inequality [DKW56, Mas90] implies that with
probability 1 — o(1), all y € [k]3! for 0 < M < K simultaneously satisfy

gl

l(y) = Nt,| < N3 FHTo, |r(y) — N(t, + A,)| < N37F7 (2.6.9)
We assume the inequalities (2.6.9) hold for all y and show the conclusion under this assumption.
Fixing a collision-likely string s with collision-likely prefix =, we apply (2.6.9) with y = x and

y = x01. Here 201 denotes concatenation. Using (2.6.7), we obtain

min ()\x, )\1;()1,)\11) > Af”piin > Q (N712+5> .
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Therefore

N(taor = ta) = Ndaor = @ (N'F)),

£

1+

N (s + Ao = toon = Aeon) = Nur 2 @ (N5)
By the triangle inequality,

L(iL’Ol) Z Ntz + N(tmﬂl — tx) — ‘L 1‘01) — tm01|
> Nt, +Q (N'H) - Nt

> Nt,
and

N(tr + /\:c) + N(t.’r01 + >\m01 - trc - )\z) + |T(l‘01) - tmOl - )\m01|
< N(ta+ ) - (V) - NEH
N

Altogether if (2.6.9) holds for all y, then all = € Preg, satisfy
Nt < 1(201) < 7(201) < N(ty + Ag).
Therefore s; € Byo1 implies ¢ € H, which completes the proof. O

Define the constant

k—1

V= 242 Z(a1 + B’L) IOg(pz) + atotH (QO; R ak—l) + ﬂtotH(ﬂm oo 7Bk—1)-
i=0

We next give another important numerical lemma, which up to O(d) terms will ensure that the

number N7 of edges in H is large enough for Proposition 2.6.1 to apply. (It is only important that

¥p(2)

~B=¢ is positive below.)

Lemma 2.6.7. With oy, 5; and v as defined above,

LN ¥p(2)
V2 B 1+ ;O‘i log(pi) + ot H (0, - -y p—1) | + & (2.6.10)

Proof of Lemma 2.6.7. Recall the following definitions and identities.
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e Yp(t) = —log ¢p(t) = —log (Zf;ol pf) > 0 for any ¢ > 1.

e Yp(0p) = 2¢p(2).

O — 3+0p _ 346y
P 4yp(2) T 2¢p(0p)”

flO i
I(papt) :*Zz'png{g})”'

e H(p') =tI(p,p") — ¢¥p(t) for any t > 0.

® (o = 21(:;5%) +o(1).
® Qior + Bror < Cp —&.
e a; = (p%); - agor £ 0(1)

Bi = (Pz)i “Bror £ 0(1)

After rearranging (2.6.10) and multiplying by 2, it suffices to show

k—1

3+ 2(3041' +4p;) log(ps) + awor H (g, . - ., ak—1) + 2Bpot H(Bo, - - -, Br—1) g Yp(2)e.
i=0

First, replacing both entropy terms using H(p') = tI(p, p*) — ¢p(t) and then substituting ¢p(0p) =

29p(2) reduces us to showing

k—1
343 (3 +4B:)10g(pi) + tror (O I(p, PP) — 20p(2)) + 2Brox (21(p, P?) — ¥p(2))
i=0
?
> p(2)e.
Using oot + Prot = 10? ~ < Cp — ¢, it remains to prove
k-1 ?
34> (3ai +4B;)10g(pi) + Opcor (P, P) + 4Brot I(p, P*) — 20p(2)Cp > —p(2)e.
i=0
Substituting Cp = % and agor = 21(:1;5%) + o(1) we are reduced to showing
g kol )
5 T 2_Bai +46;) log(pi) + 4Proc! (P, p*) > —¢p(2)e + O(0) + o(1). (2.6.11)

N
I
=
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Now, using I(p, p’») = -2 A 3 1?5(;)71 allows us to simplify

?log( 1-9
Zal IOg pz = Qgot Z pl g p’t 0(1) =——5+ 0(1)

Furthermore,

log(p;
Beot (P, P° ﬁmzpl gp Zﬂzlog (ps) + o(1).

Substituting these near-equalities into (2.6.11), it suffices to show
?
0> —p(2)e + O(6) + o(1).

Recalling that 6 = §(p,e) was chosen sufficiently small completes the proof. O

Lemma 2.6.8. With probability 1 — o(1), at least NY=° distinct s € CL appear 2 or more times in
the p-random sequence S = (s1,...,8n5) € S.

Proof. By Proposition 2.4.2, there are

|CL‘ _ NacocH(ao,m,ak—1)+ﬁcotH(Bo,~~,3k—1)+0(1)

collision-likely strings, each of which occurs Bin (N, N (@itBi) k’g(pi)) times in S. Because (ép +

g)log N < K holds (recall (2.6.1)) and log(p;) < log(pmax) < 0 for all i, we obtain

k—1

(i + B) log(py) <

i=0

K 10g(Pnax)
log N

IN

(Cp + €) 10g(Prax)
—1-94

IN

for § = d(p, ¢) sufficiently small. This implies
( NI +ﬁz)log(p1)>N =Q(1).

Next for each s € CL, let Y denote the event that s appears at least twice in S. By the binomial

distribution formula, each s € CL satisfies

Plv,] > (N ) N2ELT (kB 08(0) L (1) = N2H2 AT (@80 log(pi) +o(1)
=2
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Letting Yiot = D ..o 1y, and estimating |CL| with Proposition 2.4.2, we get

seCL

E[Yzor] > N0
We claim that the Bernoulli random variables (1y, )sccn are pairwise non-positively correlated, i.e.

PlY,NY,] <PY;]-P[Yy], s#s.

Indeed for any collision-likely strings s # ', set ny € Z>o to be the number of ¢ such that

s; = s'. It is easy to see that P[Y;|ny] is decreasing in ny, which implies the claim.

From Lemmas 2.6.4 and 2.6.7 it follows that ~ > i for N large enough. Therefore for large N,
we have
E[Yior] > Q(N'4).

As argued just above, Yo is a sum of Bernoulli random variables Y, with pairwise non-positive

correlations, which implies that Y;.; has smaller variance than expectation. In particular

E[Yzot)?
N1/4 .

Var(Yier) < E[Yio] < O (
Chebychev’s inequality now completes the proof as

1
P[Vior > N77°] > P {Y > E [Ym]]

S 4 - Var(Yior)
E[Yzot]?

>1-O(N~Y4),

We are finally ready to establish the mixing time lower bound (2.1.2) in Theorem 8.

Proof of (2.1.2). By Lemmas 2.6.7 and 2.6.8, with probability 1 — o(1) at least NY=¢ > |H|z+9
strings s € CL appear at least twice in S. Each such s by definition results in an edge (i,i+1) € E(G)
with s; = s;41 = s. Moreover Lemma 2.6.6 implies that with probability 1 — o(1), all of these edges
appear inside H. Then by Lemma 2.6.7,

|E(G)NE(H)| > |H|z+%©) > g3+

also holds with probability 1 —o(1). Combined with Proposition 2.6.5, it follows that H satisfies the
conditions of Proposition 2.6.1. This completes the proof. O



Chapter 3

Algorithmic Stochastic
Localization for the

Sherrington-Kirkpatrick Model

3.1 Introduction

This Sherrington-Kirkpatrick (SK) Gibbs measure is the probability distribution on Xy = {—1, +1}¥
given by

1

pa@) = 75 exp{§<m,Am>}, (3.1.1)

where 8 > 0 is an inverse temperature parameter and A ~ GOE(N); i.e., A is symmetric. This
means that A;; ~ N (0,1/N) are i.i.d. for 1 <i < j < N, and the diagonal entries A;; ~ N (0,2/N)
are i.i.d. for 1 < ¢ < N. The parameter 3 is fixed and we will leave implicit the dependence of p

upon (3, unless mentioned otherwise.

In this chapter, we consider the problem of efficiently sampling from the measure (3.1.1). Namely,

we seek a randomized algorithm that accepts as input A and generates & ~ p%*, such that:

1. The algorithm runs in polynomial time for any A.

2. The distribution p%* is close to 4 for typical realizations of A. Given a bounded distance

dist(, ¥) between probability distributions p, v, this can be formalized by requiring
Eldist(14, 125)] = ox (1).

80
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Gibbs sampling (also known in this context as Glauber dynamics) provides an algorithm to
approximately sample from pa. However, standard techniques to bound its mixing time (e.g.,
Dobrushin condition [AH87]) only imply polynomial mixing for a vanishing interval of temperatures
B = O(N~1/2). By contrast, physicists [SZ81, MPV87] predict fast convergence to equilibrium (at

least for certain observables) for all g < 1.

Significant progress on this question was achieved only recently. In [BB19], Bauerschmidt and
Bodineau showed that, for § < 1/4, the measure pa can be decomposed into a log-concave mixture
of product measures. They use this decomposition to prove that u 4 satisfies a log-Sobolev inequality,
although not for the Dirichlet form of Glauber dynamics!. Eldan, Koehler, Zeitouni [EKZ21] prove
that, in the same region § < 1/4, pua satisfies a Poincaré inequality for the Dirichlet form of
Glauber dynamics. Hence Glauber dynamics mixes in O(NN?) spin flips in total variation distance.
This mixing time estimate was improved to O(N log N) by [AJK'21] using a modified log Sobolev
inequality, see also [CE22, Corollary 51]. The aforementioned results apply deterministically to any
matrix A satisfying S(Amax(A) — Amin(A)) < 1 — ¢ (for some constant € > 0).

For spherical spin glasses, it is shown in [GJ19] that Langevin dynamics have a polynomial spec-
tral gap at high temperature. Meanwhile [BAJ18] proves that at sufficiently low temperature and
under an overlap gap condition, the mixing times of Glauber and Langevin dynamics are exponen-

tially large in Ising and spherical spin glasses, respectively.

In this chapter we develop a different approach which is not based on a Monte Carlo Markov
Chain strategy. We build on the well known remark that approximate sampling can be reduced to
approximate computation of expectations of the measure pa, and of a family of measures obtained
from pa. One well known method to achieve this reduction is via sequential sampling [JVV86,
CDHLO05, BD11]. A sequential sampling approach to pa would proceed as follows. Order the
variables 1,...,xy € {—1,+1} arbitrarily. At step ¢ compute the marginal distribution of z;,

conditional to x1,...,x;_1 taking the previously chosen values: pgi) = palz; = sz, ..., zi-1),

s € {—1,+1}. Fix z; = +1 with probability p{"} and z; = —1 with probability p*}.

We follow a different route, which is similar in spirit, but that we find more convenient technically,
and of potential practical interest. Our approach is motivated by the stochastic localization process
[Eld20]. Given any probability measure p on R with finite second moment, positive time ¢ > 0,
and vector y € RY, define the tilted measure

1

(y.2)— i3 3.1.2
e w(dx), 1.

Ly ¢(dx) ==

and let its mean vector be

m(y,t) := /RN T Uy ¢ (dx) . (3.1.3)

1We note in passing that their result immediately suggests a sampling algorithm: sample from the log-concave
mixture using Langevin dynamics, and then sample from the corresponding component using the product form.
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Consider the stochastic differential equation® (SDE)
dy(t) = m(y(t),t)dt + dB(t), y(0)=0, (3.1.4)

where (B(t))¢>0 is a standard Brownian motion in RY. Then, the measure-valued process (fiy(t).+)¢>0
is a martingale and (almost surely) fiy )+ = g+ as t — oo, for some random x* (i.e. the measure
localizes). As a consequence of the martingale property, f ©(2) iy (1), (dx)] is a constant for any

*

bounded continuous function ¢, whence E[p = [¢(x)pu(dx). In other words, «* is a sample

from p. For further information on this process, we refer to Sectlon 3.3.

In order to use this process as an algorithm to sample from the SK measure = p4, we need to

overcome two problems:

o Discretization. We need to discretize the SDE (3.1.4) in time, and still guarantee that the
discretization closely tracks the original process. This is of course possible only if the map

y — m(y,t) is sufficiently regular.

o Mean computation. We need to be able to compute the mean vector m(y,t) efficiently. To
this end, we use an approximate message passing (AMP) algorithm for which we can leverage
earlier work [DAM17] to establish that | m(y) — rivamp(v)||3/N = on (1) along the algorithm
trajectory. (Note that the SK measure is supported on vectors with ||z||3 = N, and hence
the quadratic component of the tilt in Eq. (3.1.2) drops out. We will therefore write m(y) or
m(A,y) instead m(y, t) for the mean of the Gibbs measure.)

To our knowledge, ours is the first algorithmic implementation of the stochastic localization process,
although a recent paper by Nam, Sly and Zhang [NSZ22] uses this process (without naming it as
such) to show that the Ising measure on the infinite regular tree is a factor of IID process up to a
constant factor away from the Kesten—Stigum, or “reconstruction”, threshold. Their construction

can easily be transformed into a sampling algorithm.

In order to state our results, we define the normalized 2-Wasserstein distance between two prob-

ability measures p, v on RV with finite second moments as

. 1 2
Won(uv)?=_inf SE X =¥l (3.1.5)

where the infimum is over all couplings (X,Y) ~ 7 with marginals X ~ pand Y ~ v.

In this chapter, we establish two main results.

Sampling algorithm for 5 < 1/2. We prove that the strategy outlined above yields an algorithm
with complexity O(N?), which samples from a distribution p%* with Wa n (%%, 1a) = onp(1).

2If p is has finite variance, then y — m(y, t) is Lipschitz and so this SDE is well posed with unique strong solution.
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Hardness for stable algorithms, for 5 > 1. We prove that no algorithm satisfying a certain sta-
bility property can sample from the SK measure (under the same criterion Wa n(p%, pa) =
onp(l)) for § > 1, i.e., when replica symmetry is broken. Roughly speaking, stability formal-

izes the notion that the algorithm output behaves continuously with respect to A.

It is worth pointing out that we expect our algorithm to be successful (in the sense described above)
for all # < 1 and that closing the gap between 8 = 1/2 and 8 = 1 should be within reach of existing
techniques, at the price of a longer technical argument. We expound on this point in Remark 3.2.1

further below, and in Section 3.7.

The hardness results for § > 1 are proven using the notion of disorder chaos, in a similar spirit to
the use of the overlap gap property for random optimization, estimation, and constraint satisfaction
problems [GS14, RV17a, GS17, CGPR19, GJ21, GJW20a, Wei22, GK21a, BH21, GJW21, HS22].
While the overlap gap property has been used to rule out stable algorithms for this class of problems,
and variants have been used to rule out efficient sampling by specific Markov chain algorithms, to
the best of our knowledge we are the first to rule out stable sampling algorithms using these ideas.
In sampling there is no hidden solution or set of solutions to be found, and therefore no notion of
an overlap gap in the most natural sense. Instead, we argue directly that the distribution to be
sampled from is unstable in a W5 n sense at low temperature, and hence cannot be approximated

by any stable algorithm.

The rest of the chapter is organized as follows. In Section 3.2 we formally state our results. In
Section 3.3 we collect some useful properties of the stochastic localization process, and we present
the analysis of our algorithm in Section 3.4. Finally, the proof of hardness under stability is given

in Section 3.9.

3.2 Main Results

3.2.1 Sampling algorithm for § < 1/2

In this section we describe the sampling algorithm, and formally state the result of our analysis. As
pointed out in the introduction, a main component is the computation of the mean of the tilted SK

measure:

B
pay(x) = mexp {5<w,Aaf;) + <y,a:>} , e {-1,+1}V. (3.2.1)
We describe the algorithm to approximate this mean in Section 3.2.1, the overall sampling procedure
(which uses this estimator as a subroutine) in Section 11, and our Wasserstein-distance guarantee

in Section 10.
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Approximating the mean of the Gibbs measure

Algorithm 1: MEAN OF THE TILTED GIBBS MEASURE
Input: Data A € RV*N 4 ¢ RN, parameters 3,1 > 0, ¢ € (0,1), iteration numbers Kuyp,

.1 IgNGD'
1m S =z"=0,
2 for k=0,---, Ky —1do
3 m” = tanh(z¥), b = %2 Zi\;l (1 —tanh(zF)) |
4 | ZF=pBAm" +y—bmt!
5 end
6 ul = zKawr
7 for k=0,---,Kyp —1do
s | ubtl =ub . VI (" y,g),
o | mTF = tanh(ubt?),
10 end
11 return i N

We will denote our approximation of the mean of the Gibbs measure pa 4 by m(A,y), while

the actual mean will be m(A,y).

The algorithm to compute m(A,y) is given in Algorithm 1, and is composed of two phases:

1. An Approximate Message Passing (AMP) algorithm is run for K,y, iterations and constructs
a first estimate of the mean. We denote by AMP (A, y; k) the estimate produced after & AMP
iterations

AMP(A,y; k) := m" . (3.2.2)

2. Natural gradient descent (NGD) is run for Kygp iterations with initialization given by vector
computed at the end of the first phase. This phase attempts to minimize the following version

of the TAP free energy (for a specific value of q):

N 201 B m
Foar(m;y, q) = —§<m,Am>—<y,m>—Zh(mi)—Nﬁ (1=q)1+q=20m)) g, 4

(3.2.4)

The second stage is motivated by the TAP (Thouless-Anderson-Palmer) equations for the Gibbs
mean of a high-temperature spin glass [MPV87, Tall0]. Essentially by construction, stationary
points for the function Fr,p(m;y, q) satisfy the TAP equations, and we show in Lemma 3.7.2 that

the first stage above constructs an approximate stationary point for Fr,p(m;y,q). The effect of



CHAPTER 3. STOCHASTIC LOCALIZATION FOR THE SK MODEL 85

the second stage is therefore numerically small, but it turns out to reduce the error incurred by

discretizing time in line 6 of Algorithm 2.

Let us emphasize that this two-stage construction is considered for technical reasons. Indeed
a simpler algorithm, that runs AMP for a larger number of iteration, and does not run NGD at
all, is expected to work but our arguments do not go through. The hybrid algorithm above allows
us to exploit known properties of AMP (precise analysis via state evolution) and of Fr,»(m;y,q)

(Lipschitz continuity of the minimizer in y).

Sampling via stochastic localization

Algorithm 2: APPROXIMATE SAMPLING FROM THE SK GIBBS MEASURE

Input: Data A € RV*N parameters (3,7, Kawp, Koo, L 6)
:';0 = Oa
for {=0,---,L—1do
Draw wy41 ~ N (0, Iy) independent of everything so far;
Set ¢ = q.(B,t = £0);
Set (A, y,) the output of Algorithm 1, with parameters (3,7, ¢, Kaur, Knep);
Update §y1 = o +1(A,§g) 6+ VOweia
end
Set m(A, y;,) the output of Algorithm 1, with parameters (1, ¢, Kawe, Kneo);
Draw {z"*};<n conditionally independent with E[z}*|y, {w,}] = m;(A,¥;)
return x*'¢

© 00 N o A W N

=
o

Our sampling algorithm is presented as Algorithm 2. The algorithm makes uses of constants
qr = qr(B,t). With W ~ N(0,1) a standard Gaussian, these constants are defined for k, 3,¢ > 0

by the recursion

gry1 = E [tanh (52% +t+P3q + tW)ﬂ , =0, g¢g.= kli_)rn qk - (3.2.5)

This iteration can be implemented via a one-dimensional integral, and the limit ¢, is approached
exponentially fast in & (see Lemma 3.6.3 below). The values ¢.(3,t =€) for £ € {0,...,L} can be
precomputed and are independent of the input A. For the sake of simplicity, we will neglect errors

in this calculation.

The core of the sampling procedure is step 6, which is a standard Euler discretization of the
SDE (3.1.4), with step size d, over the time interval [0,T], T = Lé. The mean of the Gibbs measure
m(A,y) is replaced by the output of Algorithm 1 which we recall is denoted by m(A,y). We

reproduce the Euler iteration here for future reference

Yopr = o+ (A, 9,) 6+ Voweys . (3.2.6)
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The output of the iteration is 7 (A, 4, ), which should be thought of as an approximation of
m(A,y(T)), T = Lé, that is the mean of 14 (7). According to the discussion in the introduction,
for large T', 114 (1) concentrates around &* ~ 4. In other words, m(A, y(T')) is close to the corner

x* of the hypercube. We round its coordinates independently to produce the output x*.

Theoretical guarantee

Our main positive result is the following.

Theorem 9. For any e > 0 and By < 1/2 there exist 0, Kawp, Kyen, L, 0 independent of N, so that
the following holds for all B < By. The sampling algorithm 2 takes as input A and parameters
(1, Kawes Knops L, ) and outputs a random point ¢ € {—1,+1} with law p’ such that with
probability 1 — on (1) over A ~ GOE(N),

Won(Bg' ha) <e. (3.2.7)

The total complexity of this algorithm is O(N?).

Remark 3.2.1. The condition 8 < 1/2 arises because our proof requires the Hessian of the TAP

free energy to be positive definite at its minimizer. A simple calculation yields
V2 F e (m;y,q) = A+ D(m) + 5°(1 = ¢) In,  D(m):=diag({(1 —m}) '}icn). (3.2.8)

A crude bound yields V2.Z,p(m;y, q) = —BA+I N = (1—BAmax(A))I y. Since p-limy_, oo Amax(A) =
2 the desired condition holds trivially for 5 < 1/2. However, we expect that a more careful treatment

will reveal that the Hessian is locally positive in a neighborhood of the minimizer for all g < 1.

3.2.2 Hardness for stable algorithms, for § > 1

The sampling algorithm 2 enjoys stability properties with respect to changes in the inverse temper-
ature 8 and the matrix A which are shared by many natural efficient algorithms. We will use the
fact that the actual Gibbs measure does not enjoy this stability property for 5 > 1 to conclude that

sampling is hard for all stable algorithms.

Throughout this section, we denote the Gibbs and algorithmic output distributions by ;14,3 and

WA 3 respectively to emphasize the dependence on .

Definition 3.2.1. Let {ALGn}n>1 be a family of randomized sampling algorithms, i.e., measurable
maps
ALGy : (A, B,w) — ALGN(A, B,w) € [-1,1]V,
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where w is a random seed (a point in a probability space (Q, F,P)). Let A" and A ~ GOE(N)
be independent copies of the coupling matriz, and consider perturbations Ay = /1 — s2A 4+ sA’
for s € [0,1]. Finally, denote by uf&iﬁ the law of the algorithm output, i.e., the distribution of
ALGy (As, B,w) when w ~ P independent of Ag, B which are fized.

We say ALGy is stable with respect to disorder, at inverse temperature 3, if

lim p-lim W n (10345, 15° 5) = 0. (3.2.9)

5=0 N oo

We say ALGy is stable with respect to temperature at inverse temperature 3, if

lim p-lim Wa n (135, 14%5) = 0. (3.2.10)

B'—=B N—oco

We begin by establishing the stability of the proposed sampling algorithm.

Theorem 10 (Stability of the sampling Algorithm 2). For any 8 € (0,00) and fixed parameters (n,
Kuur, Kyeo, L, 9), Algorithm 2 is stable with respect to disorder and with respect to temperature.

This theorem is proved in Section 3.9.1. As a consequence, the Gibbs measures j14 g enjoy similar
stability properties for § < 1/2, which amount (as discussed below) to the absence of chaos in both

temperature and disorder:

Corollary 3.2.2. For any 3 < 1/2, the following properties hold for the Gibbs measure pa g of the
Sherrington-Kirkpatrick model, cf. Eq. (3.1.1):

1. limg o p-limy_, o Wo n(ptag, 1ta, s) =0.

2. limg g p-limy oo Wa N (11a,p, pap) = 0.

Proof. Take ¢ > 0 arbitrarily small and choose parameters (1, Kawp, Ko, L,0) of Algorithm 2
with the desired tolerance € so that Theorem 37 holds. Combining with Theorem 10 using the
same parameters (1, Kap, Kyep, L, §) implies the result since e is arbitrarily small. (Recall that
(1, Kawps Kyoo, L, 0) can be chosen independent of 3 for § < 8y < 1/2.) O

Remark 3.2.2. We emphasize that Corollary 3.2.2 makes no reference to the sampling algorithm,
and is instead a purely structural property of the Gibbs measure. The sampling algorithm, however,

is the key tool of our proof.

Stability is related to chaos, which is a well studied and important property of spin glasses, see
e.g. [Cha09, Chel3a, Chal4, CHHS15, CP18]. In particular, “disorder chaos” refers to the following
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phenomenon. Draw x° ~ (14 s independently of ° ~ pa_ g, and denote by ,ufg”;) = pap ® pas g

their joint distribution. Disorder chaos holds at inverse temperature (8 if
lim lim Eu(0*5>{(i<m0 ms>)2} =0. (3.2.11)
A,B N ’

s—=0 N—oo

Note that disorder chaos is not necessarily a surprising property. For instance when g = 0, the
distribution g4, g is simply the uniform measure over the hypercube {—1, +1}¥ for all s, and this
example exhibits disorder chaos in the sense of Eq. (3.2.11). In fact, the SK Gibbs measure exhibits
disorder chaos at all 8 € [0,00) [Cha09]. However, for 8 > 1, Eq. (3.2.11) leads to a stronger

conclusion.

Theorem 11 (Disorder chaos in Wy n distance). For all § > 1,

inf liminf E|W: , >0.
(bl inf B (W n(1as ia.6)]
Finally, we obtain the desired hardness result by reversing the implication in Corollary 3.2.2:

no stable algorithm which can approximately sample from the measure pa g in the Wy n sense for
g >1.

Theorem 12. Fiz > 1, and let {ALGy}n>1 be a family of randomized algorithms which is stable
with respect to disorder as per Definition 3.2.1 at inverse temperature 3. Let uf‘g’ﬁ be the law of the
output ALGN (A, B,w) conditional on A. Then

lim inf B [Wa,x (445, 114,6)] > 0.

We refer the reader to Section 3.9.2 for the proof of this theorem.

3.2.3 Notations

We use on (1) to indicate a quantity tending to 0 as N — co. We use oy p(1) for a quantity tending
to 0 in probability. If X is a random variable, then £(X) indicates its law. The quantity C(f)
refers to a constant depending on 3. For € RY and p € R>g, we denote the open ball of center
x and radius p by B(z,p) = {y € RY : |y — z|]2 < p}. The uniform distribution on the interval
[a,b] is denoted by Unif([a,b]). The set of probability distributions over a measurable space (2, F)
is denoted by ().
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3.3 Properties of Stochastic Localization

We collect in this section the main properties of the stochastic localization process needed for our
analysis. To be definite, we will focus on the stochastic localization process for the Gibbs measure
(3.1.1), although most of what we will say generalizes to other probability measures in RY under

suitable tail conditions. Throughout this section, the matrix A is viewed as fixed.
Recalling the tilted measure pa 4 of Eq. (3.1.2), and the SDE of Eq. (3.1.4), we introduce the
shorthand
He = BAy(t) -

The following properties are well known. See for instance [ES22, Propositions 9, 10] or [Eld20].

We provide proofs for the reader’s convenience.

Lemma 3.3.1. For allt >0 and all z € {—1,+1}V,

dpe(x) = pe(x) (@ — MA y(1), dB(1)) - (3.3.1)

As a consequence, for any function ¢ : RN — R™, the process (EENM [go(w)]) s a martingale.

>0

Proof. Let us evaluate the differential of log ;. By writing Z; for the normalization constant Z(y(t))
of Eq. (3.1.2), we get
dlog pt(x) = (dy(t), z) — dlog Z; . (3.3.2)

Using It6’s formula for Z; we have

dz, =d Z o(B/2)(m,Az)+(y(t),x)
ze{—1,+1}N

1
= (<d’y(t),m>+5||:c||2dt)6(5/2><w’Am>+<y(t),m>.
ze{-1,+1}V

Therefore, denoting by [Z]; the quadratic variation process associated to Z,

a4z, 1d[Z],
dlog Z, = <2t _ =
ST T2

1 1
— (dy (). may) + 5 Ellwldt — 5 Jma Pt

N

1
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Substituting in (3.3.2) we obtain

N 1
dlog pu¢(x) = (dy(t),® — My y)) — Edt + §||mA,y(t)H2dt

1
= (dBy, ¢ — my y1)) — §||m —mg 0 dt.

Applying Itd’s formula to €!°8#+(*) yields the desired result.

Finally, Eq. (3.3.1) implies that p(z) is a martingale for every @ € {—1, +1}*. Since Ez~,, [¢(x)]

is a linear combination of martingales, it is itself a martingale. O

Lemma 3.3.2 ([Eld20]). For allt >0,
1
E Cov(pt) < ;IN . (3.3.3)

Lemma 3.3.3. For allt >0, .
2
Wa,n (pa, £L(ma ym))” < e (3.3.4)

In particular, the mean vector mg 4 ) converges in distribution to a random vector ™ ~ pa as

t — 0.

Proof. By Lemma 3.3.2,

)

N
E [ "

E [llz—mayul] <
Tt

therefore .
2
E |:W2,N(Ht75mA=y<t)) ] < 7

Notice that (u,v) — WQQ’N(M7 v) is jointly convex. Since pa = E[u,], this implies

1
Wz,N(MA,/J(HlA,y(t)))2 <E {WzN(ut,meA,y(t))g} < 7

3.4 Analysis of Algorithm 2 and proof of Theorem 37

This section is devoted to the analysis of Algorithm 2 described in the previous section. An important
simplification is obtained by reducing ourselves to working with a corresponding planted model. This
approach has two advantages: (¢) The joint distribution of the matrix A and the process (y(t))¢>0
in (3.1.4) is significantly simpler in the planted model; (i) Analysis in the planted model can be cast
as a statistical estimation problem. In the latter, Bayes-optimality considerations can be exploited
to relate the output of the AMP algorithm AMP(A,y; k) to the true mean vector m(A,y).
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This section is organized as follows. Section 3.5 introduces the planted model and its relation to
the original model. We then analyze the AMP component of our algorithm in Section 3.6, and the
NGD component in Section 3.7. Finally, Section 3.8 puts the various elements together and proves
Theorem 37.

3.5 The planted model and contiguity

Let 7 be the uniform distribution over {—1, +1}* and consider the joint distribution of pairs (x, A) €

{_]-7 +1}N X RgrfNa

Bxx
N

1 N
fin(da,dA) = —— exp{ - [l A -
1

1

Hi }ﬁ(dw) dA, (3.5.1)

where d A is the Lebesgue measure over the space of symmetric matrices ]Ri\yf XN “and the normalizing
constant
N Bxx' |2
Z, = /exp{—Z ‘A— o HF}dA (3.5.2)

is independent of € {—1,+1}". It is easy to see by construction that the marginal distribution
of  under p,, is 7, and the conditional law p,, (- |x) is a rank-one spiked GOE model with spike
Bxx' /N. Namely, under p,,(-|z), we have

A= %mT + W, W ~GOE(N). (3.5.3)

On the other hand, u,(-]A) is the SK measure pa.

The marginal of A under p,, is not the GOE(N) distribution pgoe but takes the form

1 2
i (dA) = — e~ 3 lIAlF 75 (A)dA (3.5.4)

pl

= pcoe(dA) Zsk(A), (3.5.5)

where Zsk(A) is the (rescaled) partition function of the SK measure

Zsk(A)= 27" Z exp{ﬁ ﬁQTN}

§<ac,Aa:> -
ze{—1,+1}N

(3.5.6)

By a classical result [ALR87], Zsk(A) has log-normal fluctuations for all 5 < 1:
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Theorem 13 ([ALR87]). Let <1, A ~ ugoe and o = 3(—log(1 — 5%) — 3%). Then
Zsk(A) % exp(W), (3.5.7)
where W ~ N ( — ¢?,20?).

Therefore, by Le Cam’s first lemma [VAV98, Lemma 6.4], u,,(dA) and pgoe(dA) are mutually
contiguous for all 8 < 1. For the purpose of our analysis we will need a stronger result about the joint

distributions of (A, y) under our “random” model and a planted model which we now introduce.
Recall that m(A,y) denotes the mean of the Gibbs measure p14 4 in Eq. (3.1.2). For a fixed
T > 0, we define two Borel distributions P and Q on (A,y) € RYXN x C([0,T],RY) as follows:

sym

A ~  HGOE,

t (random) (3.5.8)
y(t) = /Om(A,y(s))ds—i—B(t), te 0,1,

To ~ U,
P A~ pu(-|=mo), (planted) (3.5.9)
y(t) teo + B(t), te€]0,T]

where (B(t));>0 is a standard Brownian motion in R" independent of everything else. Note the SDE
defining the process y = (y(t))icjo,7) in Eq. (3.5.8) is a restatement of the stochastic localization
equation (3.1.4) applied to the SK measure pa.

Proposition 3.5.1. For all T > 0 and 8 > 0, P absolutely continuous with respect to Q and for all
(A, y) € RIXY x C([0,T],RY),

%(A,w _ Ze(A).

Therefore, for all B < 1, P and Q are mutually contiguous. (Namely, for a sequence of events En,
limpy 00 P(En) = 0 if and only if limy_0o Q(En) =0.)

Proof. Fix o € RY. We first calculate the density of the process y(t) = tzo + B(t) with respect
to Brownian motion. Let W be the Wiener measure on C([0,7],RY). We obtain by Girsanov’s

theorem that

dP(-|xo) (@0,y(T))—T|lxo|2/2
dP(-|wo)  \ (ay, ' 51
v w=e (35:10)

Notice that the above density only depends on the endpoint y(7") of the process y. From this, we
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obtain an explicit formula for the density of P with respect to (dA) x W:

1 N, Baoa] | T
paa.dy) = 5 ( [ oo - Tla-Z5 |+ @@ - Gl otam) ) aa wiay),
(3.5.11)
where Z,, = [ e "IAIF/44A is given in Eq. (3.5.2).

RNXN

sym

Next we derive a similar formula for Q. Fix a matrix A €
the SDE in (3.5.8). Let (B(t))i>0 be another standard Brownian motion in RY, and consider the
process ¥ = (Y(t))sepo,r] defined by

and let y be the solution to

y(t) =tz + B(t) where = ~ pa independently of B. (3.5.12)

Then, there exists another Brownian motion (W (¢));>o adapted to the filtration (F; = o(y(s) : s <
t))efo,r) such that dy(t) = my gdt + dW(t) for all ¢ € [0,T]. This is stated as Theorem 7.12

of [LS77], and can be proved directly applying Levy’s characterization of Brownian motion to the
process Y(t) — fot m(A, y(s))ds.
Therefore, the processes y and y share the same law conditional on A. Since we computed the

law of g in (3.5.10), we obtain
1 N T
(4. dy) = / exp { = TIA[} + @ y(D) - Szl fra(de)) dAW(dy),  (35.13)

where Z,, is as above. Since pua(dz) = Zsk(A)~eP(®A=)/2=5N/45(dx), we obtain after simplifica-

tion

dP

—(A = Zsk(A). 3.5.14

d Q ( ’ y) SK( ) ( )
Mutual contiguity follows from Theorem 13 and Le Cam’s first lemma. O

Therefore, for the remainder of the proof of Theorem 37, we work under the “planted” distribution

P. All results proven under P transfer to Q by contiguity.
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3.6 Approximate Message Passing

In this section we analyze the AMP iteration of Algorithm 1, which we copy here for the reader’s

convenience

m" = tanh(z"), by = — Z (1 — tanh?(zf)) Vk >0, (3.6.1)
2H T = BAmS +y — b

When needed, we will specify the dependence on A,y by writing mk = m” (A,y) = AMP(A, y; k)
and z* = 2¥(A,y). Throughout this section (A,y) ~ P will be distributed according to the planted

model introduced above.

Our analysis will be based on the general state evolution result of [BM11a, JM13], which implies
the following asymptotic characterization for the iterates. Set vo(58,t) = 0,%X0,(8,t) = 0 and

recursively define

Y1 (B,t) = 8% - E [tanh (v (8, 1) + ¢ + Gi)] (3.6.2)
Ski1,41(8,t) = 8% - E[tanh (yx(8,t) + t + Gy) tanh (v;(8,t) + t + G;)] , (3.6.3)

where (G),<x are jointly Gaussian, with zero mean and covariance <y, +t117, Yk = (2ij)i i<k

Proposition 3.6.1 (Theorem 1 of [BM1la]). For (A,y) ~ P and any k € Z>o, the empirical

distribution of the coordinate of the AMP iterates converges almost surely in Wo(R¥2) as follows:

N
1 >
= > 0 ke nvj—; Lv<x(BX +G+Y1,X,Y), (3.6.4)
i=1
ng(ﬂ,t) = (’71(6,t)77’7k(ﬁvt)) ) GNN(Ovzﬁk) (365)

On the right-hand side, X is uniformly random in {—1,+1}, Y = tX + /tW where W ~ N(0,1)
and X, G, W are mutually independent.

Remark 3.6.1. This specific statement follows from [BM11a, Theorem 1] by a change of variables,
as in [DAM17] or [MV21].

As in [DAM17, Egs. (69,70)] we argue that the state evolution equations (3.6.2), (3.6.3) take a

simple form thanks to our specific choice of AMP non-linearity tanh(-). It will be convenient to use
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the notations

Y (B,t) = (B, t) + 1,
S (B,t) = Sk (B, 1) + 1.

Proposition 3.6.2. For anyt € R>g and k,j € Z>,

Ek,j(ﬁvt) = ’yk/\j(ﬂat) ) and ik,](/ﬁvt) = ak/\j(ﬂvt) .

Proof. The two claims are equivalent and we proceed by induction. The base case k = 0 holds by
definition, so we may assume X ;(8,t) = vin;(8,t) for i,j < k—1. Set Z; = v;X + G; where
G~ N(0, igk—ﬁ- Note that, by the induction hypothesis, Zy_1 is a sufficient statistic for X given

(Z;)j<k—1. Using Bayes’ rule, and writing 5,%_1 = ik,lwk,l, one easily computes

M-1Z1-1/h_y _ o= An-1Zk-1/F%_4

E[X|Zk-1] = = tanh(Z7).

6%712/52_1 —|—6_%’IZ/E’2€—1
Therefore using Eq. (3.6.2), the fact that tanh is an odd function and WX 4 w,

Sk = E [E[X|Z5-1] E[X]Z;-1]]
(@)
= E [X E[X|Zj_1]]
=E [X tanh(;_1X + 67, W)]
=E [tanh(%,l + 5]271W)} =,
where in step (a) we crucially used the sufficient statistic property. This completes the inductive

step and hence the proof. O
Define the function mmse : R — R given by
mmse(y) = 1 — E [tanh(y + AW)?] =1 —E [E[X|vX + VAW ]?].

It follows from Proposition 3.6.2 that (3.6.2) and (3.6.3) can be expressed just in terms of the
sequence (8, t) defined by 7o(t) = 0 and the recursion

Vi1 (B,t) = B2(1 — mmse(vx (8, 1) +1)). (3.6.6)

Note that vx(8,t) depends also on 3, which is usually treated as constant. The following result

details some useful properties of mmse.

Lemma 3.6.3 (Lemma 6.1 of [DAM17]). The following properties hold, where {vx(5,t)}r>1 is as
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defined by (3.6.6).
(a) mmse is differentiable, strictly decreasing, and convez in v € Rxq.
(b) mmse(0) =1, mmse’(0) = —1 and lim,,_, mmse(7y) = 0.
(c) Fort > 0 there exists a non-negative solution v. = v«(5,t) to the fixed point equation
Ve = B%(1 — mmse(y, +1)). (3.6.7)

The solution to this equation is unique for all t > 0.
(d) The function (B,t) — v«(8,t) is differentiable for t > 0.

(e) Forall p <1 andt >0,

g2 o (Bit)
Lot <L (3.6.8)
(f) For 8 <1andT > 0, there exist constants ¢(8,T),C(8,T) € (0,00) such that, for allt € (0, T],
(8,T) < Mf’t) <CB,T). (3.6.9)
(9) For B <1 and any t1,t2 € (0,00),
BZ
Ve (Bit1) — v«(Bst2) < 1_752“1 — tof. (3.6.10)

Proof. Lemma 6.1 in [DAM17] proves that v — mmse(y) is differentiable, strictly decreasing, and
convex in v € R>( (Note that the statement of that Lemma does not claim differentiability, but this

is actually proved there by a simple application of dominated convergence). This proves point (a).

Point (b) follows by a direct calculation, cf. [DAM17]. Indeed, by Stein’s lemma (Gaussian
integration by parts), with Z =~ + W,/7,
/ d 2
—mmse’(y) = o Eftanh(y + W /)]
= E[2tanh(Z) tanh’(Z) + tanh’(Z)? 4 tanh(Z) tanh” (Z)]
Evaluating at v = 0 shows
mmse’(0) = —1.

Also, dominated convergence yields the desired limit values.

Point (c), namely existence and uniqueness of solutions of Eq. (3.6.7) follows from the above

monotonicity and convexity properties. Point (d) follows from the implicit function theorem.
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We are left with the task of proving (3.6.8), (3.6.9) and (3.6.10), which are not given in [DAM17].

Define
fi(7) = B2(1 — mmse(y +t))

so that fi(vk(B,t)) = Y+1(8,t). By point (b), f:(0) > 0. By point (a), fi(-) is increasing and
concave. Combined with the computation above, we conclude that f/(v) € [0, 3?] for all ¥ > 0. By

the mean value theorem, it follows that for v < ~,,

0 <% (B,t) = fo(7) = f(1(B, 1)) = fe(7) < B*(3:(B,1) =) (3.6.11)
Setting v = ~,(8,t), we obtain

0< 7*(/8715) 77]-‘1—1([3725)

< B2
Y« (B,t) = ;(B, 1)
Multiplying for j € {0,...,k — 1}, we find
0< V*(ﬁ)t) — ’}/k(ﬁ)t) < ﬁ%,
7+(8,1)
or,
’Yk(ﬂa t) 2k
e |1—-p8" 1|,
V(8. t) [ ]
which proves (3.6.8).
To prove (3.6.9), note that we just showed
a1 (/Ba t) 2
ef1-p21].
7+(B,t) [ )
Therefore it suffices to show that
t
(o< 20 <o, e, (3612)

By definition, v1(3,t) = 8?(1 — mmse(t)). Thus (3.6.12) follows from the fact that mmse(0) = 1,
mmse’(0) = —1, and mmse : R>o — [0,1] is convex and strictly decreasing. In fact we have
(B, T)/T < (B, 1)/t < B for all t € (0, T].

Finally, we prove (3.6.10). Since |mmse/(¢)| < 1 for all ¢ > 0 we find that for ¢1,¢2 > 0,

|’7*(67t1) - 7*(67t2)| = BQ‘mmse<’7*(67t1) + tl) - mmse(7*<ﬁ7t2) +t2)|
< B v(Bota) — v (B, t2)| + B2t — tal.
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Rearranging, we obtain

|7*(6)t1)_7*(67t2)| < ﬁQ
t1 — Lo T 1-p%

For (A,y) ~ P and & ~ p 4 4@), define

1 i
MSEawp (k; 1) = p-lim B ||z — 11" (A4, y(1))|

N—o0

5. (A y(t) == AMP(A,y(t): k), (3.6.13)
where the limit is guaranteed to exist by Proposition 3.6.1.

Lemma 3.6.4. We have

Ye+1(8, 1)

MSEAMp(k;ﬂ,t) =1- T

In particular,

7«(8,1)
B2

lim MSEAMP(k};ﬂ,t) =1-
k—oc0
Proof. By state evolution

1
MSEawmp (k; 8,t) = p-lim N E|

N—o0

mk(A,y(t) - 2|,

=E [(tanh(3.X + oW +Y) — X)7]

— E [(tanh(7, X + 5,W) — X)?]

=1 - 2E[tanh(3x X + 5, W)X] + E[tanh(J, X + 7, W)?]
=1—=2y41/B + 0741/ B

=1—y11/5%

where the last line follows from Proposition 3.6.2. O

We next show that, for any ¢ > 0, the mean square error achieved by AMP is the same as the

Bayes optimal error, i.e., the mean squared error achieved by the posterior expectation m(A, y(t)).

Proposition 3.6.5. Fiz 5 <1 andt > 0. We have

Jim % E [Hw — m(A, y(t))uj] = (552’ 2y (3.6.14)

Proof. The proof is an adaptation from [DAM17], which we will present succinctly.
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Let I(X;Y) denote the mutual information between random variables X,Y on the same proba-
bility space. Letting X ~ Unif({—1,+1}) independent of W ~ A/(0,1), define the function

I(y) == I(X;7X + AW) (3.6.15)
=~ —Elogcosh (v + vAW)) . (3.6.16)
We also define the function
ﬁQ
I LA A _ 6.1
A RALAS (3.617)

As in [DAM17], it is easy to check that 0, ¥ (v.(5,t); 5,t) = 0 and, using the continuity of (3,t) —
’Y* (/87 t)a

%‘I’(V*(ﬁ,t);ﬁ,t) = i(l - 7(54”) : (3.6.18)
e = 5 (1-200). (3.6.19)

We further note that by the de Brujin identity (also known as -MMSE relation [GSV05])

d(zﬁz.)l(sc;A(ﬁ)yy(t)) = ﬁE [HmT —Elzz"|A(B),y(t)]| 5 } (3.6.20)
%I(w AB)vlt) = %E {||‘”_]E[$‘A(5>vy('5)]“§] : (3.6.21)

Here we write A = A(S) to emphasize the dependence upon (. Using Egs. (3.6.18) and (3.6.20), we

have

log2 (1) = Jim_lim_—[I(a: A(5), (1)) — (s A(0),y(1))]

B—00 N—oo

= lim h iIE [Hma}T —E[zz |A(B) H ] dp?

N—oo [ n

< lm Jim mﬁE[meT—ﬁtk(A(ﬁ)’y(t))mk(A(ﬁ)ay(t))THﬂ dg”

k—o0 N—oo Jq

T > 1 ’Yk(5>t)2 2
= im (05

1 V. (B, 1)
[0
= [31220 [V (7 (8,); B, ) — U(7.(0,8);0,1)] .

(The exchanges of limits are justified by dominated convergence.)

Finally, a direct calculation reveals that limg_, o, [\II(V* (8,t); B,t)— T (7.(0,1);0, t)] = log(2)—1(t)
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and therefore equality holds at each of the steps above. We deduce that limx_, n = I(z; A(B),y(t)) =
(7« (B,1); B, ).
Using this fact, together with Egs. (3.6.19), (3.6.21) and the fact that the right hand sides of

these equations are monotone decreasing in ¢, we get that the following holds for almost every ¢t > 0:

V(B 1)
B2

lim %]E [||a; - E[m\A(ﬂ),y(t)]H;] —1-

N—o00

(3.6.22)

This coincides with the claim (3.6.14), and actually holds for every ¢ > 0 since the right-hand side
of Eq. (3.6.14) is continuous in ¢ > 0 by Lemma 3.6.3. O

It follows that AMP approximately computes the posterior mean m(A,y(t)) in the following

sense.

Proposition 3.6.6. Fiz 3 <1, T > 0 and lett € (0, T]. Recalling that " (A, y(t)) :== AMP(A, y(t); k)
denotes the AMP estimate afte k iterations, and that z* is defined by Eq. (3.6.1), we have

Im(A, y(t) — " (A, y (b))

lim sup p-lim =0. 3.6.23
S R e (A, y @) (36.25)
Moreover
k41 _k
lim sup plim 12 _Z I _y. (3.6.24)
k=00 1e(0,T) N—oo 2]

Remark 3.6.2. A somewhat similar result has recently been proved by Chen and Tang [CT21] where
the external field vector y(¢) is replaced by a multiple of the all-ones vector h1, for any pair (3, h) for
which a certain condition of uniform concentration of the overlap between two independent draws
from the measure p4 1 holds. In our setting, we are concerned with a different family of external
fields, namely the ones generated by the stochastic localization process (3.1.4). The argument, which

proceeds via the planted model, does not require the uniform concentration condition.

Proof. Throughout this proof we write y instead of y(¢) for ease of notation. To show Eq. (3.6.23),
observe that the bias-variance decomposition yields (recalling the definition MSEamp( - ) in Eq. (3.6.13))

. 1
MSEawp (k; B,t) = R‘hm {N E [

—00

m"(A,y) — m(A7y)||;} + %]E [Ha: - m(A,y)H;} } .

Using Lemma 3.6.4 for the left-hand side and Proposition 3.6.5 for the second step the second term
on the right-hand side, we get

ﬁ7t) — 7k§+1(/67t)
B2 '

p-lim % E [ (A, y) — m(A,y)Hﬂ _ 2 (3.6.25)

N —oc0
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Claim (3.6.23) now follows by combining Eq. (3.6.25) with Egs. (3.6.8) and (3.6.9) of Lemma 3.6.3.

Finally, Eq. (3.6.24) is an immediate consequence of Proposition 3.6.1 and Proposition 3.6.2.
Indeed, by Proposition 3.6.1, we have

L
plim —||25|[) = E [(nX + Gi +Y)?] = (3 + )% + i + 1,

N—o0

1
p-lim ﬁszH — zkH; =E [((,ka — )X + Gry1 — Gk)Q]

N—oo
= (k1 — )2+ (St k41 — 28k gt1 + Zik)
= (Vh41 — ’Yk)Q + (Vet1 — k)

where in the last step we used Proposition 3.6.2. We therefore obtained we have

||zk+1 _zkHz

. (e =)+ (1 — )
p-lim T = 5 .
Nooo  [12¥113 (ve 82+ +t

Hence Eq. (3.6.24) also follows from Eq. (3.6.8). O

We conclude this subsection with a lemma controlling the regularity of the posterior path ¢
m(A,y(t)), which will be useful later.

Lemma 3.6.7. Fiz 5 <1 and 0 <ty <ty <T. Then

plim sup Cflm(A,(0) - m(A,y(0)]; = plim 3 [m(A,y(t2) ~ m(A, (o)

N—oo te(ty,ta]
_ FY*(B’ t2) - ’7*(5; tl)
= 52

. (3.6.26)

Proof. We will exploit the fact that (m(A, y(t))):>o is a martingale, as a consequence of Lemma 3.3.1

(with ¢ : RN — R given by ¢(z) = ).

Using Proposition 3.6.5, we obtain, for any t; < tg

E |||z — m(A,y(t 1_E x—m(A,y(ty 2
Nli_r}nm%]E[Hm(A,y(tz))—m(A7y(t1))H§]:E'Eg H| Ayt ))HQ]N [H Ayt ))H2]

_ ’Y*(ﬁatQ) _7*(65t1)
= BQ ,

where the first equality uses the fact that Em(A,y(t2))|A,y(t1)] = m(A,y(¢1)). By Lemma
3.6.6, we have, with high probability, |[m(A, y(t;)) — m" (A, y(t))||2/N < e, for some deterministic
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constants € so that £, — 0 as k — oo. As a consequence

(B»tZ) — ’7*(ﬁ7t1)
52

plim [ m(4, () — m(A,y(0) ;=

N—o0

. (3.6.27)

Now, since ¢ — m 4 4 () is a bounded martingale, it follows that, for any fixed constant c, the

process
1
YN,t = MN,t —C|, where MN,t = ﬁ”m(Avy(t)) - m(A7y(t1))||27 (3628)

is a positive bounded submartingale for ¢ > ¢;. Therefore by Doob’s maximal inequality [Durl9],

1 1
IP( sup Yivy > a) < -E[Yns] < -E[V2,.]"*, (3.6.29)
telts, o] a a ’

for any a > 0. We choose ¢ = \/7.(B,t2) — 7+(B,t1)/8. By (3.6.27), we have

w(f2) — Y (t
p—limM]%,’tzz’Y(z) () _ 2

N—o0 ﬂQ

and therefore, since My ; is bounded, for any fixed a > 0

lim P( sup My 26+a) < lim IP’( sup Yn Za)

N —oc0 N —oc0

t€[ts,to] t€[ta,to]
< avlglmza [(My, — )] =0.
Together with Eq. (3.6.27), this yields
plim sup M2, = Ve (t2) — 7 (t1) 7
N—00 t€[ty ,ta] ’ B2
which coincides with the claim (3.6.26). O

3.7 Natural Gradient Descent

The main objective of this section is to show that Fr.p(m;y, q) behaves well for ¢ = ¢.(5,t) and
for m in a neighborhood of M. Namely it has a unique local minimum m, = m, (A, y) in such
a neighborhood, and NGD approximates m, well for large number of iterations K. Crucially, the
map y — m, will be Lipschitz. For reference, we reproduce the NGD algorithm as Algorithm 3.
This corresponds to lines 6-11 of Algorithm 1.

Lemma 3.7.1. Let § < %, c € (0,1 -28), and T > 0 be fized. Then there exists e = (5, T)
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Algorithm 3: NATURAL GRADIENT DESCENT ON Frp( 54, q)

Input: Initialization u® € RY, data A € RV*N ¢ € RV step size n > 0, g € (0, 1), integer
K > 0.
m ™0 = tanh(u®).
for k=0,--- ,K —1do
uF b = VT e (T y, ),
mTF = tanh(ut k),
end

(= B NV VN

.+ K
return m™

such that, for all € € (0,eq) there exists Ky = Kawp(B8, T,€) and po = po(B,T,€) such that for all
p € (0,p0) there exists Kyep = Kyen(8, T, €, p), such that the following holds.

Let m™" = AMP(A, y(t); Kaw) be the output of the AMP after Ky iterations, when applied
to y(t). Fix K > Kuwp. With probability 1 — on(1) over (A,y) ~ P, for all t € (0,T] and all
yeB (y(t),cx/etN/Zl), setting q. := q«(5,1):

1. The function
m — yTAP(m; Y, q*)

restricted to B (mAMP, \/@fW) N (=1,1)Y has a unique stationary point
m.(A,§) € B (m M/2) n(-1,1)¥

which is also a local minimum. In the case § = y(t), m,(A,y(t)) also satisfies
m,(A,y) € B (mk \/sTN/2) n(-1, 1)V

for all k' € [Kue, K|, where m = AMP(A, y(t); k).

2. The stationary point m,(A,§) satisfies (recall that m(A,y) denotes the mean of the Gibbs
measure)

Hm(Avy) - m*(Aay)H2 < PV tN .
3. The stationary point m, obeys the following Lipschitz property for ally,y’ € B (y(t), cV 5tN/4) :
Hm*(A, ) — m*(A,:f/)H <cHy-7]. (3.7.1)

4. There exists a learning rate n = n(B, T,¢&) such that the following holds. Let m"*°(A, ) be the
output of NGD (Algorithm 3), when run for Ky iterations with parameter q., 4, n. Assume
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that the initialization u® satisfies

VetN
|u® — arctanh(m™")|| < Vel (3.7.2)
200
Then the algorithm output satisfies
m"°(A,9) —m.(A,g)| < pViIN. (3.7.3)

The proof of this lemma is deferred to the appendix. Here we will prove the two key elements:
first that /™" is an approximate stationary point of Zrap( - ;y(t), ¢«) (Lemma 3.7.2), and second
that Zrap( - ;9,¢qs) is strongly convex in a neighborhood of ™" (Lemma 3.7.3). Let us point out
that, in the local convexity guarantee, it is important that the neighborhood has radius ©(vtN) as
t—0.

We recall below the expressions for the gradient and Hessian of Zpap( -5y, ¢) at m € (—1,1)V:
VZar(m;y, q) = —fAmM — y + arctanh(m) + 5% (1 — ¢) m (3.7.4)

V2T rar(miy,q) = —fA+ D(m) + 5% (1 - q) Iy, D(m):=diag({(1 —m{) " }icn). (3.7.5)

In (3.7.4), arctanh is applied coordinate-wise to m € (—1,1)".

For ¢t > 0,k > 0 we let 0" = AMP(A, y(t); k) and define the quantities

Vk+1 Bat Y ﬁ7t
Note that, by Lemma 3.6.4, we have
|t .
ar(B,1) = p-lim == qu(8,1) = lim qi(6,1). (3.7.7)
N—oco k—o0

We will use the bounds (3.6.8), (3.6.9) in Lemma 3.6.3 several times below, which ensures that
(qr(B,t)/t) € [¢, C] holds for constants ¢, C' > 0 independent of ¢ € (0, T] and k > 1.

Lemma 3.7.2. Let " = m"(A,y(t)) denote the AMP iterates on input A,y(t). Then for any
T>0,

li . HVjTAP(mk;y(t%q)H
im sup sup p-lim

=0.
k=00 4€(0,T] q€lan (B,t),q- (B:t)] N—o0 ViIN

Proof. As in Algorithm 1, let

1
2 = arctanh(mf ) = gAY +y — 52 (1 W

mk|y2> mr L
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Let g € [qx(B,t), ¢«(8,1t)]. Combining the above with Egs. (3.7.4) and (3.7.7) yields

1 .
\/—NHVQ’TAP(AMP(A,@/; k);vy,q)| \FH— —y+arctanh( )+ﬁ2(1—q)mkH
.
- kJrl_ k k+]_ 2
<z zu+fH —y+ 5 (1 - )i
- el o Hlf [yt (gt
< Ll 2t |

+8%(g:(8,1) — aw(B,1)) + onp(1).

Here oy p(1) denotes terms which converge to 0 in probability as N — co. By (3.6.24), (3.7.7) and
the bound (qx(8,t)/t) € [c, C]

i i ||Zlc+1 k” 0
m sup p-lim——m—m—e—— =
k=00 te(0,7) N—oo VN

-z

k=1 ’I’hk|

Moreover, |7 | < ||zF=1 — 2¥|| since the function x + tanh(z) is 1-Lipschitz. Finally

(3.6.8) and (3.6.9) of Lemma 3.6.3 imply

*(ﬂvt) _qk(ﬂvt)

lim sup =0.
k=00 te(0,T] Vit
Combining the above statements concludes the proof. O

We next control on the Hessian V2.Z..p( - ;9,¢). As anticipated in Remark 3.2.1, this is the
only part of our proof that requires 8 < 1/2 instead of 8 < 1.

Lemma 3.7.3. Let >0, y € RN and ¢ € [0,1]. Then for allm € (—1,1)N
(1= BllAllop) D(m) = V> Fran(m;y,q) = (1+ 5% + Bl Allop) D(m). (3.7.8)
In particular if B < < L ¢, for ¢ >0, then with probability 1 — on (1), for allm € (—1,1)
cD(m) < V2 Frsp(m;y, q) < 2D(m). (3.7.9)

Proof. The upper and lower bounds in Eq. (3.7.8) are obtained from (3.7.5) using the fact that
D(m) = Iy for all m € (—1,1)"V. Further, we use the fact that ||AHOp < 2+on(1) with probability
1 — on(1). Therefore, Eq. (3.7.9) follows from the assumption 8 < 3 —c. O
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As mentioned above, our convergence analysis of NGD, and proof of Lemma 3.7.1 are given
in Appendix 3.10. The key insight is that the main iterative step in line 3 of Algorithm 3 can

be expressed as a version of mirror descent. Define the concave function h(m) = Zfil h(m;) for

m € (—1, 1)V (recall that h(x) := —((1+x)/2) log((1+z)/2) — ((1—x)/2) log((1—2)/2)). Following
[LEN18], we define for m,n € (—1,1)" the Bregman divergence

D_p(m,n) = —h(m) + h(n) + (Vh(n),m —n) . (3.7.10)

Then with L = 1/7, the update in line 3 admits the alternate description

'I’h+’k+1 — arg minwe(*l,l)N<VfTAp(m+’k; Y, Q); €T — m+7k> +L- th(a:? m+’k) . (3711)

We will use this description to prove convergence.

Remark 3.7.1. If the Hessian V2%, were bounded above and below by constant multiples of
the identity matrix instead of D(m), then we could use simple gradient descent instead of NGD in
Algorithm 1. This would also simplify the proof. However, V2.%,.p is not bounded above near the
boundaries of (—1,+1)". The use of NGD to minimize TAP free energy was introduced in [CFM21],

which however considered a different regime in the planted model.

Remark 3.7.2. Our proof of Lemma 3.7.1 does not require V2.%,p to be globally convex. Instead,
we only use the fact that, with probability 1 — on (1),

V2. Zap(m;y, q) = cD(m), Vm € B (ﬁlAMP7 \/&:tN> N(-1,1).
For 8 € [1/2,1) we expect only this weaker guarantee to hold. We believe the technique of [CFM21]
could be used to prove such local strong convexity in the full regime 8 € [0, 1).
3.8 Continuous limit and proof of Theorem 37

We fix (5, T) and choose constants Kupe = Kawe(3,T,€), po = po(B,T,e, Kawe), p € (0,p0) and
Kyeo = Kneo(8, T, €, p) so that Lemma 3.7.1 holds.

We couple the discretized process (¢,)r>0 defined in Eq. (3.2.6) (line 6 of Algorithm 2) to the

continuous time process (y(t))ters, (cf. Eq. (3.5.8)) via the driving noise, as follows:

1 s
wey = %/&S dB(t). (3.8.1)

We denote by (A, y) the output of the mean estimation algorithm 1 on input A, y. By Lemma 3.7.1,
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which ensures that, for any ¢ € (0, T], with probability 1 — ox(1),

(A, y(t) — m. (A, y(t);0.(8,1)] < pVIN. (3.8.2)
Here and below we note explicitly the dependence of m, on t via ¢,. The next lemma provides a

crude estimate on the Lipschitz continuity of AMP with respect to its input.

Lemma 3.8.1. Recall that AMP (A, y; k) € RY denotes the output of the AMP algorithm on input
(A,y), after k iterations, cf. Eq. (3.2.2). If | Allop < 3, then, for any y,§y € RY,

|| arctanh (AMP(A, y; k)) — arctanh (AMP(A, §; k)) H2 < k6" |ly — 2. (3.8.3)
Proof. For 0 < j <k, set:
, , , g2 X ,
m’ = AMP(A, y; ), z? = arctanh(m’), b; = N Z (1- tanhZ(z,f)),
i=1
, . , . 2l ,
m’ = AMP(A, ; j), 27 = arctanh (), b =% > (1 tanh?(8)).
i=1

Using the AMP update equation (line 4 of Algorithm 1) and the fact that tanh(-) is 1-Lipschitz,

we obtain

I274 = 27 < [BAmY — )| + lly — gl + [Ibjm? " — byriv 7| + [|byr? ™ — by’ |

<3127 — 2|+ lly = gll +bsll=" " = 27| + |b; — b VN

Note that |1 — tanh?(z)| < 1 for all z € R and |b;| < 2. Setting E; = max;<; ||z/t" — 2°T!||, we
find

Ej1 < (382 +3B)E; + |y — 9
<6E; + |y -9l .

It follows by induction that
E; < j6'|ly — 9]

Setting j = k concludes the proof. O
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Define the random approximation errors

Ap = ﬁ; ¥, —ys)||, (3.8.4)
By := V%’ m(A,4,) —m(A,y())|. (3.8.5)

Note that Ag = By = 0. In the next lemma we bound the above quantities:

Lemma 3.8.2. For < 1/2 and T > 0, there exists a constant C = C(8) < oo, and a deterministic
non-negative sequence a(N) with impy 0o a(N) = 0 such that the following holds with probability
1—on(1). For every £ >0, § € (0,1) such that £6 < T,

Ay < CeC%5(pV05 +V5) + a(N), (3.8.6)
By < CeC%05(pV05 +V38) + CpViEs + a(N). (3.8.7)

Proof. Throughout the proof, we denote by a(N) a deterministic non-negative sequence «(N) with
limy_y00 @(N) = 0, which can change from line to line. Also, C' will denote a generic constant that

may depend on 5, T, Kuyp-

The proof proceeds by induction on £. As the base case is trivial, we assume the result holds for
all 7 < ¢ and we prove it for £+ 1. We first claim that with probability 1 — ox (1),

App1 < Ag+ 6By + C5%/2, (3.8.8)

Indeed, using (3.8.1) we find

(+1)5

Apr — A <0172 / 11 (A, §,) — m(A, y (1)) dt

0
< 6n’1/2(

(A, §,) — m(A,y(0)|+ sup |m(A,y(t) - m(A,y ()] )
te[£s,(£4+1)0]

<0By+on Y2 sup  ||m(A,y(t) — m(A,y(©))||
te[68,(4+1)0]

< 6By + C(8)8%% + a(N),

where the last line holds with high probability by Lemma 3.6.7 and Eq. (3.6.10) of Lemma 3.6.3.
Using this bound together with the inductive hypothesis on A, and By, we obtain

Agyr < CeCEFDIS (0I5 +V5) + Cpdves + C6%/% + a(N)
< CeCH(0 4+ 1)6(p +V3) + a(N).

This implies Eq. (3.8.6) for £ + 1.
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We next show that Eq. (3.8.7) holds with ¢ replaced by ¢+ 1. By the bound (3.8.6) for £ + 1,
taking § < 8(8, e, Kawp, T) and p € (0, po) p = p(B, &, Kaup, T) ensures that

cVeld

Appr < ——¥E0
= 200K e 6KAwe

where € can be chosen an arbitrarily small constant. So by Lemma 3.8.1, we have with probability
1-— ON(].),

|| arctanh(AMP(A, y((€ + 1)8); Kaue)) — arctanh(AMP(A, g, 1 KAMP))H2 < K65 Ay VN

< cVeldN
- 200

By choosing € < g¢(8, T), we obtain that Lemma 3.7.1, part 4 applies. We thus find
(A, §oq1) — M (A, i)l < pVION .

Using parts 3 and 2 respectively of Lemma 3.7.1 on the other terms below, by triangle inequality

we obtain (writing for simplicity ¢; := g« (8, £9))

(A, o) —m(A y((0+1)8)[| < [[m(A, Jppq) — M (A, Gpprs des)|
+ [ (A, Yy 15 qer1) — M (A, y((C41)0); qeg1) ||
+ [ma (A, y((£ + 1)0); ger1) — m(A, y((£ + 1))l
< (pVIS + ¢ P Agir + pVIES + a(N))VN.

(3.8.9)

In other words with probability 1 — on(1),
Bey1 < ¢ M Apq +20VE6 + a(N) .

Using this together with the bound (3.8.6) for £/+1 verifies the inductive step for (3.8.7) and concludes
the proof. O

Finally we show that standard randomized rounding is continuous in W n.

Lemma 3.8.3. Suppose probability distributions 1, p2 on [—1,1]" are given. Sample my ~ py and
my ~ g and let ©1,x2 € {—1, —|—1}N be standard randomized roundings, respectively of my and ms.

(Namely, the coordinates of x; are conditionally independent given m;, with E[x;|m;] = m;.) Then

Wa n (£(1), £(2)) < 20/ Wa v (1. p12)

Proof. Let (m,my) be distributed according to a Ws y-optimal coupling between g1, po. Couple
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the roundings @1, 2 by choosing i.i.d. uniform random variables u; ~ Unif(]0, 1]) for ¢ € [n], and for

(4,7) € [n] x {1,2} setting

Then it is not difficult to see that

N
1 2
~ E [l = @2* [(m1,ms)] = & ; |(my); — (mg);]
<27 I
—|jm; — my|%.
< 2/ il 2
Averaging over the choice of (m, ms) implies the result. O

Proof of Theorem 37. Set £ = L = T/§ and p = v/§ in Eq. (3.8.7). With all laws £(-) conditional

on A below, we find

EWan(pa, L(m(A,§L))) SEWsn(pa, Lm(A, y(T)))) + EWz n(L(m(A,y(T)))), L (A, §L)))
<T V2408, TIVE +on(1).

Here the first term was bounded by Eq. (3.3.4) in Section 3.3 and the second by Eq. (3.8.7). Taking
T sufficiently large, § sufficiently small, and N sufficiently large, we may obtain

2
. . €
E Wa,n (14, L(tnep (A, 91))) < vy
for any desired € > 0. Applying Lemma 3.8.3 shows that

EWa n(pa,z®) <e.

The Markov inequality now implies that (7.2.6) holds with probability 1 — ox (1) as desired. O

3.9 Algorithmic stability and disorder chaos

In this section we prove Theorem 10 establishing that our sampling algorithm, Algorithm 2 is stable.
Next, we prove that the Sherrington-Kirkpatrick measure p 4,5 exhibits Ws-disorder chaos for 8 > 1,
proving Theorem 11 and deduce that no stable algorithm can sample in normalized Wy distance for
B > 1, see Theorem 12.
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3.9.1 Algorithmic stability: Proof of Theorem 10

Recall Definition 3.2.1, defining sampling algorithms as measurable functions ALGy : (A, 5,w) +—
ALGN (A, B,w) € [-1,1]" where 8 > 0 and w is an independent random variable taking values in

some probability space.

Remark 3.9.1. In light of Lemma 3.8.3, we can always turn a stable sampling algorithm ALG with

codomain [—1,1]" into a stable sampling algorithm with binary output:
ALGy (A, B,@) € {—1,+1}V.

Indeed this is achieved by standard randomized rounding, i.e., drawing a (conditionally independent)
random binary value with mean (ATI\_JG(A, B,@))i for each coordinate 1 <i < N.

Recall the definition of the interpolating family (A)se[o,1) whereby Ag, A1 ~ GOE(N) i.i.d. and
A;=+V1-s2A0+sA;, s€][0,1], (3.9.1)
We take pa, () o exp {(8/2)(z, A; )} to be the corresponding Gibbs measure.

We start with the following simple estimate.

Lemma 3.9.1. There exists an absolute constant C > 0 such that

ig}fl)]P’(HAou — Aw|| <C(lu—v|+sVN), Vuwvel-1, 1]N) =1-on(1).  (3.9.2)
se(0,

Proof. We write

Ao — Avol| < v — Avo]| + [ Auo — A.0]
< | Aollop || — v|| + || (1 = V1 = s?)Ag — sA1||OlD v -

We note that (1 — 1 —s2)Ag — sA; 4 1/2(1 = v1—=52)Ap and 1/2(1 — V1 — s?) ~ s for small

s and this quantity is bounded above by a constant for any s € [0,1]. The result follows since
[l Ao|lop < 2.1 with probability 1 — on(1). O

Proposition 3.9.2. Suppose an algorithm ALG is given by an iterative procedure
= Gy (=), fAm, A Bmd wh)ocyr) . 0 K< K 1,

m" = pp(z¥), 0<k<K -1,
ALGy (A, B,w) :=m®
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where the sequence w = (w°, ..., wXx=1) € (RN)K | the initialization 2° € RN, and A are mutually

independent, and the functions Gy : (RN)*+5 — RN and p;, : RN — [-1,1]V are Lo-Lipschitz for
Lo > 0 an N-independent constant. Then ALG is both disorder-stable and temperature-stable.

Proof. Let us generate iterates 2¥ = 2F(A,, 3) and ZF = 2F(A,, E) for 0 < k < K using the same

0 0 K—l)

e . . ~0 . . . .
initialization 2’ = Z" and external randomness w = (w", ..., w , but with different Hamiltonians

and inverse temperatures. Similarly let m* = p;(2*) and m* = pj(2"). We will allow C to vary

from line to line in the proof below.

First by Lemma 3.9.1, with probability 1 — oy (1),

IBAm"* — BAm¥|| < [|[BAem* — BA@F| + || BA@" — FA W
< CBIm* — m*| + CBsVN + |8 — Bl - | A"
< O(lm* — m*|| + sv'N + |8 — B|VN).

Similarly as long as E < 283 so that |32 — §2| < 38| — E|, we have

|8%m" — B2m"|| < ||f%m" — g2m"| + [|52m" — F2m" |
< B?||lm* — m*|| + 36|18 — B|VN.

It follows that the error sequence

A= Tlﬁ%z‘llzf“mo B) — 271 (A,, Bl

satisfies with probability 1 — ox (1) the recursion

Aji1 < Lok ?C(Ar + s+ 18— B)),
AO = 07

for a suitable C' = C(8). It follows that with probability 1 — on (1),

N

<D (Lok'2C)F(s + |8 = B) < K(LoKC) (s + 8 — B). (3.9.3)
k=1
Since ||m*(Ap) — m*(A,)| < 2v/N almost surely, we obtain for any 7 > 0
nE [[m" (Ao) - m" (4)|"] < (LK (LoKC) (s + 18— B)) +7

if N > No(n) is large enough so that Eq. (3.9.3) holds with probability at least 1 — 7. The stability
of the algorithm follows. O
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Proof of Theorem 10. We show that Algorithm 2 with N-independent parameters (3, 7, Kawe, Kyep, L, 0)
is of the form in Proposition 3.9.2 for a constant Lo = Lo (8,1, Kawe, Koo, L, 0). Indeed note that
the algorithm goes through L iterations, indexed by ¢ € {0,..., L — 1}.

During each of these iterations, two loops are run (here we modify the notation introduced in
Algorithm 1 and Algorithm 2, to account for the dependence on ¢, and to get closer to the notation

of Proposition 3.9.2):

1. The AMP loop, whereby, for k=0, -+, Ky — 1,
SOk L,k mb k / é k
m”" = tanh(z""%), =N Zta h'( (3.9.4)
zé,k-l—l — BAmZ,k‘ + Q[ _ b(zz,k‘) ml,k‘—l ) (395)

(Here tanh’(x) denotes the first derivative of tanh(x).)

2. The NGD loop, whereby, for k = Kup, -+, Kaup + Kyeo — 1, setting q¢ = qrpe (8, = £5),

m"* = tanh(z"*), (3.9.6)
2R = 20k B A 4y, — B*(1—q)) m"*]. (3.9.7)

Further, recalling line 6 of Algorithm 2, ¥, is updated via

Ypyr =Yy + IR § S, (3.9.8)

These updates take the same form as in Proposition 3.9.2, with iterations indexed by (¢, k),

w = (we)e<r, pe.ik(z) = tanh(z) for all £, k, and

G ((zz/,j’ﬁAmg/,j7Amg’,j,ﬁ2me’,j7we,)l,hj) — BAF g, — bz 0 <k < Ky — 1,
(3.9.9)
Go (29, 5 Am" S, A3, oS ) ) =

= Ze’k + n[/BAmAk + yz_Z&k - 62 (1 - QZ) mé,k] s Kawe <k < Kawp + Kyop — 1
(3.9.10)

Notice that these functions depend on previous iterates both explicitly, as noted, and implicitly
through ¢,. By summing up Eq. (3.9.8), we obtain
-1

ij ,Kamp+Kncp 5+ ﬁz Wey, (3911)

Jj=0 Jj=1
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which is Lipschitz in the previous iterates (m?*);</_1 k< Kapt+Kneo- Since both (3.9.9) and (3.9.10)
depend linearly on ¢, (with N-independent coefficients), it is sufficient to consider the explicit
dependence on previous iterates of Gy . Namely, it is sufficient to control the Lipschitz modulus of

the following functions

G (2"F, BAM S F 1) = BAME — b(z )W k< Ko (3.9.12)

Gur (2%, BAMEF, B2m"F) = 2% 4 [BAmS" — 20F — 82 (1 — q) M"Y, k> Ky (3.9.13)

Consider first Eq. (3.9.12). Since |tanh”(z)| < 2 for all z € R, it follows that

ﬁ N
b(z) — SWZ: —5i|<\ﬁ\|z—2|l2

Therefore, that for any (u,v, 3, u,, E) (Noting explicitly the dependence of b upon f):

Ibs () tanh(v) — b (@) tanh(@)]| < |lbs(w) tanh(v) — bs(@) tanh(v)] + |bs (@) tanh(v) — b (@) tanh(@)|
< 28 | - | tanh(o)] + ( Ztanh ) 152 tanh(v) — 5 tanh(@)
~ VN
< 262w — @] + |4 tanh(v) — 7 tanh ()]

Using this bound implies that the function G of Eq. (3.9.12) satisfies the Lipschitz assumption of
Proposition 3.9.2.

Consider next Eq. (3.9.13). Since this function is linear in its arguments, with coefficients inde-
pendent of N, it follows that it satisfies Lipschitz assumption of Proposition 3.9.2. This completes
the proof. O

3.9.2 Hardness for stable algorithms: Proof of Theorems 11 and 12

Before proving Theorem 11 and Theorem 12 we recall a known result about disorder chaos, already

stated in Eq. (3.2.11). Draw z° ~ pa s independently of ® ~ pa, g, and denote by u(o s =

tap® pas g their joint distribution. Then [Chal4, Theorem 1.11] implies that, for all 5 € (0, c0),

lim lim Eu(o ‘S){(;f@o, :c5>)2} =0. (3.9.14)

s—0 N—oo

The following simple estimate will be used in our proof.

Lemma 3.9.3. Recall that 2 ({—1,+1}") denotes the space of probability distributions over {—1,+1}V,
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and let the function f: 2({—1,+1})2 = R be defined as
1
)= E e, 2’|} 3.9.15
f) = E Ayl (3.9.15)
Then, for all piy, o, v1,v9 € P({—1,+1}), we have

|f (1, v1) = fuz,ve)| < Wan (i, p2) + W n(v1, 12) .

Proof. Let the vector pairs (x#',z"2) and (x'*,x"?) be independently drawn from the optimal

Wy n-couplings of the pairs (p1, o) and (v, 12), respectively. Then we have:

i@, e)] - E [z, 2)]]| < |E @, @) - |@2,a)]]| + |E @, 2)] - | @2, )]]|
< VN (B[l 2] +E o — =)
< \/N(]E [Hm’“ — a/:’“HZr/2 +E {Hml’l — m”2||2} 1/2) ,

where the second inequality follows from the fact that & — |(v, )| is Lipschitz continuous with

Lipschitz constant ||v]|2. O
We are now in position to prove Theorem 11.

Proof of Theorem 11. Using the notations of the last lemma Eq. (3.9.14) implies that for all s € (0, 1],

Jim E f(pa,.p:1a,s) =0. (3.9.16)
—00

Therefore, Theorem 11 follows from Lemma 3.9.3 if we can show that f(pa, s, ta,.8) remains
bounded away from zero. This is in turn a well-known consequence of the Parisi formula, as we

recall below.

Define the free energy density of the SK model as

1
Fy(8) = —E log{ 3 emvf‘w)/?} . (3.9.17)
N ze{—1,+1}N

The free energy Fv is convex in 5 and one obtains by Gaussian integration parts that

j—ﬁFN(B) - §<1 —Epa,p® ﬂAoﬁ{ (%@1,@))2}) . (3.9.18)

Moreover, the limit of F(8) for large N is known to exist for all § > 0 and its value is given by
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the Parisi formula [Tal06d]:

lim F — inf P 9.1
Jim Fy(5) et 8(¢), (3.9.19)

where Z([0,1]) denotes the set of Borel probability measures supported on [0, 1], and Pg is the Parisi

functional at inverse temperature ; see for instance [Tal06d] or [Panl13b, Chapter 3] for definitions.

The following properties are known:

1. A unique minimizer (5 € ([0, 1]) of Pg exists for all g [AC15].

2. If 8 > 1, then (j is not an atom on 0: (j # do. This follows from Toninelli’s theorem [Ton02]
that limsupy_, . Fn(8) < log2 + 82/4 — £(B) for some continuous £(3), with €(3) > 0 when
B> 1

3. The function 8 — Pg((}) is convex and differentiable at all 3 > 0, and

d *\ 6 2 4%
@Pﬂ(gﬁ) = 5(1 - /q Cﬁ(dQ)) : (3.9.20)
See for instance [Pan13b, Theorem 3.7] or [Tal06¢c, Theorem 1.2] for a proof.

The convexity of Fy implies that for almost all 8 > 0, limy_ 0 FN(8) = g—BPg(CE). Using
Eq. (3.9.18) and Eq. (3.9.20) we obtain

fim 5 (1 Enags o nans{ (gleren) )} =5 (1- [fGaa) <5 -=6), G2

N—oo 2

where the last inequality holds for almost all § > 1 by Property 2 above. Since the both sides
are non-decreasing and the right hand side is continuous, the inequality holds for all 8. This is
equivalent to

]\}grlef(qu’ﬁ’ﬂAo’ﬁ) >0. (3.9.22)

Now, using Eq. (3.9.16) and Eq. (3.9.22), together with the continuity of f (Lemma 3.9.3) implies
the claim of the theorem. O

We next prove that Theorem 12 is an immediate consequence of Theorem 11.

Proof of Theorem 12. Fix s € (0,1) and p%y* 4 be the law of ALGy (As, ,w) conditional on A,. By

the triangle inequality,

Wo N (14,65 Hag,s) < Won(ta,s, K4 5) + Won (a5 1545 5) + Wa N (WA 55 140,6,0) -

Taking expectations over A and A, we have E [W27N(u,4575,ujiﬁ)] =E [WZN(/JXE;)B,MAO,B)].
Further, by stability of the algorithm, E [WQ,N(NZX;S gy WAL 5)] — 0 when N — oo followed by s — 0.
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Therefore, using Theorem 11 and choosing s sufficiently small, we obtain

li inf E [Wa (55, 55 1a0,5)] = W > 0.

3.10 Convergence analysis of Natural Gradient Descent

The main objective of this appendix is to prove Lemma 3.7.1, which we will do in Section 3.10.2,
after some technical preparations in Section 3.10.1.
3.10.1 Technical preliminaries

Definition 3.10.1. Let Q C (—1,1)"V be a conver set. We say that a twice differentiable function

F : Q — R is relatively c-strongly convez if it satisfies
V2F(m) = cD(m) VmeQ. (3.10.1)
We say it is relatively C-smooth if it satisfies

V2F(m) < CD(m) YmeQ. (3.10.2)

As D(m) = V2(—h(m)) = Iy, it follows that (3.10.1) implies ordinary c-strong convexity
in Euclidean norm. The next proposition connects relative strong convexity with the Bregman

divergence introduced in Eq. 3.7.10.

Proposition 3.10.2 (Proposition 1.1 in [LEN18]). A twice differentiable function F : Q — R is

relatively c-strongly convex if and only if
F(m)> F(n)+ (VF(n),m —n) + cD_p(m,n), Vm,n € Q. (3.10.3)

Lemma 3.10.3. Form,n € (—1,1)",

2

D_p(m,n) > M (3.10.4)
I arctanh(n)Hg)

D_p(myn)<1ON |14+ ——FF—"— ), 3.10.5

D_p(m,n) < ||arctanh(m) — arctanh(n)||3 . (3.10.6)

Proof. Observe that h'/(z) = —1/(1 —2?%) < —1 for all z € (-1, 1) with equality if and only if = = 0.
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This proves Eq. (3.10.4).
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Next, Eq. (3.10.5) follows from Eq. (3.7.10) and the fact that the binary entropy h : R — R is

uniformly bounded.

Finally Eq. (3.10.6) follows from

D_p(m,n) < (Vh(n) — (m),m—n>
= (arctanh(m) — arctanh(n), m — n)
H arctanh(m) — arctanh(n H2

Here in the last step we used that tanh(-) is 1-Lipschitz.

O

Lemma 3.10.4. If F : Q — R is relatively c-strongly convex for some convex set Q C (—1,1)N
and VF(m,) =0 for m, € Q, it follows that

for allm € Q.

Proof. Using (3.10.3) and (3.10.4), and observing that V.F(m..)

Lemma 3.10.5. Suppose F : Q. — R is c-strongly convez in the conver set Q. := B(m

cfjm — m. |3

F(m)—F(m*)Z 9

F(m) - F(m,) _ F(m)— F(m,) _ ¢
jm-m.Z ~ 2 Damm,) -2

= 0, we obtain

O

p) N

(-1, 1)N. If . € 0Q., g = +1 (respectively, x. = —1) and |z;| < 1 for all j € [n] \ {k}, then

limy o4 Oy F(x, — teg) =

+oo (respectively lim; o4 Oy, F (. + tey) = —c0.)

Proof. Consider the case z; = +1 (as the case z = —1 follows by symmetry.) Then there exists
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to > 0 such that @, — tey, € Q. for all t € (0,t0]. Let x(s) := x. — (to — s)ex, s € [0,tp). Then
0., F(@(s)) = 0, F(@(0) + [ 02, F(a(uw)du

= 05, F'(x(0)) —i—/o (er, VEF(x(u))es) du

> 0, F(x(0)) + C/Os(l —z(u)?) " du
> 0., F(x(0)) + c/os(l — (1 =ty +u)?) tdu,.

The last integral diverges as s T tg, thus proving the claim. O

Lemma 3.10.6. Suppose F : Q — R is c-strongly convex for a conver set Q C (—1,1)N. Moreover
suppose that
IVF(m)| < cveN

for some m € Q with

B (m,2¢sW) (LN CQ.

Then there exists a unique m, € B (m, 2\/5N) N (=1,1)N satisfying VF(m,) = 0, which is in fact

a global minimizer of F' on Q). Moreover
F(m) — F(m,) < 2ceN . (3.10.7)
Proof. Let Q< :={z € Q : F(x) < F(m)}. Then, for any « € Qy, we have

0> F(x) — F(m)
> —cVeN|x — ml2 + ¢D_p(x;m)
> —eVeN|z — mlls + £l — ml3.

Hence Q< C Q. =B (m, \/5N> N(—=1,1)", Q. C Q. By continuity three cases are possible: (i) The
minimum of F' is achieved in the interior of Q<; (%) The minimum is achieved along a sequence
(:)i>0, ||Zilloc — 1; (4i7) the minimum is achieved at m, # m such that F(m,) = F(m). Case

(#i1) cannot hold by strong convexity, and case (i7) cannot hold by Lemma 3.10.5.

Uniqueness of m, follows by strong convexity, and VF(m,) = 0 by differentiability. Finally

F(m) - F(m.) < [VF(m)| - fm —m, | <2ceN.
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Lemma 3.10.7. Suppose F : Q — R is relatively c-strongly convexr. Let m, be a local minimum
of F' belonging to the interior of Q, and suppose that B (m*, 2\/57N) N(=1,1)N € Q. Consider for
y € RN the function

F(m) = F(m) — (y, m).

Then F, is relatively c-strongly convez on Q for any y € RN, If |y|| < (¢/2)VeN, then Fy has a

unique stationary point and minimizer m,(y) € Q. Moreover if |y, |9l < “\/Q—ETV then

. ()~ m. (@) < 121 (3.108)

Proof. The relative c-strong convexity of F is clear as the Hessian of F'y does not depend on y.
For |ly|| < (¢/2)VeN, because

cvVeN

IVEy(m.)] = [ly| < and B (m,, VaN) 0 (-1,1)Y € Q,

Lemma 3.10.6 implies the existence of a unique minimizer
m,(y) € B (m*,\/EW) N1,V caQ.
If |§]| < (¢/2)VeN also holds, Fy is c-strongly convex on
B (m*(@), \/?N) n(-1,HN c B (m*,zm) n(-1,1)" c Q.
Moreover since ||y — §|| < ¢veN, we obtain
IVFy(m.(y)] = lly -9l = cVe'N,

for e’ = % < e. Therefore the conditions of Lemma 3.10.6 are satisfied with (Fg, m,(y),&’) in

place of (F,m,¢). Equation (3.10.8) now follows since

Im.(y) — m. ()] < VEN = M

We now analyze the convergence of Algorithm 3 from a good initialization.

Lemma 3.10.8. Suppose F(-) = Frap(-;Y,qx(B,1)) has a local minimum at m, and is relatively
N

c-strongly-convex on B(m,,veN) N (=1,1)", and also C-relatively smooth on (—1,1)™. Suppose

m° € B (m*, \/?N) n(-1,1) (3.10.9)
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satisfies

ceN
g

Then there exist constants ng, C' > 0 depending only on (C,c,e) such that the following holds. If

F(m") < F(m,) + (3.10.10)

Algorithm 8 is initialized at m° with learning rate n = 1/L € (0,19), then, for every K > 1

<0
" —m,|l, < C'VN <1 A arCta\n/ljl»\([mo)”Q) (1—en)/2. (3.10.12)

Proof. Recall Eq. (3.7.11), which we copy here for the reader’s convenience:

M = argminge_y 1) (VF ('), @ — ') + L- D_p(x, ). (3.10.13)

Ifny < % then [LFN18, Lemma 3.1] applied to the linear (hence convex) function <VF(7hi), )
states that for all m € (—1,1)%,

(VF(m'),m™) + LD_p(m'™ ') + LD_p(m,m' ™) < (VF(m'),m) + LD_j(m,m").
(3.10.14)

Moreover the global relative smoothness shown in (3.7.8) implies that for m,m’ € (-1,1)%,
F(m) < F(m') + (VF(m'),m —m’) + C - D_p(m,m’). (3.10.15)

Combining Egs. (3.10.14) and (3.10.15) yields

Fm'™) < F(m') + (VF(m'), m'T™ —m') + LD_p, (m'™, m") (31016)
< F(m') + (VF(m'),m — m’) + LD_p(m,m’) — LD_p(m,m'""). o
Setting m = 7', we find
F(m'™) < F(m'), VielK].
We next prove by induction that for each ¢ > 1,
~ i CEN i
F(m'") <F(m*)+T, |lm' —m,| < VeN. (3.10.17)

The base case i = 0 holds by assumption. Suppose (3.10.17) holds for i. It follows that

, . N
F(m'*Y) < F(m') < F(m,) + %
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In fact, local c-strong convexity
V2F(m) = ¢D(m) = cIy, m € B(m,,VeN)n(-1,1)"

implies 1 is even closer to m, than required by (3.10.17):

i’ —m, |2 <

\/F(mi) — F(m,) M.

<
- 2

Next we bound the movement from a single NGD step. Comparing values of (3.10.13) at 7’ and

+1

the minimizer '™ implies

(VF(m'),m'™ —m'y + LD_, ('™, m') <o. (3.10.18)

From definition of Bregman divergence and the fact that (on the high probability event ||Allop < 3)
|[VF + Vhlj2 < CV'N (thanks to the special form of F(-) = Foap( -5y, qx(B,1)),

(VF ('), m™ —m') + D_p(m' ™ m')| = (VF(m') + Vh(m'), m' ™ —m') — h(m'™) + h(m'))|

7+t — min)

§C1N<1+ \/N

Moreover assuming L > 1, (3.10.4) implies

. . L—1 . .
(L— 1)D,h<’ﬁ’b2+1,?’hz) > 5 ||mz+1 —ThZHQ-

Substituting the previous two displays into (3.10.18) yields

L—1, .,
o>TIIm+1_m||2_02\/N||m+1_m||2_02n

and so

“mi+1_mi|‘2 < CS\/N
T vL-1

Taking L large enough, it follows that
I — | < [l =il + [’ — m. 2 < VeN.

This completes the inductive proof of Eq. (3.10.17), which we now use to analyze convergence of

Algorithm 3. Indeed from the first part of (3.10.17), the local relative strong convexity of F' implies

F(m') +(VF(m'),m, — ') < F(m.) - cD_p(m,, '),  Vie [K].
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Setting m = m, in (3.10.16) and combining yields

F(m'™) < F(m,) + (L — ¢)D_p(m,,m") — LD_p(m,,m' ™).

it+1
Multiplying by ( L ) and summing over ¢ gives

L—c
=\ K-l , it
L i1 B
; (L _C) F(m'™) < Zz:: (L—c) F(m,) + LD_p(m,,m°).

Since the values F (') are decreasing, we find

—1

K-1 i+1
F(n™) < F(m,)+ L <Z (Li C) ) D_p(m,,m°)

=0

< F(m,) + L1 —cn)® D_p(m,,m°).

Using Eq. (3.10.5) together with the last display proves Eq. (3.10.11).

K

It was shown above by induction that m™ is in a c-strongly convex neighborhood of m,. Using

strong convexity in Euclidean norm yields

and so (3.10.12) follows as well. O

Lemma 3.10.9. Assume || A|op < 3. For any m,n € (—1,1)", and y,9 € RY, and ¢ € [0,1] :
IV Foae (0, 5,0) — V. Fran(n, 3, )| < (46 + 4)] arctanh(m) — arctanh(n)]| + |y — 9. (3.10.19)

Proof. The inequality (3.10.19) follows with the smaller constant factor 42 + 38+ 1 < 432 + 4 using
(3.7.4) and the fact that tanh(-) is 1-Lipschitz.

3.10.2 Proof of Lemma 3.7.1

We split the proof into four parts.

Proof of Lemma 3.7.1, Part 1. Fix ¢ = (1/4) — (8/2) > 0. Lemma 3.7.2 implies that for Kue =



CHAPTER 3. STOCHASTIC LOCALIZATION FOR THE SK MODEL 124

K (B, T, ) sufficiently large, we have with probability 1 — o (1)

. cVetN
IV Frar (™ y, 4. < ——,

m™ == AMP(A, y(t); Kae), ¢ = q.(B,1) .

(3.10.20)

Therefore, if ||y(t) — ¥ < (cVetN)/4 then
IV Zrae (™59, 0| < IV Frae (™5 y(t), @)l + [ly — 9l < \F
Moreover Lemma 3.7.3 implies that there exist g, ¢ > 0 such that for all € € (0, &),
V2 Fone (39, ¢0) = V2 Frap (i y(t), ¢0) = ¢D(m), VY me B ( P \/aTN) n(=1,1)N

Using et/4 in place of ¢ in Lemma 3.10.6, it follows that there exists a local minimum

m. (A, ¥;q.) € B ( pAve Yo E;N> Nn(-1,1)N

of Zrap(+,¥U;q«) which is also the unique stationary point in B ( n*™ (1/2)Ve N) Nn(=1,1)Y

We next claim that, for any K > K,yp, with probability 1 —ox(1), this local minimum is also the
unique stationary point in B (AMP(A, y(t); k), (1/2)v stN) N(=1,1)". Indeed for K,y sufficiently
large (writing for simplicity y = y(t)):

p-lim  sup  [[AMP(A,y; ki) — AMP(A,y;ko)|? = sup  p-lim[|[AMPs(A, y; k1) — AMPs(A, y; k)|
N—00 b1,k €[ Kamp, K] k1 k2 € [arg, K] N—00
<N- sup |qk1(67t)_q]€2(ﬂ7t)|'
k1,k2>Kavp

From Eq. (3.6.8), by eventually increasing K,ye, we have

swp g, (Bt) — gy (B, 8)] < L.

k1,k2>Kamp 16
For such Ky, with probability 1 — on(1), all k € [Kae, K] satisfy
M. (A, y; grame) — AMP(A, y; k)| < [[mu (A, Y5 ave) — AMP(A Y; K )|

+[[AMP(A, y; k) — AMP(A, y; Kaw)||
\/5tN 5tN

I /\

4\/5t
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Let
S(k,p) := B(AMPs(A, y;k),p) 0 (=1, )Y, pn s = Vent

Recall that m, (A, y;q¢.) is the unique stationary point of Frap(-;¥,¢«) in S(Kawe, pn,c). By the
above, it is also a stationary point in S(k, pn¢), for k € [Kawe, K]. Repeating the same argu-
ment as before, there is only one stationary point inside S(k, pn¢), hence this must coincide with
m, (A, y; q.)- O

Proof of Lemma 3.7.1, Part 2. Because Kuyp is large depending on §p, Lemma 3.7.2 implies that
with probability 1 — on (1),

650 vV tN

HVﬁZTAP(AMP(A,y;KAMP),y;q*)H < 4

SoVt
4

Froar (Y, qs) satisfies

Using in place of £ in Lemma 3.10.6, it follows that the local minimizer m.(A,y;q.) of

||AMP(A7y7 KAMP) - m*(A7y; Q*)H <

doVIN
5

Since K is sufficiently large depending on 0y, Lemma implies that with probability 1 — oy (1),

m(A, ) ~ AMP(A, y: Kue)|| < 25

Combining, we obtain that with probability 1 — on (1),

Im(A,y) —m.(A,y;q.)| < [[m(A,y) — AMP(A, y; Kue) || + [[AMP(A, y; Kue) — m. (A, y; .|

< JpViN.
O
Proof of Lemma 3.7.1, Part 3. The result is immediate from (3.10.8). O

Proof of Lemma 8.7.1, Part 4. We apply Lemma 3.10.8 with F(-) = Zrap(-;9,¢x) and m, =
m,(A,y;q.)) (with ¢. = ¢.(8,t)). We need to check that assumptions (3.10.9), (3.10.10) of
Lemma 3.10.8 hold for m” = tanh(u®) with u° satisfying Eq. (3.7.2).
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To check assumption (3.10.9), we take K, sufficiently large and dy sufficiently small, obtaining

7" — m. (A, g5 q.)|| < [[h” — AMP(A, y; Kue) || + [AMP(A, y; Kuie) — m(A, y)]|

+ [m(A,y) — m. (A, y;¢.)|| + [m. (A, y;¢.) — m. (A, ;5 q.)|
(@  cVEtN ly =9l yH
< —Vet 1)
< ST )+100F+ OVEN + —=
VetN
3

<

where inequality (a) holds with probability 1 — on(1). In the last step we used ¢ < 1.
To check Eq. (3.10.10), we use (3.10.19) we find that with probability 1 — on (1),

IV Fore (1”59, ¢.)|| < |V Fran (AMP(A, y; Kue); y, ¢2) | + |y — 9
+ (462 + 4)|| arctanh () — arctanh(AMP (A, ¥; Kae))||

VAN oVEN
< ||vyTAP(AMP(A,y;KAMP)§va*)|| + 24 + 4 ’

Combining with Eq. (3.10.20), we find that with probability 1 — ox(1),

cVetN
6

I3

|V Zrar (9, q.)|| <

Finally, we apply Lemma 3.10.6 with %t in place of €, to get

Ncet

Foar(59,0) € Frar (0 (A 550.)5 9, q0) +

Lemma 3.10.8 now applies for 7y sufficiently small. Moreover, with probability 1 — on(1) the

initialization x° satisfies

|| arctanh(r°)|| < || arctanh (") — arctanh(AMP (A, y; Kae))|| + || arctanh(AMP(A, y; Kae)) |l

VAN BB T OVN

= 96(32 +1)
< C(B,¢, T)VEN.

Thus, (3.10.12) implies (3.7.3) for a sufficiently large number Kyq, of natural gradient iterations. [
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Chapter 4

Optimizing Mean-Field Spin
Glasses via Approximate Message

Passing

4.1 Introduction

Optimizing non-convex functions in high dimensions is well-known to be computationally intractible
in general. In this chapter we study the optimization of a natural class of random non-convex
functions, namely the Hamiltonians of mean-field spin glasses. These functions Hy are defined on
either the cube Xy = {—1,1}" or the sphere S¥~1(v/N) of radius v'N and have been studied since

[SK75] as models for the behavior of disordered magnetic systems.

The distribution of an N-dimensional mean-field spin glass Hamiltonian Hpy is described by
an exponentially decaying sequence (cp),>2 of non-negative real numbers as well as an external
field probability distribution £; on R with finite second moment. Given these data, one samples
hi,...,hny ~ L} and standard Gaussians g;, ~ N(0,1) and then defines Hy : RV — R by

yeenrip

HN(il:) = thxl + ﬁN(iL'),
0o N

~ C
HN(:B) = Z ]\/'(TPU/Q . . gi1,---,ipzil e Iip-

p=2 T1yeeny ip=1

128
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The distribution of the non-linear part Hy is characterized by the mixture function £(z) =
D2 32" - there are no issues of convergence for |z| < 1+ 7 thanks to the exponential decay
assumption. We assume throughout that ¢ is not the zero function so that we study a genuine spin

glass. Hy is then a centered Gaussian process with covariance

E[Hy(z1)Hy/(xs)] = N¢ ((a:le) .

Spin glasses were introduced to model the magnetic properties of diluted materials and have
been studied in statistical physics and probability since the seminal work [SK75]. In this context,
the object of study is the Gibbs measure %)Z“(m) where 8 > 0 is the inverse-temperature, p(x)
is a fixed reference measure and Zy g is a random normalizing constant known as the partition
function. The most common choice is to take j(-) the uniform measure on Xy = {—1,1}", and
another canonical choice is the uniform measure on S¥=1(v/N). These two choices define Ising and

spherical spin glasses. The quantity of primary interest is the free energy

Fy(B) = log EwN“[eBHN(w)].

Fn(B)
N

is famously given by an infinite-dimensional variational problem known as the Parisi formula (or

The in-probability normalized limit F(8) = p-limy_, ., of the free energy at temperature 3

the Cristanti-Sommers formula in the spherical case) as we review in the next section. These free

energies are well-concentrated and taking a second limit limg_, % yields the asymptotic ground

state energies
(z)

GS(&, Ly) = p-lim max HA][V ,

N—oo TEXN

: Hy(x)
G S ,Lp) =p-lim  max .
ph(é- h> g—mo xeSN-1(V/N) N

From the point of view of optimization, spin glass Hamiltonians serve as natural examples of highly
non-convex functions. Indeed, the landscape of Hy can exhibit quite complicated behavior. For
instance Hy may have exponentially many near-maxima on 3y [Cha09, DEZ15, CHL18]. The
structure of these near-maxima is highly nontrivial; the Gibbs measures on X are approximate
ultrametrics in a certain sense, at least in the so-called generic models [Jagl7, CS21]. Moreover
spherical spin glasses typically have exponentially many local maxima and saddle points, which are
natural barriers to gradient descent and similar optimization algorithms [ABA13, ABAC13, Sub17,
AMMNT19]. The utility of a rich model of random functions is made clear by a comparison to the
theory of high-dimensional non-convex optimization in the worst-case setting. In the black-box
model of optimization based on querying function values, gradients, and Hessians, approximately

optimizing an unknown non-convex function in high-dimension efficiently is trivially impossible and
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substantial effort has gone towards the more modest task of finding a local optimum or stationary
point [CDHS17, JGN*17, AAZB*17, CDHS18, CDHS19]. Even for quadratic polynomials in N
variables, it is quasi-NP hard to reach within a factor log(N)® of the optimum [ABET05]. For
polynomials of degree p > 3 on the sphere, [BBHT 12| proves that even an approximation ratio

e(°s N)® is computationally infeasible to obtain.

Despite the worst-case obstructions just outlined, a series of recent works have found great
success in approximately maximizing certain spin glass Hamiltonians. By approrimate mazximization
we always mean maximization up to a factor (1 + ¢), where € > 0 is an arbitrarily small positive
constant; we similarly refer to a point & € Xy or € S¥~(v/N) achieving such a nearly optimal
value as an approzimate mazimizer (where the small constant ¢ is implicit). Subag showed in [Sub21]
how to approximately maximize spherical spin glasses by using top eigenvectors of the Hessian
V2Hy. Subsequently [Mon21] developed a message passing algorithm with similar guarantees for
the Ising case. These works all operate under an assumption of no overlap gap, a condition which is
expected (known in the spherical setting) to hold for some but not all models (£, £) - otherwise they
achieve an explicit, sub-optimal energy value. Such a no overlap gap assumption is expected to be
necessary to find approximate maxima efficiently. Indeed, the works [BAJ18, GJ21, GJW20b] rule
out various algorithms for optimizing spin glasses when an overlap gap holds. Variants of the overlap
gap property have been shown to rule out (1 + ¢)-approximation by certain classes of algorithms
for random optimization problems on sparse graphs [MMZ05, ACORT11, GS14, RV17b, GS17,
CGPRI19, Wei22]. Overlap-gaps have also been proposed as evidence of computational hardness
for a range of statistical tasks including planted clique, planted dense submatrix, sparse regression,
and sparse principal component analysis [GZ17, GL18, GJS19, GZ19, AWZ20]. The overlap gap

property is extensively discussed and generalized in the next chapter.

Our main algorithm consists of two stages of message passing. The first stage is inspired by the
work [Bol14] which constructs solutions to the TAP equations for the SK model at high temperature.
We construct approximate solutions to the generalized TAP equations of [Sub18, CPS22, CPS19],
which heuristically amounts to locating the root of the ultrametric tree of approximate maxima.
The second stage extends the algorithm of [Mon21], using incremental approximate message passing
to descend the ultrametric tree by simulating the SDE corresponding to a candidate solution for the

Parisi variational problem.

While the primary goal in this line of work is to construct a single approximate maximizer, Subag
beautifully observed in [Sub21, Remark 6] that an extension of his Hessian-based construction for
spherical models produces approximate maximizers arranged into a completely arbitary ultrametric
space obeying an obvious diameter upper bound. The overlap gap property essentially states that
distances between approximate maximizers cannot take certain values, and so this is a sort of
constructive converse result. In Section 4.4 we give a branching version of our main algorithm,

following a suggestion of [AM20], which constructs an arbitrary ultrametric space of approximate
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maximizers in the Ising case (again subject to a diameter upper bound). This is a converse to and

major motivation for the results of the next chapter on the branching overlap gap property.

4.1.1 Optimizing Ising Spin Glasses

To state our results we require the Parisi formula for the ground state of a mean field Ising spin

glass as given in [AC17b]. Let % be the function space

1
U = {7 :[0,1) = [0,00) : v is non—decreasing,/ ~(t)dt < oo} .
0

The functions v are meant to correspond to cumulative distribution functions - for finite 8 the
corresponding Parisi formula requires v(1) = 1, but this constraint disappears in renormalizing to
obtain a zero-temperature limit. For v € % we take ®,(¢,z) : [0,1] x R = R to be the solution of
the following Parisi PDE:

0L () 5 €(1) (D22 (1, 2) + (1) 0005 1, ))?) = 0, (4.1.1)

o (1,2) = |zl. (4.1.2)

Intimately related to the above PDE is the stochastic differential equation

dX; = ") (4)0, D4 (¢, Xy )dt + /&' (£)dBy,  Xo ~ L. (4.1.3)
which we call the Parisi SDE. The Parisi functional P : ZZ — R with external field distribution £,

is given by:

N e
Pe.c, (1) = E"E4(8,00)] = 5 [ 4" (0 (e)ar (114)
The Parisi formula for the ground state energy is as follows.

Theorem 14 ([Tal06d, Panl4, AC17b, CHL18]).
= inf P .
GS(&, Ln) ﬂ{lg% §7£h(7)
Moreover the minimum is attained at a unique v% € % .

Throughout this chapter, v# will always refer to the minimizer of Theorem 14. We now turn

to algorithms. In [Mon21], Montanari introduced the class of incremental approximate message
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passing (IAMP) algorithms to optimize the SK model. These are a special form of the well-studied
approximate message passing (AMP) algorithms, reviewed in Subsection 4.2.1. The work [AMS21]
showed that the maximum asympototic value of Hy achievable by IAMP algorithms is given by the
minimizer of P, assuming it exists, over a larger class of non-monotone functions, when £;, = dg so

there is no external field. This larger class is:

1
L = {'y :[0,1) = [0,00) : 7y is right-continuous, [|€” - ||y (o, < 0oV € [0, 1),/ )y (t)dt < oo} .
0
(4.1.5)

Here TV[0,t] denotes the total variation norm

k
Iflrviog =sup  sup S IF(t) = f(tio)l-
n 0<to<t:<--<tp<t§
The Parisi PDE (4.1.4) and associated SDE extend also to .. We denote by 72 € .# the minimizer
of P over .Z, assuming that it exists. Note that uniqueness always holds by Lemma 4.1.3 below.
We define the support supp(y) of v € £ to be the closure in [0,1) of S(y) = {z € [0,1) : v(z) > 0}.
Note that this is not the same as the support of the signed measure with CDF ~.

Theorem 15 ([Mon21]). For the Sherrington-Kirkpatrick model with L;, = do and &(z) = x2/2,
suppose infycy P(7) is achieved at a strictly increasing function Y% . Then for any € > 0 there

exists an efficient AMP algorithm which outputs o € X satisfying

HN(O')
N

€ [P() — &, P(1) +¢]
with probability tending to 1 as N — oo.

The Parisi formula implies that P(y#) coincides with the ground state energy in the SK model.
Thus, under the hypothesis that the minimizer 7% is strictly increasing (which is supported by
numerical simulations [CR02, OSS07, SO08]), Theorem 15 succeeds in efficient optimization up to

o(1) relative error.

We expand upon our use of the word “efficient” in Subsection 4.2.1 — in short, it means that
Oc(1) evaluations of VHy and first or second partial derivatives of ®,, are required. In general,
minimizing over the larger space . instead of % may decrease the infimum value of P, so that
IAMP algorithms fail to approximately maximize Hy. However if v% is strictly increasing, then

the infima are equal.

We now present our new results for more general mixed p-spin models in the presence of a
non-trivial external field h with coordinate distribution L, # Jg. We first point out the external
field requires a qualitatively new idea. Indeed the following proposition shows that any nonzero h

forces v# (t) = 0 in a neighborhood of ¢ = 0, hence the strictly increasing assumption above cannot
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apply. The proof is exactly the same as [Pan, Lemma A.19] (the same result stated for positive

temperature).

Proposition 4.1.1. We have 0 € supp(y%) if and only if L}, = 5.

Despite this, we will show that approximate maximization is still possible if y# is strictly in-
creasing on [g,1) for ¢ = inf (supp(v#)). If this condition holds, we give a two-phase approximate
message passing algorithm which first locates a suitable point m, with L? norm ||| ~ /qIN, and

then proceeds as in the no-external-field case. The relevant condition is precisely defined as follows.

Definition 4.1.2. For v, € &, let ¢ = inf(supp(y«)). We say 7. is q-optimizable if, with X;
given by (4.1.3):
E[0,®,, (t,X;)?] =t, t€]g1). (4.1.6)

We say v. € £ is optimizable if it is q-optimizable for ¢ = inf(supp(v.)). We say that (&, Ly) is
optimizable, or equivalently that the no overlap gap property holds for (€, Ly), if the function v%

is optimizable.

Our preliminary numerical simulations suggest that the SK model retains the no overlap gap
property with any constant external field £, = §;,. However proving this conjecture rigorously for

any value of h seems difficult.

For ¢ € [0,1), let £, = {y € £ : inf(supp(y)) > g} conmsist of functions in # vanishing on
[0,¢). The next lemma shows optimizability is equivalent to minimizing P over either £ or .Z;. It
is related to results in [AC15, JT16] which show that (4.1.6) holds at points of increase t foriyf/.
The proof is given in Appendix B.

Lemma 4.1.3. For v, € £ and q = inf(supp(v.)), the following are equivalent:

1. 7, 18 optimizable.
2. P(v+) = inf e P(y).

3. P(v.) = infye ¢, P(7).
Moreover if a minimizer exists in either variational problem just above, then it is unique.

Lemma 4.1.3 implies that any optimizable ~, is in fact the unique minimizer 72 € .Z of the Parisi
functional. However throughout much of the chapter we will use v, to denote a general optimizable
function without making use of this result. We made this choice because while Lemma 4.1.3 is

important to make sense of our results, it is not necessary for proving e.g. Theorem 37 below.
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Theorem 16. Suppose v, € £ is optimizable. Then for any ¢ > 0 there exists an efficient AMP
algorithm which outputs o € X such that

HN(O'>
N

€ [P('V*) -5 P(’Y*) + E]

with probability tending to 1 as N — co.

Lemma 4.1.4. Ifv% strictly increases on lq,1) for q= inf(supp(v%)), then no overlap gap holds,

i.e. v¥ is optimizable.

Corollary 4.1.5. Suppose no overlap gap holds. Then for any € > 0 an efficient AMP algorithm
outputs o € Xy satisfying

HN(O')
N

€ [GS(&,Ly) —e,GS(E, L) + €]

with probability tending to 1 as N — oo.

Remark 4.1.1. Unlike for % the infimum inf. ¢ & P(y) need not be achieved, i.e. an optimizable
v« need not exist. For instance, one has £’(0) = 0 whenever ¢; = 0. On the other hand if v is

optimizable, Corollary B.1.6 and Lemma B.2.5 (with ¢ = 0) yield

t
/ €(5) E[0nn @ (5, X,)2)ds = E[0, 0., (, X))2] 2, t>0.
0

In light of Lemma B.1.7 the integrand on the left-hand side is O(¢”(s)) = o(1) so the above cannot
hold for small ¢. Hence if c; = 0 there exists no optimizable ~,. We conjecture that conversely a

minimizing v € . exists whenever ¢, > 0, but we do not have a proof.

Remark 4.1.2. By the symmetry of H ~, the external field can also be a deterministic vector
h = (h1,...,hn). As long as the empirical distribution of the values (hi)ie[N] is close to Ly, in
W, distance and the external field is independent of H N, exactly the same results hold. Indeed, in

Theorem 39 we establish state evolution in this generality.

We conclude this subsection with some comments regarding our choices of terminology. Our
definition of optimizability is closely related to “full” or “continuous” replica symmetry breaking. For
example, the definitions of full RSB used in [Mon21, Sub21] essentially coincide with 0-optimizability.
However these terms seem to be slightly ambiguous, as they can also refer to functions v# which
are strictly increasing on any nontrivial interval instead of being piece-wise constant as in finite
replica symmetry breaking. For example, the physics paper [CKP114] describes “the case where
the function A(z) is allowed to have a continuous part: this can be thought as an appropriate limit
of the k-RSB construction when & — oo and is therefore called ‘fullRSB’ or ‘co-RSB’ ”. Adding to
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the potential confusion, [ACZ17] uses the term “infinite step” RSB to refer to functions v# with

infinity many points of increase, possibly at a discrete set. We therefore use “no overlap gap”

as an
unambiguous term for the condition that v is optimizable, while keeping in mind that it closely is

implied via Lemma 4.1.4 by a strong, specific form of full replica symmetry breaking.

4.1.2 Branching IAMP and Spherical Spin Glasses

Under no overlap gap, one expects that any finite ultrametric space of diameter at most ,/2(1 — q)
(with size independent of N) can be realized by approximate maximizers of Hy. In fact a modifi-
cation of our ¢-IAMP algorithm is capable of explicitly producing such realizations. In Section 4.4
we give a branching ¢-IAMP algorithm which for any finite ultrametric space X and optimizable 7.
constructs points (;)zex such that % ~ P(v,) and % ~ dx(z,y) for each z,y € X.
The idea is to occasionally reset the IAMP part of the algorithm with external randomness. A

similar strategy was proposed but not analyzed in [AM20].

Theorem 17. Let v, € £ be optimizable, and fix a finite ultrametric space (X,dx) with diameter
at most /2(1 — q) as well as € > 0. Then an efficient AMP algorithm constructs points {o,|x € X}
i Xy satisfying

Hxoe) ¢ )~ e Py 14, e x.

o =l

VN

with probability tending to 1 as N — oo.

ldx (z,y) —e,dx(z,y)+¢], z,yeX

In Section 4.5 we give corresponding results for spherical spin glasses, extending [Sub21] to the
case of non-trivial external field. At zero temperature, [CS17, Theorem 1] determines the free energy
in spherical spin glasses based on a positive, non-decreasing function « : [0,1) — [0, 00) as well as a
constant L. (See also [JT17] for related results.) More precisely, they show the asymptotic ground

state energy is given by the unique minimizer to the variational problem:

GSSPh (gv h) = LI,I;leien]C Q(L? Oé); (417)

]C:{(L,a)e(Qoo)x% : L>/01a(s)d8};

20tt.0) =€+ 10— [ ¢ ([ ats)arr [ 3

94
L— [fa(s)ds

The associated definition of no overlap gap is as follows.
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Definition 4.1.6. The spherical mized p-spin model is said no overlap gap if for some 9 € [0,1),
the unique minimizing o € % in (4.1.7) is strictly increasing on [q_,,1) and satisfies a(q) =0 for

2sph’
q= gsph'

Unlike the Ising case, we do not formulate a generalized variational principle and only show how
to achieve a natural energy value, which coincides with the ground state energy when no overlap
gap holds by [CS17, Proposition 2]. We also exactly characterize the spherical models exhibiting no

overlap gap, which slightly extends the same result.

Theorem 18. Suppose & and Ly, satisfy E[h?] + &' (1) < £"(1), and let Do © (0,1) be the unique
solution to E[h?] + f’(qsph) = gsphg"(gsph). Then the spherical spin glass with parameters &, Ly, has

no overlap gap if and only if € (q)~'/? is concave on q € |

[gsph’

Do 1], in which case « is supported on

1] and takes the explicit form

0, s €0,
Oé(s) = { ¢ [ gSph)

w8 € 1l

Moreover the ground-state energy satisfies

1
GSsph(ga ‘Ch) 2 gsph \/ €I/<gsph) + / \% §”(q)dq
q

Loph

with equality if and only if no overlap gap occurs.

Theorem 19. Suppose & and h ~ Ly, satisfy E[h?]+&'(1) < £”(1), and let Qypn € (0,1) be the unique

. 2 _ . . . .
solution to E[h?] +§’(gsph) = gsphf”(gsph). Then there exists an efficient AMP algorithm outputting
o € SNL(VN) such that

o 1
I g )+ [ Ve

Leph

If on the other hand E[h?] + &'(1) > ¢&"(1), then there is an efficient AMP algorithm outputting
o € SNYV/N) with

H%U) ~ VE[R?] +¢(1).

Remark 4.1.3. If E[h?] +&'(1) > ¢”(1) then the model is replica-symmetric by [CS17, Proposition
1]. When E[R?] 4 &/(1) < £"(1), the function f(q) = ¢¢”(q) — ¢'(¢) — E[h?] is increasing and satisfies
f(0) <0 < f(1), hence has a unique root Ao € (0,1).
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4.2 Technical Preliminaries

We will use ordinary lower-case letters for scalars (m, z, . ..,) and bold lower-case for vectors (m, x).
Ordinary upper-case letters are used for the state-evolution limits of AMP as in Proposition 4.2.3
such as (XJ‘.;7 Z]‘XN;S) as well as for continuous-time stochastic processes such as (X, Z¢, Ny). We
denote limits in probability as N — oo by p-limy_, . (-). We write z ~ y to indicate that

p-limy_, (x — y) = 0 where z,y are random scalars.

We will use the ordinary inner product (x, y) = Zf\il x;1; as well as the normalized inner product
(¢, y)n = w Here ¢ = (z1,...,zn) € RY and similarly for y. Associated with these are
the norms ||z|| = \/(z,z) and ||z||xy = /(z,z)n. We will also use the notation (z)y = ZLN:TN?
Often, for example in (4.2.2), we apply a scalar function f to a vector € RY. This will always
mean that f is applied entrywise, i.e. f(z1,...,zn) = (f(21),..., f(zn)). Similarly for a function
f:RAT 5 R, we define

f(x0,xt,. .. x") = (f(x?,x%,...,x‘{), f@S,2d, o xh), o f( ?V,x]l\,,...,xgv)) eRY.  (4.2.1)

The following useful a priori estimate shows that all derivatives of 2 have order 1 in the || - || v
norm. Note that we do not apply any non-standard normalization in the definitions of gradients,

Hessians, etc.

Proposition 4.2.1 ([BASZ20, Corollary 59]). Fiz a mizture function &, external field distribution
Ln, k € ZT,n € RY, and assume that the coefficients of & decay exponentially. Then for suitable
C= C(ga ‘Cha ka 77):

P sup  ||[VFHy(z)|| S CN'"5| > 1— e 2N,
| <(1+m) VN

4.2.1 Review of Approximate Message Passing

Here we review the general class of approximate message passing (AMP) algorithms. AMP algo-
rithms are a flexible class of efficient algorithms based on a random matrix or, in our setting, mixed
tensor. To specify an AMP algorithm, we fix a probability distribution py on R with finite second
moment and a sequence fy, fi, ... of Lipschitz functions f, : R — R, with f_; = 0. The functions

fe will often be referred to as non-linearities. We begin by taking 2° € RY to have i.i.d. coordinates
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(29)ie(n] ~ po- Then we recursively define z', 2%, ... via
Ze+1 = VHN(fg(ZO, .. '7Z€)) - Zdﬁ,jfjfl(zoa . ~7zj_1)7 (422)
j=1
el 0 V4 0 j—1 of 0 L
dej =¢§ (<fg(z veen2), fim(2Y, 2 )>N) -E ﬁ(Z AP (4.2.3)

Here the non-linearity f; is applied coordinate-wise as in (4.2.1). Moreover Z° ~ po while (Z%)s>1

is an independent centered Gaussian process with covariance Qe ; = E[Z*Z7] defined recursively by
Qf'ﬁ‘l;j-ﬁ-l :gl (E [fé (Z07"' ’Zé) fj (Zoa"' aZj)])’ t,j > 0. (424)

The key property of AMP, stated below in Proposition 4.2.3, is that for any ¢ the empirical
distribution of the N sequences (z},zf,...,zf)iew] converges in distribution to the law of the

Gaussian process (Z1,..., Ze) as N — oo. This is called state evolution.

Definition 4.2.2. For non-negative integers n,m the function 1 : R® — R is pseudo-Lipschitz if

for some constant L and any x,y € RY,

[(x) = ()l < LA+ |zl + lyDllz = yll-

Proposition 4.2.3. For any pseudo-Lipschitz 1 : R‘t1 — R, the AMP iterates satisfy

p-lim (¢ (2°,---,2°)), =E[¢ (2°,---,2%)]. (4.2.5)

N—oc0

The first version of state evolution was given for Gaussian random matrices in [Boll4, BM11b].
Since then it has been extended to more general situations in many works including [JM13, BLM15,
BMN19, CL21, Fan22]. As state evolution holds for essentially arbitrary non-linearities f, it allows

a great deal of flexibility in solving problems involving random matrices or tensors.

We remark that when proving state evolution in Theorem 39, we phrase the result in terms of a
random mixed tensor W, i.e. a sequence of p-tensors (W e (RV )®P)p>2. The two descriptions
are equivalent because W is constructed so that - -, c,,(W(p)7 x®P) = Hy(z). While the tensor
language is better suited to proving state evolution, for our purposes it is more convenient to express
AMP just in terms of ﬁN and VﬁN.

Let us finally discuss the efficiency of our AMP algorithms. The algorithms we give are described
by parameters ¢ and £ and require oracle access to the function @, (¢, ) and its derivatives. We do
not address the complexity of computing ®.,, (¢, z). However as stated in [Mon21] it seems unlikely to
present a major obstacle because solving for 7% is a convex problem which only must be solved once

for each (&, £). Moreover [AM20] demonstrates that these algorithms are practical to implement.
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In the end, our algorithms output rounded points o with o; = sign(fz(2?,...,2Y)) for a large

value £ = £(q,£). The outputs satisfy

H
lim lim p-lim (o) =H,
g—1L0—00 N oo

for some asymptotic energy value H,. To achieve an e-approximation to the value H,, the parameters
q and £ must be sent to 1 and oo which requires a diverging number of iterations. In particular
let x denote the complexity of computing VHy at a point and let x; denote the complexity of
computing a single coordinate of VHy at a point. Then the total complexity needed to achieve
energy H, —eis C(e)(x + N)+ Nx1. When £ is a polynomial this complexity is linear in the size of
the input specifying Hpy. In the statements of our results, we refer to such algorithms as “efficient
AMP algorithms”.

4.2.2 Initializing AMP

Here we explain some technical points involved in initializing our AMP algorithms and why they
arise. First, we would like to use a random external field h; which varies from coordinate to coor-
dinate. In the most natural AMP implementation, this requires that the non-linearities f; corre-
spondingly depend on the coordinate rather than being fixed, which is not allowed in state evolution.
Second we would like to use many i.i.d. Gaussian vectors throughout the branching version of the
algorithm. However Proposition 4.2.3 allows only a single initial vector z° as a source of external
randomness independent of Hy. One could prove a suitable generalization of Proposition 4.2.3,
but we instead build these additional vectors into the initialization of the AMP algorithm as a
sort, of preprocessing phase. To indicate that our constructions here are preparation for the “real

algorithm”, we reparametrize so the preparatory iterates have negative index.

We begin by taking po = L5 to be the distribution of the external field itself, and initial-
ize (27%); = h; ~ L, for some constant K € Z*. We then set f (27 %) = Ehz:iﬁi[}ﬁ] and
fou(z7E ..., 27F) = z7F for 2 < k < K. Finally we set f_1(z7%,...,27!) = cz7! for some
constant ¢ > 0 which the algorithm is free to choose. (Note that the functions f_j correspond to

entry-wise applications of the form in (4.2.1).) State evolution immediately implies the following

Proposition 4.2.4. In the state evolution N — oo limit, (z;K,...7z?) converges in distribu-

tion to the law of an independent (K + 1)-tuple (Z=5,Z=K+1 771 7% with Z=K ~ L,
(Z=K+1 ., Z7Y) ~ N(0,Ix_1) i.i.d. standard Gaussian, and Z° ~ N(0, c2).

In fact taking K = 1 suffices for the main construction of this chapter. In Section 4.4 we require
larger values of K for branching IAMP, where the iterates (z=5+1 ... 271) serve as proxies for

i.i.d. Gaussian vectors.
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Remark 4.2.1. Because the sum defining the Onsager correction term in (4.2.2) starts at j = 1,
the effect of the external field h; on future AMP iterates does not enter into any Onsager correction

terms in this chapter.

4.2.3 Properties of the Parisi PDE and SDE

Quite a lot is known about the solution ®, to the Parisi PDE. The next results hold for any v € .&
and are shown in the Appendix. Similar results for v € % appear in [AC15, JT16]. The following

two propositions are shown (with some rearrangement) in Lemmas B.1.2 and B.1.4.

Proposition 4.2.5. For any v € Z, the solution ®.,(t,x) to the Parisi PDE is continuous on

[0,1] X R, convez in x, and further satisfies the following regularity properties for any e > 0.
(a) 05® € L>=([0,1 — ¢; L*(R) N L>(R)) for j > 2.
(b) 0,® € L>=([0,1] x R) and 8,;05® € L>([0,1 — €]; L*(R) N L>(R)) for j > 1.
Proposition 4.2.6. For any v € £, ®. satisfies
|0 @ (t, )| <1
for all (t,z) € [0,1] x R.
The next proposition is shown in Lemma B.1.5.

Proposition 4.2.7. For any v € &, the Parisi SDE (4.1.3) has unique strong solution (X;):ejo,1)

which is a.s. continuous and satisfies

0, (¢, X1) = / " JE() 0, (5, X.) B, (4.2.6)
0

Finally we give two additional properties for optimizable ~,, which are proved in Chapter B.

Lemma 4.2.8. If v, € .Z is q-optimizable then it satisfies:

B[00 ®-, (t, X¢)?] = gul(t)’ t>gq, (4.2.7)

E[0,,®., (1, X)) = / Cs)ds, e 0.1] (4.2.8)




CHAPTER 4. OPTIMIZING SPIN GLASSES VIA AMP 141

4.3 The Main Algorithm

In this section we explain our main AMP algorithm and prove Theorem 37. Throughout we take

Y« € £ to be g-optimizable for ¢ = inf(supp(v.)) € [0,1).

4.3.1 Phase 1: Finding the Root

Here we give the first phase of the algorithm, which proceeds for a large constant number £ of
iterations after initialization and approximately converges to a fixed point. The AMP iterates

during this first phase are denoted by (w")_<xr<¢. We rely on the function

f(@) = 0.2, (¢, )

and use non-linearities
-K
feth,w 5H 0wl wh o w”) = f(h 4+ w")

for all k£ > 1. (As a reminder, if f is a scalar function, f(x*) is evaluated entrywise as explained in
(4.2.1).) Proposition 4.2.5 implies that each f; is Lipschitz, so that state evolution applies to the

AMP iterates. In the initialization phase we take ¢ = ,/¢’(¢) as described in Subsection 4.2.2, so

0

that the coordinates w; are asymptotically distributed as centered Gaussians with variance ¢’(q) in

the N — oo limit. Moreover we set m* = f(x*) where ¥ = w* + h. This yields the following

iteration.

W't = VHy(f(@") = f(@* )" ((f@), f@" ) n) (V) n (4.3.1)
= VﬁN(mk) — mk71§,/ (<mkamk71>N) <azz(1)7* (g7 :Bk)>N7
xk+1 _ wk+1 4 h

mF = f(z*) = fr(w").

Lemma 4.3.1. For f as defined above, h ~ Ly, and Z ~ N(0,1) an independent standard Gaussian,

EhZ [f (h vz 5/(q))1 —q (4.3.2)

2 1
EMZ {f’ (h+Z ¢(q ) } - 433
Proof. The identities follow by taking ¢ = ¢ in the definition of optimizability as well as Lemma 4.2.8.
Here we use the fact that X; = Xo 4+ Z1/&’(t) is a time-changed Brownian motion started from X

fortgg. O
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Next with (Z, Z’, Z") ~ N(0, I3) independent of h ~ L}, define for ¢t < &'(q) the function

o(t) = 222" [f (h+zﬁ+ Z'\/€(q) — )f (h+ ZVt+ 27"\ /¢(q )—t)} (4.3.4)

Define also ¢(t) = &' (¢(t)). It follows from (4.3.2) that

<
—~
l/\f\\»
—
)

N
Nt
IS

(4.3.5)

Lemma 4.3.2. The function v is strictly increasing and strictly convex on [0,&'(q)]. Moreover

Finally ¢ (t) >t for allt < &'(q).

Proof. Using Gaussian integration by parts as in [Boll4, Lemma 2.2], we find

o (t) = h’Z’IZE/’Z” { (foJr V&' (@) - ) (\fZ+ N tZ”)]

¥ [ iz 2]

f—/(\/ZJr ¢(q) —tZ ) (\fZ+\/7tZ”)}
C i )]

These expressions are each strictly positive, as the optimizability of v, implies that f’, f” are not

S
/ﬂ\
N
Il
=
N —

identically zero. Therefore ¢ is increasing and convex. Since &’ is also increasing and convex (being
a power series with non-negative coefficients) we conclude the same about their composition ¢. The
values ¥ (&'(q)) = €'(¢) and ' (£§'(q)) = 1 follow from Lemma 4.3.1 and the chain rule. Finally the
last claim follows by strict convexity of ¥ and ¢¥'(¢'(q)) = 1. O

Next, let h, W1 (W7, X7, M7),>¢ be the state evolution limit of the coordinates of

-1 .0 .0 .0 k ok ook
(h,w™  ,w’,x’,m’,...,w" " m")

as N — oo. Hence each W7 is a centered Gaussian and X7 = W7 + h, MJ+1 = f(X7) hold for

j > 0. Define the sequence (ag, a1, ...) recursively by ag = 0 and ax11 = ¥(ag).
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Lemma 4.3.3. For all non-negative integers 0 < j < k, the following equalities hold:

E[(W7)?] =€ (q) (4.3.6)
E[WIW*] = (4.3.7)
E[(M )2]= (4.3.8)
E[M7M*] = ¢(a;). (4.3.9)

Moreover (W7),>¢ is independent of h.

Proof. We proceed by induction on j, first showing (4.3.6) and (4.3.8) together. As a base case,
(4.3.6) holds for j = 0 by initialization. For the inductive step, assume first that (4.3.6) holds for j.
Then state evolution and (4.3.5) yield

E[(M)?]=¢(() =q

so that (4.3.6) implies (4.3.8) for each 7 > 0. On the other hand, state evolution directly implies
that if (4.3.8) holds for j then (4.3.6) holds for j + 1. This establishes (4.3.6) and (4.3.8) for all
Jj=0.

We similarly show (4.3.7) and (4.3.9) together by induction, beginning with (4.3.7) when j = 0.
By the initialization of Subsection 4.2.2 it follows that the random variables h, W1, W are jointly
independent. State evolution implies that W*~! is independent of W~ for any k > 0. Then state
evolution yields for any k > 1:

EW'W*] = ¢ (E[M ' M*1)
— ¢ (B [ W)
=¢'(0)
=0.

Just as above, it follows from state evolution that (4.3.7) for (4, k) implies (4.3.9) for (4, k) which
in turn implies (4.3.7) for (j +1,k+1). Hence induction on j proves (4.3.7) and (4.3.9) for all (j, k).
Finally the last independence assertion is immediate from state evolution just because h is the first

step in the AMP iteration. O

Lemma 4.3.4.
lim ax = ¢'(q).
k—o0 =
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Proof. Since 1 is strictly increasing and maps [0,£&'(q)] — [0,&'(g)], it follows that (ax)p>o0 is a
strictly increasing sequence with limiting value in [0,£'(¢)]. Let aoe = limy o ap be this limit.
Then continuity implies 9/(ao0) = aoo Which by the last part of Lemma 4.3.2 implies a., = £'(q).
This concludes the proof. O

We now compute the limiting energy

m
lim p-lim N (my)
k—00 N 300
from the first phase. Since the first phase is similar to many “standard” AMP algorithms, this step
is comparable to the computation of their final objective value, for example [DAM17, Lemma 6.3].
This computation is straightforward when Hy is a homogeneous polynomial of degree p, because

one can just rearrange the equation for an AMP iteration to solve for
Hy(m") = p~H(m" VHy(mh")).

However it requires more work in our setting because VH n~ acts differently on terms of different
degrees. We circumvent this mismatch by applying state evolution to a ¢t-dependent auxiliary AMP

step and integrating in t.

Lemma 4.3.5. With X; the Parisi SDE (4.1.3),

lim p-lim %{mk) =&(q)-E [awwq)’y* (@h +7Z 6’@” +E [h 0P, (Qah +2Z gl(ﬂ)ﬂ

=¢(q)-E [81;1(1)7* (g, Xg)} +E [h < O0p P, (g, Xg)} .

Proof. The equivalence of the latter two expressions follows from the fact that X, ~ Xo+N(0,&'(g))

so we focus on the first equality. Observe that

HN(mk)

N = (h,mk>N+/01<mk,VﬁN(tmk))th (4.3.10)

holds for any vector m* by considering each monomial term of Hy. Our main task now reduces to
computing the in-probability limit of the integrand as a function of t. Proposition 4.2.1 ensures that
t — (m* VHy(tmF))y is Lipschitz assuming ||m*|y < 1+ o(1). This holds with high probability
for each k as N — oo by state evolution and Proposition 4.2.6, so we may freely interchange the

limit in probability with the integral.

To compute the integrand (m*, VHy (tm*))y we analyze a modified AMP which agrees with

the AMP we have considered so far up to step k, whereupon we replace the non-linearity fi.(h, z"*) =



CHAPTER 4. OPTIMIZING SPIN GLASSES VIA AMP 145

f(x* + h) by
fe(h,2) =t fu(x®)

for arbitrary ¢ € (0,1). We obtain the new iterate
y*H(t) = VHy (tm") — tmF =L (t(mF m* 1) v) (' (2F)) v
Rearranging yields

(m*, VHy (tm"))x = (m*, g+ (1) 5 + tim", m" ) n€” (tm" m* ) ) (@)

~ (m*, y" (1) + tar1€” (to(ar-1)){ ("))~

We evaluate the N — oo limit in probability of the first term, via the state evolution limits
Wk XF Yk+1(t). State evolution directly implies

EW YR (1) = €/(¢ - E[M* ' MY]) = ¢ (t¢(ar—1)).
Since h is independent of (W*, Y**1) we use Gaussian integration by parts to derive

E[f(XM)YHL(0)] = E[f(h+ WF)Y* (1))
= E[f'(h+ WO - E[WrY* (1))

—E[f (h+2/e@)] € t6(ar-1).
Integrating with respect to t yields

[ P war =& [ (14 2Je1@)] - [ € totan0) + to(as € to0s )
(4.3.11)

=E 000, (a.h+2/¢(@)] - t€ (t6(ar-1))] i (4:312)

Finally the first term in (4.3.10) gives energy contribution

(h,m")y ~E[h- f(Z\/¢(q))]

=F {h 0D, (Qv h+2 5/@))] '

Since limy o0 ar—1 = &'(q) and (' (q)) = £'(¢) combining concludes the proof. O
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4.3.2 Phase 2: Incremental AMP

We now switch to TAMP, which has a more complicated definition. We will begin from the iterates
xt, mt from phase 1 for a large ¢ € Z+. We relegate several proofs to Section 4.6. First define the

functions

u(t,z) = 0pa @, (t,2), v(t,x) =" ()74 (£) 0P, (L, ).

Set g9 = ¢(a%7 y—1land § = ¢ (q(1 4 €0)?) — € (q); observe that £9,8 — 0 as £ — co.! Define
the sequence (¢2)¢>¢ by ¢) = q+ (£ —1£)é. Fix q € (¢,1); the value g will be taken close to 1 after
sending £ — co. In particular we will assume § < 1 — g holds and set £ = min{/ € Z* : qg > g}
Also define

nt = (1+¢o)mt

Set 2t = wt. So far, we have defined (zf, 2£, n%). We turn to inductively defining the triples

(x*, 2%, nt) for £ < ¢ < 7. First, the values (2%),>¢ are defined as AMP iterates via

4
= VHN(fe(2°,-++,2) = D) dejfi-1(20, 277,
=0 (4.3.13)

doj=¢" (E [fg(Z(J’,..,Zz)fjil(ZO’”_’Zj—l}) ) Bﬁ( 20

(The non-linearities f;, will be specified below). The sequence (z‘*1);>, is defined by

As usual, v(q?, -) is applied component-wise so that v(q?, xl); = fu(q??mg). Next define the scalar

function

Su(ql, )
(5'((1?) - 5’(‘12_1)) E [ (anX[s) ]

and consider for ¢ > ¢ the recursive definition

up(z) =

¢
ntt=nt4 Zu‘s (z7) (271 — 27) (4.3.14)

=n'+u) (z) (2 - 2°).

1When q =0, g0 is not defined. In this case we simply take 6 > 0 small and begin TAMP at nt = (vV5,V5,...,V/9).




CHAPTER 4. OPTIMIZING SPIN GLASSES VIA AMP 147

We define the non-linearity f; : R‘*! — R to recursively satisfy

It is not difficult to verify that the equations above form a “closed loop” uniquely determining

¢ 2% n%) >, Since (zf,nf) is determined by the sequence (ze .o, 25) we may define

the sequence (x
the state evolution limiting random variables (X¢, N¢, Z2)s>,. We emphasize that the IAMP just
defined is part of the same ¢-AMP algorithm as the first phase defined in the previous subsection.
However the variable naming has changed so that the main iterates are z¢ for £ > ¢ rather than w’
for £ < £. In particular there is no problem in applying state evolution even though the two AMP

phases take different forms.

To complete the algorithm, we output the coordinate-wise sign o = sign(nz) where

The key to analyzing the AMP algorithm above is an SDE description in the § — 0 limit. Define
the filtration
F =0 ((Z),ND)o<r<t) (4.3.15)

for the state evolution limiting process.

Lemma 4.3.6. The sequences (Zg7 ZEH, ...) and (Ng, NZH, ...) satisfy for each £ > L:

E[(Z31 = Z0)Z]]
E((Z41 — 20)°| 7))
E[(Z))?]

E[(N7yy — ND)IF]
E[(N{y1 — N7 )]
E[(N7)’] = 441

, foralll+1<j5<¢

0

fl(%+1) f(%)
¢'(a))]
0
0

From Lemma 4.3.6 and the fact that (Zg, Zg+17 ... ) form a Gaussian process, it follows that there
is a coupling with a standard Brownian motion (Bj);c[o,1) such that foqg \/WdBt = 7} for each
£. Denote by (F)icjo,1) the associated natural filtration. Recall that X; is defined as the solution
to the SDE

dX; = 7. (£)0, D, (t, X, )dt + /€7 (t)dB,



CHAPTER 4. OPTIMIZING SPIN GLASSES VIA AMP 148

with initialization X ~ L. Recalling Proposition 4.2.7, define processes (N, Z)¢cjo,1) by

Nt = 8;5(1)7* (t, Xt)
t

V& (s)u(s, Xs)dBs,

| -a\

Zy = /Ot V€ (s)dB,.

The next lemma states that these continuous-time processes are the § — 0 limit of (X2, N?, Z¢) >y

Lemma 4.3.7. Fizrq € (q,1). There exists a coupling between the families of triples {(Z9, X5, N3)}eso
and {(Z;, X¢, Ni) }i>0 such that the following holds. For some 6y > 0 and constant C' > 0, for every
0 < 9y and £ > £ with gy < q§ we have

5 2

max E (X7 - x,)°| <3,
5 2

Jax E (V7 = N,,)*] < .

Lemmas 4.3.6 and 4.3.7 are proved in Section 4.6.

4.3.3 Computing the Final Energy

In this subsection we establish Theorem 37 by showing limg_,; limy_,oc p-limy_, o Hf‘]’\g") = P(7.).

First we show that the replacements mf — nt and n? = & have negligible effect on the asymptotic

value attained.

Lemma 4.3.8.

Hy(o) — Hy (n?)
lim i -li =0 4.3.16
i oy — ’ .

HN(mﬁ) — HN(nﬁ)
N

lim p-lim =0. (4.3.17)

£—00 N 00

Proof. Proposition 4.2.6 implies that Ny € [—1,1] almost surely, while optimizability of 7, implies
that E[(V;)?] = ¢ for t € [g,q]. It follows that

lim lim p-lim ||nz - sign(nZ)HN = 1im1 \/IE {(Nq — sign(N;))?
q—

§—1L—00 N0

=0.
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The limit (4.3.16) follows from Proposition 4.2.1 with k = 1. (4.3.17) follows similarly as

nt — mt = eomt

and g9 — 0 as £ — oo while p-limy_,  ||[m%|x < 1 thanks to Proposition 4.2.6. O

In the next lemma, proved in Section 4.6, we compute the energy gain during IAMP.

Lemma 4.3.9.

lim lim p-lim Hy (n) — Hy (n) = /1 E"(OE [u (t, Xy)] dt. (4.3.18)

q—1L—00 N300 N

We now put everything together. Recall from Lemma 4.3.5 that

lim pelim 22X _ ) 0000, (0. %,) | +E[n- 0.2, (0. %,)].

£—00 No0 N

Proposition 4.2.7 implies that the process 0,®-, (¢, X;) is a martingale, while Lemma 4.2.8 states
that Elu(t, Xt)] = E[022P,, (t, X¢)] ft v«(s)ds. Substituting, we find

Hy(mt !
hmpmmNg”)zsmyévaww+Emm¢%mw»

£—00 N0 -

Using again that E[u(t, X;)] j; v«(8)ds, the right-hand side of (4.3.18) is

lim lim p-lim fi (nK)N H () = /1 &"(t) /1 «(s)dsdt

G—140—00 Noo
//5” v« (8)dtds

- [ @

=A?@mm&f@4%@m
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Combining with Lemma 4.3.8 yields

H 1 7 7
lim lim p-lim No) _ = lim lim p- hmﬁ (HN (sign(nz)) — Hy (ne)

q—14—00 N300 g—14—00 N 500
4 Hy () = Hy () + Hy (nf) — Hy (m?) + Hy (m >)

=B 0,0, (0.1 + [ €. (13.19)
0

Having computed the limiting energy achieved by our ¢-AMP algorithm, it remains to verify
that the value in Equation (4.3.19) is equal to P¢ ,(.). Define

U (t,2) = @ (t 7) — 20,0, (t,2)

for (¢t,z) € [0,1] x R.

Lemma 4.3.10. For h ~ Ly, ¢ > q, and X; as in (4.1.3),

E[®,.(0,)] = 9@, (0, h)] + E [V, (g, Xq)]

N |

[
= (O (O E 0,8, (t, X0)?] dt + / () E (050, (1, X)) dt.
0 0

Proof. We write
B[, (s, Xs)] [s=edt
E[®, (s, Xs) — X,0:®_ (5, X,)] |s—edt
(1)1 () E [0:D,, (¢, X,)?] dt
- /O ) B (0,0 (2, X)) d.
Rearranging shows:

E[®,, (0, Xo)] = E[X00: . (0, Xo)] + E[V,, (7, Xg)]

/f” )va (¢ 8<I>%(t X;)? dt+/ " () E (042D, (t, X)) dt.

As Xo = h this concludes the proof. O
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Proof of Theorem 387. Note that v.(t) > 0 implies ¢ > ¢ and hence by optimizability
E[(0:®-. (t, X¢))*] = t.

Meanwhile for any ¢ € [0, 1],
1
E[0,.0,. (1. X)) = [ ()3
t

Therefore
1 a 1 a " !
B (0.0) = 10,8, 0.1) + B[V, @ X9l + 5 [ €Onorar+ [ &0 [ q(sasa
Recalling (4.1.4), we find
1 1
P(7) = E[2,.(0,h)] - 5 ; € (t)ys (t)tdt
q 1
= hd,®,.(0,h) +E[¥, (7, Xg)] + / " (t) / Vu(s)ds dt + 0g1(1).
0 t

It is not hard to show that limg 1 ¥.,, (¢, ) = 0 holds uniformly in 2. Moreover

q 1 1 1
lim ; 13 (t)/t 7*(s)dsdt=/0 ¢ (t)/t s (s)ds dt

qg—1

Combining the above and comparing with (4.3.19) yields

1
P(1) = E [hd, ., (0, )] + / £/(s)7. (s)ds

HN(0'>

= lim lim p-lim
§—1L—00 N0

This completes the proof of Theorem 37. O

4.4 Constructing Many Approximate Maximizers

Here we explain the modifications needed for branching TAMP and Theorem 17. The proofs are a
slight extension of those for the main algorithm, and in fact we give many proofs for TAMP directly

in this more general setting in Section 4.6. Let us fix values Q = (q1,...,¢mn) with ¢ < q1 <--- <
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¢m < 1 and an index B € [m]. To construct a pair of approximate maximizers with overlap qp we
first construct nf exactly as in Subsection 4.3.1. For each i < B, set gl41) = gl(4:2) = z=ki1 —
zFi2 € RN for some ki1 = k; 2 < K as in Subsection 4.2.2. For each B <1i < m, set g(qi’l) =z kia
and g(q“2) = z7 k2 where ki1 # ki2. Because the vectors g(q““) are constructed using AMP, we
require some additional conditions. We insist that k; o+ — Egi > kja — Zgj > 0 for any i > j and
a,a’ € {1,2}, which is satisfied by choosing the values k; , in increasing order of 7. Finally we insist
that max; o(k;q) + {+1 < K, where h = 2z~ ¥ was the AMP initialization, which is satisfied by
choosing K large at the end.

k,2 k

Having fixed this setup, we proceed by defining m*! = m*? = m* exactly as in the original first
phase. Next we generate two sequences of IAMP iterates using (4.3.14) except at times corresponding

to ¢; € Q, altogether generating n®® for £ > £ and a € {1,2} via:

nt—1o 4 \/5glaia) = Egi =+ [(¢i—q)d] +1 for some i € [m]

mhe g (@) (- 1) else
(4.4.1)

The definitions of &%, 26% are the same as before. The following result follows immediately

from Lemmas 4.6.5, 4.6.6 and readily implies Theorem 17.

Lemma 4.4.1. For optimizable 7.,

Hy(n§")
%i_)rq Zlim J;\){—limT =P(v), ac{l1,2}
£700 N—=oo
<n2,1 n2,2>
lim 1 lim ~8 28 L
f i prlim o = s

Theorem 17. Let v, € £ be optimizable, and fix a finite ultrametric space (X,dx) with diameter
at most ,/2(1 — q) as well as € > 0. Then an efficient AMP algorithm constructs points {o,|r € X}
i XN satisfying

N9 by~ Pl 4], e X,

o — ol

VN

with probability tending to 1 as N — co.

[dx(x,y)—adx(x,y)—i—s], xvyEX

Proof. Recall that any finite ultrametric space X with all pairwise distances in the set {1/2(1 — ¢;) }ie[m]

can be identified with a rooted tree 7 whose leaves J7T are in bijection with X, and so that
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dx(xi,xj) = \/2(1 — qx) is equivalent to leaves 4,j having least common ancestor at depth k.
Given T, we may assign to each non-root vertex u € 7 a distinct initialization iterate g(*) = z=hu
where k, < k, if depth(u) < depth(v/) and again max,(k,) + ¢+ 1 < K. Then for each path
root = vg,v1,...,0m = x € OT = X, we compute the iteration (4.4.1) using gF»1), ... gFom),
Applying Lemma 4.4.1 over all pairs of leaves (z,y) € X x X implies that the AMP iterates n?l
satisfy %nf;*) ~ P(v,) and (n?m, n?y)N ~ q; if dx(z,y) = /2(1 — ¢;). The conclusion follows by
rounding ng’x — 0, € Xy for each x € X as in the main algorithm. O

We remark that our construction differs from the one proposed in [AM20] only because we
construct the vectors g(*) using AMP rather than taking them to be literally independent Gaussian
vectors. While the latter construction almost certainly works as well, the analysis seems to require

a more general version of state evolution.

4.5 Spherical Models

We now consider the case of spherical spin glasses with external field. The law of the Hamiltonian
Hy is specified according to the same formula as before depending on (&, £), however the state
space is the sphere SN ~1(y/N) instead of the hypercube. The free energy in this case is given by a
similar Parisi-type formula, however it turns out to dramatically simplify under no overlap gap so
we do not give the general formula. At positive temperature the spherical free energy was computed
non-rigorously in [CS92] and rigorously in [Tal06b, Chel3b], but we rely on [CS17] which directly

treats the zero-temperature setting.

Remark 4.5.1. Due to rotational invariance, for spherical models all that matters about Lj is
the squared L? norm E"~#n[h?]. In particular unlike the Ising case there is no loss of generality
in assuming h is constant. We continue to work with coordinates h; sampled i.i.d. from £, and

implicitly use this observation when interpreting the results of [CS17].

Our treatment of spherical models is less detailed and we simply show how to obtain the energy
value in Theorem 18 which is the ground state in models with supp(v.) = [¢,1). In the case that
E[h?] +¢'(1) < €7(1), we let G € [0, 1] be the unique solution to

1
gsphg (gsp

) =E+€(q,,).

When E[h?] + £'(1) > §"(1), we simply set g_, = 1.

Note that when h = 0 almost surely it follows that oon = 0, which is the setting of [Sub21].

Generate initial iterates

(w;){f’ e ’wgph)
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as in Subsection 4.2.2. For non-zero h we take ¢ = , /E[h?] + §’(gsph) so that

”wgph”N = ]E[hz] + f,(QSph

).

Generate further iterates via the following AMP iteration.

- q
whh N(msph) mgy (msph, LLLASYN > E[hz] + 5/(qsph) ( )
msph = wgph +h
q
% k Zsph
Msph = Lsph " ([ @rro] o er(y )
ph POAER 4 € (g,

The next lemma is the spherical analog of Lemmas 4.3.3, 4.3.4, 4.3.5 - the proof is similar to the

Ising case and is given in the next subsection.

Lemma 4.5.1. Using the AMP of (4.5.1), the asymptotic overlaps and energies satisfy

. _(wh g wl)
lim p-lim % = 5’(Qsph)’

k,4—00 N300

xk  axt
lim p-lim 7< Sth Sph> =E[h*] +¢(q

),

kl—00 N 500 Zsph
. . <mls€ph’ m,.;ph>
N e
HN(mk':p} )
_ T s 2 /
i plim S =, (B ) (452

Proof of Theorem 19. The latter two parts of Lemma 4.5.1 directly imply Theorem 19 in the case
that E[h%] + ¢/(1) > £”(1) (recall Qoon = 1 in this case). Indeed, it suffices to take
M, N-1
Ooph = —2— € SN HVN) (4.5.3)

ol

for a sufficiently large constant £. When E[h?] + &/(1) < £”(1), we can conclude by mimicking the
IAMP phase using the simple non-linearities u(t,z) = u(t) = £”(t)~*/? and v(t,z) = 0 - see also
[AMS21, Remark 2.2]. Lemma 4.3.9 then shows the energy gain from IAMP is

/ () = / e,

As in the Ising case, we may start IAMP from m = mF for a large constant k. Combining with (4.5.2)
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and defining o, via (4.5.3) with m?’ an TAMP iterate, we obtain

Hy(ospn !
p—limiN(U‘p})Zq (g )1/2+/ (g )" ?dg.

Zsph Zsph Zsph
N—oo N gsph

Alternatively to IAMP, in the spherical setting it is possible to use the approach of [Sub21]. Indeed
[Sub21l, Theorem 4] immediately extends to an algorithm taking in an arbitrary point m with

[m||x < 1 and outputting a point m. € S¥~1(v/N) (which may depend on Hy) satisfying

HN(m*)*HN(m)> ! TaVdy —
- > [ VE@

with probability 1 — oy o0(1) for any desired e > 0. Either approach completes the proof of
Theorem 19. O

4.5.1 Proof of Lemma 4.5.1

For t € [075’(gsph)], take h ~ Ly and (Z,Z',Z") ~ N(0, I3) and define the function

Sspn(t) = E[h?]%pgh/() BN (et Vi 2\ [ela,) ) (h+ 2+ 27 fete,) — )]

gsph
4., (B[R] + 1)

E? + &g, ,)

so that qssph(g(gsph)) =q,, Define thspn(t) = &' (¢dspn(t))-

Lemma 4.5.2. 1, is strictly increasing and convex on [O,f'(gsph)] and
wsph(é-/(gsph» = 6/(gsph)7 (454)
Yopn(€'(g,,,)) =1, (4.5.5)
Gapn(t) >, VE<E(q, ). (4.5.6)

Proof. Since &' is strictly increasing and convex and ¢y, is affine and increasing, it follows that 1),
is strictly increasing and convex. (4.5.4) is equivalent to the equation gsphg” (Qsph) = E[h? +§’(gsph)

defining Depn’ To show (4.5.5) we use the chain rule to write

W (€(a,,,)) = € (Dupn€ (1)) - (€ (0,,)) = €"(ay,) - (€"(a ) = 1.

Equations (4.5.4) and (4.5.5) and the convexity of 9)spn just shown imply (4.5.6) O
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Let h, Wsph, (W M7 )k %_o be the state evolution limit of the coordinates of

sph’ sph7 sph
-1 O 0 0 k k k
(h wﬁpha sph> mspha mspha EERE wspha xsph? msph)

as N — oo. Define the sequence (bg, b1, . ..) recursively by by = 0 and b1 = ¥spn(bi)-

Lemma 4.5.3. For all non-negative integers 0 < j < k the following equalities hold:

E[(W,)%] = €(q,,)
E[Wsjpthph] bj
E[(Mgph) ] = gsph

E[M],, M) = dpn(b;).

sph
Proof. Follows from state evolution and induction exactly as in Lemma 4.3.3. O
Lemma 4.5.4.
lim b, =¢'(q_ ),

k—o0 =sph

klggo (bsPh(bk) = gsph'

Proof. As in the proof of Lemma 4.3.4, the sequence by, b, ..., must converge up to a limit, and this

limit must be a fixed point for ¢spn, implying the first claim. The second claim follows by continuity
of ¢sph~ O

Lemma 4.5.5.

H ( ph
3 _1; 75 2 /
lim p-lim \/qsph [h2] 4+ &' (q sph))

k=00 N 500

Proof. We use again the identity

HN (msph)

1
N = <h’7m§ph>N +/O < sph’VHN(tmsph)>th

and interchange the limit in probability with the integral. To compute the main term

p-lim(mf , VHy ((tml )

N—oc0

we introduce an auxiliary AMP step

q

yf;ill = VHN(tmsph) bph ¢ (t(m sph? fphl>) Wp;(q).
Zsph
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Rearranging yields

q

~ - _ Zsph
<m§ph7VHN(tm§ph)>N = <m§ph?y§1ji11>N +t<m§ph7mfph1>N£N(t<m§ph7mfph1>N) E[h?] _:12/((1 )
Zsph
qs h
~ (M, Y N + b1 & (1o (bk 1)) | | =g ——
o Uop Bl +€(g,,)
For the first term, Gaussian integration by parts with
Dopy
)= (x+h)- _=sph
g( ) ( ) E[hQ] +€/(gsph)
yields
. gs h
E[Q(Xskph)yk+1] = ]E[g/(Xskph)] E[ :ph}{slgtl] = f/(t%ph(bk*l)) E[hQ] +2/(q )
Zsph

Integrating with respect to ¢, we find

/ (b Vbt B[ (2,/80,,))] / €t (b)) + g ()€ (g 1)

q,
= €' (0 G- 2 - | g B0
Zsph
— _ den
= o\ BT o)

Finally the first term gives energy contribution

h(mk )y ~E [h (h n Z\/ﬁ’(le))] . Toph

2]+ €a,,,)

_ Y, - b
= BT e

Since limy_yo0 bp—1 = 5’(gsph) and wsph(gl(gsph)) = §/(Qsph) we conclude

k
. . HN (msph
lim p-lim
k—00 N300 N

) VL EIR2] +€(a, ).

Proof of Lemma 4.5.1. The result follows from the preceding lemmas. O



CHAPTER 4. OPTIMIZING SPIN GLASSES VIA AMP 158

4.5.2 Proof of Theorem 18

It follows from our algorithm that GSspn(€, Lr) > gsphf”(gsph )1/2dq. We now

characterize the models in which equality holds, which coincide with those exhibiting no overlap

1/2 T en
)2+ fgsph §"(q
gap. Moreover we give an alternate proof of the lower bound for GS(&, £y)spn which shows that

equality holds exactly in no overlap gap models.

Theorem 18. Suppose & and L, satisfy E[h?] + ¢'(1) < £”(1), and let 9o € (0,1) be the unique

solution to E[h?] + f/(gsph) = gsphg“(gsph
no overlap gap if and only if € (q)~/? is concave on q € [gspw
la

2Lsph’

). Then the spherical spin glass with parameters &, Ly, has
1], in which case « is supported on

1] and takes the explicit form

0, s €0,
a(S) = { < [ gsth)

selg 1.

27577 Lopn’

Moreover the ground-state energy satisfies
1
GSu(€£0) = 4, [€a,) + [ VETDidg
opn

with equality if and only if no overlap gap occurs.

Proof. We use the results and notation of [CS17]. If £”(¢)~1/? is concave on |

of Proposition 2 in [CS17] applies verbatim to show that the support of « is [gsph’

1] then the proof
1]. In fact it

gsph’

11

explicitly shows a(s) = % for s € [gsph, 1]).

In the other direction, we show that if no overlap gap holds and E[h?] + &'(1) < £(1), then

¢"(¢q)~1/? is concave on [gsph, 1]. we use the statement and notation of [CS17, Theorem 2]. Assume

« is supported on the interval [¢_. ,1]. The last condition in [CS17, Theorem 2] states that g(u) =

2sph’
ful g(s)ds =0 for all u € [g__, 1], and therefore g(s) =0 for s € | 1], where

sph’ gspha

dq
L— foq a(r)dr)2

m$=ﬂ$+ﬁ—él

q

Zspn 7 Differentiating, all

Setting s = q_, yields E[h?] + €'(a,,,) = QsphL—Q, ie L= =
—sp

s> Deph satisfy

¢'(s) = - amdr® (4.5.7)

=sph
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Taking s = ¢, in (4.5.7) shows L = ¢£"(q "(a,,)-

Rearranging (4.5.7) yields

)~Y/2 hence E[h?] + f/(ﬂsph) -

sph Sph sph

L[ amdr=¢()"?  s>q,

spn

As a must be non-decreasing based on [CS17, Equation (9)] it follows that ¢”(s)~/2 is concave on
s € [quh’ 1]. This completes the proof of the first equivalence. We turn to the value of GSspn(&, L1),

first computing

B[] +€'(1) = ¢"(q, , / &q,,,

Dopn

- /0 g, )dg+ / €"(q,,,)da

~sph

Letting L > s)ds and let a(q q a(s)ds, we find
0

2Q(L,a) = (E[?] +€'(1 / &'l dq*/ qu<q>
B 9 . o gsphi
- [T - @i+ [

+ /q1 (@@ - al@) + T—— _la(q)>d‘1-

—sph

Since £” is increasing, AM-GM shows the second-to-last line is at most

/Oqsphg (@(L - alg ))dq+/<ph S >2/7sph\/£,,fph q72q\/§//7$ph (4.5.8)

and similarly

1

1
(5”((1) (L —alq) + L_;a(q))dq > 2/ VE (q)dg. (4.5.9)

g

9opn Zsph

Combining, we conclude the lower bound on GSspn(&, L£r). Moreover for equality to hold in (4.5.8)

and (4.5.9) we must have

The first equality forces a(s) = 0 on [0, gsph) and L = £"(qo)~'/?, while the second equality implies
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alq) = —L¢"(q)~1 /% for all ¢ € g

Depn 1]. Taken together this means that equality in the GSspn

lower bound implies no overlap gap, completing the proof. O

4.6 Incremental AMP Proofs

We will prove Lemma 4.6.3 which generalizes Lemma 4.3.6 to the setting of branching AMP and
describes the limiting Gaussian processes 1V, 25, o Zza. We recall the setup of Section 4.4 and in partic-
ular continue to use the value ¢p € (g, 1) to define the time EgB at which Zg(; 1= Zga 5 last holds.

ap’ aB’

For the branching setting we slightly generalize the filtration (4.3.15) to
F =0 (2.0 Nia)osk<tactrzy) -

Crucially note that we restrict here to k > 0, i.e. we do not include the preparatory iterates with
negative index. We remark that if we consider all the IAMP iterates (Zf’a, Ng ) together in the
linear order given by (¢,a) — 2¢+ a, then these are iterates of a standard AMP algorithm since each
iterate depends only on the previous ones. Moreover it is easy to see that the Onsager correction
terms are not affected by this rewriting. Therefore we may continue to use state evolution in the

natural way even though we do not think of the iterates as actually being totally ordered.

Lemma 4.6.1. In branching IAMP, ]—'f is jointly independent of the iterates (Z77) j,<j<x for
Jo=max ({U{kia+0—0 6 <laec{l,2}}).

Proof. We proceed by induction over ¢, the base case £ = 0 following from Proposition 4.2.4. Because

the random variables Zﬁ}a form a Gaussian process it suffices to verify that

E|[Z),Z77] =0

holds whenever 5 > Jy. By state evolution,

E[2,27] =€ ([N-1.27771])

By definition N, gfl’a is .Fgfl—measurable. Since £'(0) = 0 it suffices to show that ]7?71 is independent
of Z77=1. By the inductive hypothesis, this holds if j + 1 > J,_;. This in turn follows from the
easy-to-verify fact that J, — 1 > Jy_1, completing the proof. O

Corollary 4.6.2. Let ng’a be the state evolution limit of g(%-®) for each (j,a) € [m] x [2]. Then

the law of (GS, 1,GY, ) conditioned on ]-"255__1 is N(0, I3).



CHAPTER 4. OPTIMIZING SPIN GLASSES VIA AMP 161

Proof. Since k;1 # k; 2 it follows from Proposition 4.2.4 that (G Ggi,2) ~ N(0, I1) holds as an

unconditional law. Since we chose the values k; , such that k; , — Egi > kj o — égj > 0 for any ¢ > j

qi,1>

and a,a’ € {1,2}, it follows that k; , > Jgg‘ _1- Applying Lemma 4.6.1 now concludes the proof. [

Lemma 4.6.3. The sequences (Zg’a, Zgﬂ’a, ...) and (Nza7 Nésﬂ,a, ...) satisfy for £ > £:

El(Z010—204)20,] =0, foralll+1<j<¢ (4.6.1)

E[(Zg+1,a - Zga) |]:e] = 5/((]€+1) ¢ (%) (4.6.2)

E[(Zg-&-l,l - Zg,1)(Zg+1,2 Ze INF = (€(ag41) — € (@) - Locus (4.6.3)
E[(Z].)%] = €'(4}) (4.6.4)

E[(NPi10 — N IF =0 (4.6.5)

E[(Nésﬂ a Ne DNF] =6 (4.6.6)

E[(Ng+1,l - NZ1)(N2+1 2 Ne SFAEEE Loces (4.6.7)
E[(N7)?] = ¢041- (4.6.8)

Proof. We recall that (Zg,a)gzg,ae{lg} is a Gaussian process, which means we can ignore the condi-
tioning on F¢ in proving Equation (4.6.2). First we check that Equations (4.6.4) and (4.6.8) hold
for ¢ = {. For Equation (4.6.8),

E[(N7a)?) = (1 +0)’E[(M)?] = (1 +e0)’q = ¢+ 0 = q5.

For Equation (4.6.4),
E[(Z.)] = ¢ (E[(M*1)%) = €'().

Observe now that if Equations (4.6.1), (4.6.2), (4.6.5), (4.6.6) hold for £ < ¢ < k then so do
Equations (4.6.4) and (4.6.8), as

E[(Ng+1,a)2] = E[(Ng+l,a - Nga)z] +2- E[(Ng+1,a - Nga)Ng,a] + E[(NZQ)Q]

and similarly for ]E[(Zgﬂ’a)Z]. Therefore to show the six identities (4.6.1), (4.6.2), (4.6.5), (4.6.6),
(4.6.4) and (4.6.8) it suffices to check the base case £ = (¢ for Equations (4.6.1), (4.6.2), (4.6.5),
(4.6.6) and to perform an inductive step to show these four identities for £ = k + 1, assuming all
six of these equations as inductive hypotheses for £ < k. We turn to doing this, and finally show
Equations (4.6.3), 4.6.7 at the end.
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Base Case for Equations (4.6.1), (4.6.2), (4.6.5), (4.6.6). Note that here, none of the pertur-
bations g(%%) appear yet. We begin with Equation (4.6.1):

E [(Zfﬂ,a - ZZa) Zza} ( [Ne JME 1D — ¢ (B [METMET)

¢
¢ ((1+e0) E[MEMET]) — €' (q)
&((1+e0)p(ar-1)) - €'(q)
¢
0.

(q) = &'(q)

This means E[Z£+1’G|Zg’a} = Zg’a. Hence
E [(Z£+2,a - Zfﬂ,a) Zfﬂ,a} = f/ (]E[NZHNE@]) - 5/ (]E[Nf,aNf,aD .
To see that the above expression vanishes, it suffices to show that
E[(ND41,0 = N0a)Nal = 0.
This follows since we just showed E[Z] 01, a|Z§ |= Zg,a and we have

E[(NZJrl,a - NZa)Ng,a] = E[uz,a(XZa)(Zngl,a - Zg,a)] = E[uz,a(zza)(ngrl,a - Zza)]

Next we verify the base case for Equation (4.6.2). Using the base case of Equation (4.6.1) in the

first step we compute:

]E{(Z?H’G_ZQG)Q]: [Ze+1a ] ]E{Zea }
=¢(® {W]) €(a)

= (1+20)%q (q)
— ¢/ L !
=4 (f/)(afl)Q) ¢@
=& (qg+9)—€(q)

= f/(qz.:,-l) - 5/(4)
Continuing, we verify the base case for Equation (4.6.5). First note that

E (N~ Nio) 17| = B [0f(X0)(ZE10 — Z8a) | FE

=0.
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The last line holds because Xza is Fg—measurable and E[Zgﬂ)a — Zza|}'g] = 0 as deduced above.

Finally for Equation (4.6.6) using the martingale property again we obtain:

B | (Voo - M) | = B[0P (2~ 2]

0 1( 0 el 0
E L,@g“’a) _ 5/(%;) (f (Qgﬂ) ¢ (Qe))]

=4.

Here the second line follows from the definition of u‘g, and we can multiply the two expectations

because E[(Zg—i-l,a - ZZG)Q\}"ga] is constant while the other term is }'ga measurable.

Inductive step We now induct, assuming all 6 identities (4.6.1), (4.6.2), (4.6.5), (4.6.6), (4.6.4)
and (4.6.8) up to ¢ and showing Equations (4.6.1), (4.6.2), (4.6.5), (4.6.6) for £ + 1. We begin with
Equation (4.6.1). Let £+ 1 < j < £. State evolution implies

E [(Zg+l,a - Zg,a) Z]('S,a} = 5/ (E [Ngafol,a]) - 5/ (E [Ngfl,afol,a}) .
To show this equals 0 we must show
E [Nlé,aNj('s—l,a} =K [les—l,aNf—La] .

When ¢ = th for some i € [m] this follows from Corollary 4.6.2. Assuming ¢ # égi for all i, the

difference between the left and right sides is

5 5 5 5 5
E[Wq(Xsza)(Zz,a - fol,a)Njfl,a]'

Since N j‘-s

—1,a

is F)_, measurable and E[Z{ |F{_ ] = ZJ_, , holds by inductive hypothesis, we
conclude the inductive step for Equation (4.6.1).

We continue to Equation (4.6.2). Using Equation (4.6.1) just proven in the first step we get

E([(Z]n.) = (71.)]
fl (E[NgaNga]) - §/ (]E[les—l,aNg—l,a])
¢ (a041) =€ (a0)

E |:(Zg+1,a - Zg,a)2:|

Next we show Equation (4.6.5) continues to hold. If £+ 1 = Egi for some ¢ € [m] again follows
from Corollary 4.6.2. When £+1 # égi for all 4, it follows from the definition of the sequence NZG and

the just proven fact that (Z, (‘Z o)e>e+1 forms a martingale sequence. Finally we show Equation (4.6.6)
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continues to hold inductively. Again for £+ 1 = Egi it follows from Corollary 4.6.2, and otherwise by

definition
1)

€(ap) —€(ap-)
Moreover what we showed before implies E[(Zz:_l,a —Z3 ) F = €' (q)) — €' (q)_1). Applying these

E[(u7)?] =

observations to the identity
E[(Ni1,0 — NO?IF) = (u))’E [(Z0110 — Z04)°]

implies Equation (4.6.6) continues to hold.

Equations (4.6.3) and (4.6.7)  Finally we consider (4.6.3) and (4.6.7). For ¢ < £2 they follow
directly from (4.6.2), (4.6.6). For ¢ = Egi, (4.6.7) is trivial while (4.6.3) immediately follows from

state evolution. For £ > Zgi, (4.6.7) follows from the inductive hypothesis and the computation
E[(Ngﬂ,l - NZl)(Nngl,Q - N22)|}—g] = (UZ)2E [(Z?Jrl,l - Zg,l)(Zg+1,2 - Zg,2)‘~7:ﬂ =0.
Finally for £ > ( , (4.6.3) follows from the expansion

]E[(Z?-i-l,l - Zg,l)(Zg-&-l,Q - ZZQ)] = 5/ (E[Nf,le,z]) - fl (E[Ng—l,lNZZ])
-¢ (E[fol,lNé‘,zD +¢ (E[Ngfl,lNgsz])

and the fact that all 4 terms on the right hand side are equal thanks to (4.6.5), (4.6.7). O

4.6.1 Diffusive Scaling Limit

We begin with the following slight generalization of Lemma 4.3.7 which allows for the additional
perturbation steps of branching IAMP but still considers only a single sample path.

Lemma 4.6.4. Fiz q € (¢,1) and an index a. There exists a coupling between the families of triples
{(Z?,aaX?,a’Nés,a)}ezo and {(Zy, X¢, Ne) }i>0 such that the following holds. For some &y > 0 and
constant C' > 0, for every 6 < dg and £ > £ with qo < § we have

2
2
ook {(Nf’a - Ny,) } =< Co. (4.6.10)

Proof. We prove the scaling limits for Xf and Ng separately, inducting over ¢ in each proof. We

suppress the index a as it is irrevelant.
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Scaling limit for X{ We begin by checking the claim for £ = (. Recalling that [[*"* /¢ (t)dB; =
Zg+1, we have

E {(Xg —Xqﬂ ~E

2
<2E {(zg - ng) ] +2F

( qe+1 g// dBt)

qe+1
( /5// dBt)

=4(&(qe11) — €' (q))
< (0.

We continue using a standard self-bounding argument. Let ¢ > £ + 1 such that g < q. Define
AX = X — X,4,. Then

)
.

—AY, = v(g)_1; X7) — o(t; Xy))dt + Z -2y 4 - /5 V& (s)dBg
91

)
de
v(g)_1; X7) — v(g)_y; Xy))dt + (v(g)_1; X¢) — v(t; Xy))dt.

5
-1 -1

[
/ v(g)_1: X7) — v(t; Xy))dt
[

8
The first term just above is at most C qu§ | X j‘s — X¢|dt since v is Lipschitz in space uniformly for
j—1

t € [0,1]. For the second term we estimate

¢ @
/ ‘U(qgfﬁXt) _U(t§Xt)|dt
h=tt+17 %1
Z / qk 13 X)) —u(t; Xy) |+}tht —v(qk,Xt)’}d
k=0+1 -

<9 Z sup {!v(q;zﬂ;Xt) - U(tQXt)| + |U(t§Xt) - U(Q}i;Xt)‘}
k=0+1 qk: 1<t<qk

14
<94 sup Z {‘U((]i,l;th) - U(tk;th)’ + ‘U(tk;th) - U(Qg;th>‘}
bt 20l
< (9,

where the last inequality follows since |0; (v(t, x))|, |0z (v(¢, z)) are uniformly bounded for ¢ € [0, g], x €
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R. Combining the bounds and summing over j, we find
L L qa
AF|<IAF [+ Y [a¥—af,|<c > / X9 — Xy|dt + 2C5.
j=t+1 j=t17 %
Squaring and taking expectations,
‘ ¢

J 2
E[(aX)?) <20?E( Y [ X0 - xiat) +100%
j=t+1"9%-1

‘ ¢
<2C%*(L - 0)6 Z / E|X) — X,|?dt + 10C26>.
j=t+17 451

Furthermore, E \X]‘-S—Xt|2 <2E \X]‘-S—Xq§\2+2E | X s — Xy |?. Tt is clear that E | X, — X,|* < C|t—s|
J J
for all ¢, s, as & is bounded on [0,1]. Therefore

J4 4 q;s
E[(AF)?] <4C2(0—0)6* Y E[(AF)’] +4C3(t—0)5 Y / sdt + 100252
J=t+1 j=tt17

The middle term is proportional to (¢ — £)263. Using (¢ — £)d < 1 we obtain that for § smaller than

an absolute constant, it holds that

-1
E[(AF)?] <Cs Y E[(AF)] +C,
j=t+1

for a different absolute constant C'. This implies E [(Af )2} < C6 as desired.

Scaling limit for Nf Again we begin by checking that ¢ = £. We compute:

E[(Nf = No)*] = E [((1+0)0u®s, (¢, X¢) — 02D+, (g, X))
< 250 E (0,91 (4, X0)) ] + 2E [(0:®,. (4. X0) — 0%+, (4. X,)) ]
— 02+ CE[(X} - X,)°]
< C6.

Here we have used again the inequality (z — 2)? < 2(z —y)? +2(y — 2)? and the fact that derivatives
2
of ®.,, are bounded, as well as € < §/q. At the end we use the bound on E [(Xg — Xq) ] shown
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in the previous part of this proof. Next we turn to £ > £+ 1. We have
5 5 5030\ 70 5 G
(Vi = Ng,) = (V] = Np) =82, - 20) — [ VEDute, Xi)ab:
9
= [ V&) (W(X?) —u(t, X)) dB,.

and so

E {(Nqug)T <2.E {(Nquﬂ +2.E (%/qs+ \/%(ug(x;?)u(t,xt))d&)z

j=t"9
(4.6.11)
-1 g8 ,
<206+2) [ E [(u;?(Xf) —u(t, X,)) } e (bt
J=£"%
Recall that u? (x) = u(qf;a:)/E? for j > 1 where E? is given by
€(¢)41) — €'(g)
(297 = 0 22 gl x7)7)
We first show the bound
(29?2 -1|<CVs (4.6.12)

for § small enough, which is of independent interest. Since w is bounded and £’ is bounded on [0, 1],
we have

(£9)? = €"(¢)) Elu(q); X9)?)| < Co.
Observe now that

£ “X? B Xq.?ﬂ <ovs

E[1X] - X,l] < Vo + v <

Since u is Lipschitz in space and bounded, this implies
|(55)% = €"(a]) Elu(qf; X,5)%]| < CV.

Since E[N?] = ¢ for all ¢t € [0,1] and ¢ — wu(t, X¢) is a.s. continuous, Lebesgue’s differentiation
theorem implies that for all ¢ € [0, 1],

" () Elu(t; X¢)?] = 1,
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and hence ’(E?)Q — 1| < CV/3 for § smaller than some absolute constant. This implies the bound
|u§(X]‘-§) - u(q}s;X;—;H < C’|$ — 1| £ CV/$. Now, going back to Eq. (4.6.11), we have

From what we just established the first term is at most C(¢ — £)6% < C4. To estimate the second

term we compute:

=1+II+1II

Since u is Lipschitz in space, we obtain I < C'(¢ — £)§2. From E[|X; — X|?] < C|t — s|, we obtain
II < C(¢— ()62 Finally, since u is Lipschitz in time uniformly in space and (£ — £)§ < 1, it follows
that 111 < Cé. Altogether we obtain

s 2
E {(NZ ~ Nyg) } <Cs
concluding the proof. O

We now extend Lemmas 4.3.7, 4.6.4 to describe the joint scaling limit of multiple branches, which
become independent at the branching time. Let (B{)¢c(o,1],acf1,2) be standard Brownian motions
with B} = B2 for t < qp and with independent increments after time gg. Couple B¢ with (Zg,a) >0
via

- / " e BBy
0
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and natural filtration (F;)se(,1) with F; = o ((BL, B?)s<¢). We consider for a € {1,2} the SDE
AXE = 7, (1)0,0 (1, XE)dt + /T (DB
with initial condition X§ = 0, and define

NP = 0,0, (4, X0 + [ V@ (s)uls, X2)ABL = 0,8, (t, X7,

m\“

¢
ZfE/O V&' (s)dBs.

Lemma 4.6.5. Fizq € (q,1). There exists a coupling between the families of triples {(Zg,a, Xfya, Nga)}gzo’ae{l’g}
and {(Z§, X{, N{')}e>0,ae{1,2y such that the following holds. For some 69 > 0 and constant C > 0,
for every § < &g and £ > £ with qp < q we have

2
max [E (X‘-s —Xa_) < (9,
£<j<e 7@ 4

<5<t

max E {(Nf,a - N;j)? < C6.

Proof. We generate the desired “grand coupling” by starting with (B}, B?) as above, generating
(Z}, Z?), and then setting Zfﬁa = Zg;_; for each a € {1,2} and j < £ as in the coupling of Lemma 4.6.4.
It follows from Lemma 4.6.3 that this results in the correct law for (Zf,a)jeN,ae{l’g}. Now, all 3
continuous-time functions in the coupling of Lemma 4.6.4 are determined almost surely by Z;.
Furthermore all 3 discrete-time functions are determined almost surely by the sequence Z]‘»s. Therefore
the coupling just constructed between {Zg,a}g201a€{172} and {Z{ };>0,ae{1,2} automatically extends to
a coupling of {(Zga, Xga, Né;,a)}zzo,ae{l,z} and {(Z, X', N{*) }+>0,ae{1,2}- Since the two a-marginals
of the coupling just constructed both agree with that of Lemma 4.6.4, the claimed approximation

estimates carry over as well, concluding the proof. O

4.6.2 The Energy Gain of Incremental AMP

Here we prove Lemma 4.3.9, stated for the branching case.

Lemma 4.6.6.

lim lim p-lim = [ &"(OE[u(t, X;)]dt. (4.6.13)

G—1£—00 N 00 N

ES]

Proof. We give the main part of the proof for the ordinary (non-branching) version of the algorithm
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and explain at the end why the same arguments apply in the branching case. Recall that § = §(£) — 0

as £ — oo, which we will implicitly use throughout the proof. Observe also that (h,n‘ — nf)y ~0

because the values (les )e>¢ form a martingale sequence. Therefore it suffices to compute the in-

Hy (n®)—Hy(nt
probability limit of M The key is to write

Hy (n* _ﬁN(ng) ¢ LHy (™) — Hy (nf
( )N 5 e (nt+Y) — o

=¢

and use a Taylor series approximation of the summand. In particular for F € C3(R), applying

Taylor’s approximation theorem twice yields
1
F(1)— F(0) = aF'(0) + §F"(0) +O( sup |F"(a)])
a€l0,1]

= F'(0) + %(F’(a) — F(0)) + O( sup [F"(a)])

= S(F/(1) + F/(0)) + O sup|F"(@).

a€(0,1]

Assuming sup, ‘"—;Vl < 2, which holds with high probability, we apply this estimate with F'(a) =

Hy (1 = a)n’ + an*T1). The result is:
Hy (n"t) — Hy (n') — % <VFIN(né) + VHy (n'th),nt*! — n£>

> |n£+1 _ n£‘3 )
inj

Here ||Tlinj = supjg=1 (T, £?) denotes the injective tensor norm on (RN)®3.

<O sup HV3]T[N('U)
lv|<2vN

Proposition 4.2.1
implies that
. < O(N—1/2

inj

sup HV?’HTN(U)
o] <2V

with high probability. On the other hand p-limy_, . [n‘*! — nf| = VSN for each £ < ¢ < 7 — 1.
Summing and recalling that £ — £ < 6! yields the high-probability estimate

Hy (n”l) — Hy (nl) <VﬁN(n£) + VFIN(nZH), nttl _ n£>

1
2

) -sup [n“Ft — nf?
inj Vi
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Because ¢ — oo implies § — 0 this term vanishes in the limit, and it remains to show

-1
1 ~ ~
lim lim p- hmZ 3 <VHN(nZ) 4 VHy (), 0t - n£>

G—1L0—00 N—oo =t

= / E"(E [u (t, Xy)] dt.

N
Next, observe by (4.3.13) that:

VHy(n' Z dm? L. (4.6.14)

Passing to the limiting Gaussian process (Z9)rez+ via state evolution, and ignoring for now the

constant number of branching updates,

p-lim <VﬁN("£)7 ntt - né> =E (2}, (N}, — Z dejE [N}y (N{py = N7)]
N —o00 N
B 041
R‘lim <VHN(nZ+1)7 n'! - ”E>N =E [Z3+2(N1§+1 Z dev1,;E (Ne+1 Nés)} :
—00

As (N,f)kZZJr is a martingale process, it follows that the right-hand expectations all vanish.
Similarly it holds that

E[Z},2(Nip1 — N = E[Z041 (Nl — VD))
E[Zg(NgH - Ne )} =0.

Rewriting and using Lemma 4.6.3 in the last step,

—E((Z3,, — Z0)(N{,, — NP

[U (Xg)(zé—i-l Z@)2]

E [E[ug(X7)(Z041 — Z0)*| 7]
= (€'(g711) — €'(a7)) - Elug(X7)]
Elugs (X))

) A

prlim o <VHN( ) + VHy (n'1), nt+! - nf>

N—o0 N

= (&' (a01) — €'(@))) -

Recalling (4.6.12), the fact that u;(z) is uniformly Lipschitz in x for ¢t € [0, q], the fact that
& (q01) — €(q)) = 6¢"(q)) + O(6?) and the coupling of Lemma 4.6.4, it follows that

p-lim 2 <VHN( )+ VHy(n"), nt+! - n4>N = 66" (g Elugs (X)) + Oq(8°/2).

N—o00
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Summing over ¢ and using continuity of u:(z) in ¢, it follows that

lim p-lim HN("Z)J;ENW) = / ' &' (O)Eu(t, Xy)]dt.

£—=0 N o0

Sending § — 1 now concludes the proof when there are no branching steps. Extending the proof to
cover branching steps is not difficult and we explain it now. Everything up to (4.6.14) is still valid,
and if the number |@Q| of branching steps is m, then the full analysis applies to all but m terms.

However the simple uniform bound

Hy(n'*') — Hy(n') < 0" —n’| - W IVHx ()|
x| v <143
< O(V'Né) - O(VN)
< O(NV9)

holds with high probability. Here we have used Proposition 4.2.6 to deduce ||nf|y, ||n‘*!|n <
1 4+ o(1) with high probability, and also Proposition 4.2.1 and Equation (4.6.6). Therefore all
telescoping terms, branching or not, uniformly contribute O(N \/3) energy in probability. As a
result, even when a constant number of non-branching terms are replaced by branching terms,
the same analysis applies up to error O(N+/§), yielding the same asymptotic energy for branching

¢-TAMP and completing the proof. O



Chapter 5

Tight Lipschitz Hardness for
Optimizing Mean-Field Spin

Glasses

5.1 Introduction

For each p € 2N, let G(®) ¢ (RN)®p be an independent p-tensor with i.i.d. N(0,1) entries. Let
h >0, and set h = (h,...,h) € RN, Fix a sequence (v,)pecon With v, > 0 and Zpe2N 2”73, < o0.

The mixed even p-spin Hamiltonian Hy is defined by

Hy(o) = (h,o) + Hy(o), where (5.1.1)
7 7,
pe

We consider inputs o in either the sphere Sy = {o € RV : Eiil 0? = N} or the cube Yy =
{—=1,1}¥. These define, respectively, the spherical and Ising mixed p-spin glass models. The
coefficients 1y, are customarily encoded in the mizture function §(x) = 3 oy 75@". Note that Hy

is equivalently described as the Gaussian process with covariance

EHy(oY)Hy (o) = N¢((a, a2)/N).

Our purpose is to shed light on a discrepancy between the in-probability limiting maximum

173
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values . 1
OPT?)‘L = p-lim — max Hy(o), OPTEh = p-lim — max Hy (o)

Neosoo IN oeSy Nooo N o€xy
and the maximum efficiently computable values of Hy over the same sets. We will write OPTSP =
OPT?‘;L and OPT® = OPTEh when &, h are clear from context. The values OPTSP and OPT™ are
given by the celebrated Parisi formula [Par79] which was proved for even models by [Tal06d, Tal06a]
and in more generality by [Pan14]. While most often stated as a formula for the limiting free energy
at inverse temperature 3, the asymptotic maximum can be recovered as a 3 — oo limit of the Parisi
formula. Restricting for concreteness to the Ising case (we will state the analogous result for the

spherical case in Section 5.2), the result can be expressed in the following form due to Auffinger and
Chen [AC17b].

Define the function space
1
U = {( :10,1) = R>p : ¢ is right-continuous and nondecreasing,/ ¢(t)dt < oo} . (5.1.3)
0
For ¢ € %, define ®¢ : [0,1] x R — R to be the solution of the following Parisi PDE.

0L (1,2) + Z€(1) (Duaelt, 1) + (1) 020 (1,2)%) = 0 (5.1.4)

Oo(1,2) = |a. (5.1.5)

Existence and uniqueness properties for this PDE are well established and are reviewed in Sub-

section 5.6.1. The Parisi functional P™ = Pgh : % — R is given by

1
PG = @c(0,) = 5 [ €7 (0)¢(0) (5.1.6)

0

Theorem 20 ([AC17b, Theorem 1]). The following identity holds.

OPT™ = Cig@f/ P (). (5.1.7)

The infimum over ¢ € % is achieved at a unique (. € % as shown in [AC17b, CHL18], which
can be obtained as an appropriately renormalized zero-temperature limit of the corresponding min-
imizers in the positive temperature Parisi formula. These positive temperature minimizers roughly
correspond to cumulative distribution functions for the overlap (!, o2)/N of two replicas o', o2
sampled from the Gibbs measure e#H#~ /7y (); this is why the functions ¢ considered in the Parisi

formula are nondecreasing.

We recall the main result of the previous Chapter. For a function f: R — R and interval J, let
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[ fll7v(s) denote the total variation of f on J, expressed as the supremum over partitions:

n

1 lev i =sup . sup S OIf ) = fti)l-

o<t <+ <tp,ti€J 57
Let .Z D % denote the set of functions given by

¢:[0,1) = R>g : ¢ right-continuous, [|£" - (|lpyg 4 < oo for all £ € [0,1),

P = 1
/0 €7(HC(H) dt < oo

(5.1.8)

It turns out (see Subsection 5.6.1) that the definition of P! above extends from % to . Therefore
we may define ALG™ = ALGE,L by
ALG"™ = inf P™((). 5.1.9
inf P(Q) (5.1.9)

Note that ALG"™ < OPT'™ trivially holds. We have ALG™ = OPT™ if the infimum in (5.1.9) is
attained by some ¢ € %, and otherwise ALG"™ < OPT™. The following result was shown in the

previous Chapter.

Theorem 21. Assume there exists (., € £ such that P5((,) = ALG™. Then for any ¢ > 0, there
exists an efficient AMP algorithm A : Hy — Cy such that

P[Hy(A(Hy))/N > ALG™ — ] > 1 —0(1), c=c(e) > 0.

Recall that the AMP algorithms of the previous Chapter use only a constant number of queries
of VHy(+); this results in computation time linear in the description length of Hy when ¢ is a
polynomial, assuming oracle access to (., and the function ®.,. Because of the natural condition
under which ALG and OPT are equal, one might conjecture that the aforementioned AMP algorithms

achieve the best asymptotic energy possible for efficient algorithms.

This belief was also aligned with results on the “critical point complexity” of pure spherical spin
glasses with £(z) = 2? and h = 0. In this case, the analogous value ALG®” is the one obtained
by [Sub21] and coincides with the onset of exponentially many bounded index critical points, as
established in [ABAC13, Sub17]. In this case almost all local optima have energy value ALG™ +0(1)
with high probability, which suggests from another direction that exceeding the energy ALGP might
be computationally intractable. On the other hand, it is not clear whether this threshold coincides
with ALG®P beyond the pure case.

It unfortunately seems difficult to establish any limitations on the power of general polynomial-
time algorithms for such a task. However one might still hope to characterize the power of natural

classes of algorithms that include gradient descent and AMP. To this end, we define the following
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distance on the space Hy of Hamiltonians Hy. We identify Hy with its disorder coefficients
(G®) con, which we concatenate (in an arbitrary but fixed order) into an infinite vector g(Hy).

We equip Hy with the (possibly infinite) distance
|Hy — H;VH2 = [lg(HnN) — g(H§V)H2

Let By = {0 € RV : vazl 02 < N} and Cx = [-1,1]" be the convex hulls of Sy and ¥, which
we equip with the standard |-||, distance. A consequence of our main result is that no suitably
Lipschitz function A : Hy — Cy can surpass the asymptotic value ALG™. (And similarly in the
spherical case for A : Hy — By and an analogous ALGSP.)

Theorem 22. Let 7, > 0 be constants. For N sufficiently large, any 7-Lipschitz A : Hny — Cn
satisfies
P [Hy (A(HN)/N > ALG" 1 <] < exp(~eN). = e(€.h.e.7) > 0.

Note that the Lipschitz condition ||A(Hy) — A(Hy)ll, < 7||Hy — Hjy ||, holds vacuously when

the latter distance is infinite.

The TAMP algorithms of the previous Chapter are O(1)-Lipschitz in the sense above!. While the
approach of [Sub21] is not Lipschitz, its performance is captured by AMP as explained in [AMS21,
Remark 2.2].> Hence in tandem with these constructive results, Theorem 22 identifies the exact
asymptotic value achievable by Lipschitz functions A : Hy — Cp (assuming the existence of a
minimizer , € £ as required in Theorem 21). We also give an analogous result for spherical spin
glasses, in which there is no question of existence of a minimizer on the algorithmic side. Let us

—cN

remark that the rate e in Theorem 22 is best possible up to the value of ¢, being achieved even

for the trivial algorithm A(Hy) = (1,1,...,1) which ignores its input entirely.

Abstractly, the assumption that A4 is Lipschitz is geometrically natural and brings us near the
well-studied setting of Lipschitz selection [Shv84, PY95, Shv02, FS18]. Here one is given a metrized
family S of subsets inside a metric space X. The goal is to find a function f : § — X with the
selection property that f(S) € S for all S € S, and such that f has a small Lipschitz constant.
Indeed a Lipschitz function A : Hy — Cn achieving energy E is almost the same as a Lipschitz
selector for the level sets

Sgp(Hy)={0 €CNn: Hy(o)/N > E}

metrized by the norm on Hy defined above (and leaving aside the fact that Sp(Hpy) may not
determine Hy). Of course we can only hope for A(Hy) € Sg(Hy) to hold with high probability,
since Sg(Hy) is empty with small but positive probability. See the next Chapter for a problem in

online Lipschitz selection.

ITechnically we rounded the output to the discrete set Xy at the end, making the algorithm discontinuous.
Removing the rounding step yields Lipschitz maps A : Hy — Cn with the same performance.
2We also outline a similar impossibility result for a family of variants of [Sub21] in Subsection 5.3.7.
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Many natural optimization algorithms satisfy the Lipschitz property above on a set Ky C Hy
of inputs with 1 — exp(—Q(N)) probability; this suffices just as well for Theorem 22 thanks to the
Kirszbraun extension theorem (see Subsection C.1.1). As explained in Section C.1, algorithms with
this property include the following examples, all run for a constant (i.e. dimension-independent)

number of iterations or amount of time.

e Gradient descent and natural variants thereof;
e Approximate message passing;
e More general “higher-order” optimization methods with access to V¥ H () for constant k;

e Langevin dynamics for the Gibbs measure e~ with suitable reflecting boundary conditions

and any positive constant .

In fact we will not require the full Lipschitz assumption on .4, but only a consequence that we call
overlap concentration. Roughly speaking, overlap concentration of A means that given any fixed
correlation between the disorder coefficients of Hj and H#, the overlap (A(HY ), A(H%))/N tightly
concentrates around its mean. This property holds automatically for 7-Lipschitz A thanks to con-
centration of measure on Gaussian space. It also might plausibly be satisfied for some discontinuous

algorithms such as the Glauber dynamics.

5.1.1 Further Background

We now describe some other results on algorithmically optimizing spin glass Hamiltonians. First, in
the worst case over the disorder G(), achieving any constant approximation ratio to the true opti-
mum value is known to be quasi-NP hard even for degree 2 polynomials [ABET05, BBH'12]. For the
Sherrington-Kirkpatrick model with £(t) = t2/2 on the cube, it was recently shown to be NP-hard
on average to compute the ezact value of the partition function [GK21b]. Of course, these computa-
tional hardness results demand much stronger guarantees than the approximate optimization with

high probability that we consider.

Another important line of work, alluded to above, has studied the complezity of the landscape
of Hy on the sphere, defined as the exponential growth rate for the number of local optima and
saddle points of finite-index at a given energy level. These are understood to serve as barriers to
efficient optimization, and a non-rigorous study was undertaken in [CLR03, CLR05, Par06] followed
by a great deal of recent progress in [ABAC13, ABA13, Sub17, McK21, Kiv21, SZ21]. Notably
because the true maximum value of Hy is nothing but its largest critical value, the first moment
results of [ABAC13] combined with the second moment results of [Sub17] gave an alternate self-

contained proof of the Parisi formula for the ground state in pure spherical models. In a related
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spirit, [Cha09, DEZ15, CS17, CHL18] have shown that mixed even p-spin Hamiltonians typically

contain exponentially many well-separated near-global maxima.

Other works such as [CK94, BCKM98, BADG06, BAGJ20, CCM21] have studied natural algo-
rithms such as Langevin and Glauber dynamics on short (independent of N) time scales. These
approaches yield (often non-rigorous) predictions for the energy achieved after a fixed amount of
time. However these predictions involve complicated systems of differential equations, and to the
best of our knowledge it is not known how to cleanly describe the long-time limiting energy achieved.
Let us also mention the recent results of [EKZ21, AJK*21] showing that the Glauber dynamics for
the Sherrington-Kirkpatrick model mix rapidly at high temperature. By contrast the problem of

optimization considered in this work is related to the low temperature behavior of the model.

5.1.2 The Overlap Gap Property as a Barrier to Algorithms

Optimizing a spin glass Hamiltonian is one example of a random optimization problem, where one
aims to find an input achieving a large value for a random objective function. These problems
include finding a large independent set in a random graph, the Number Partitioning Problem, and

constraint satisfaction problems (CSPs) such as random k-SAT and ¢-coloring a random graph.

Like spin glass optimization, random optimization problems often have information-computation
gaps, where the maximum objective that exists is larger than the maximum objective that can be
found by any known efficient algorithm. Since the early 2000s, there has emerged a large body
of evidence that suggests that these gaps are inherent. This evidence has also produced heuristics

predicting the optimal objective achieved by efficient algorithms.

We will focus on a line of work linking the failure of algorithms to phase transitions in the prob-
lem’s solution geometry. One version of this connection was proposed in [AC0O08, COE15] based on
a shattering phase transition: at large constraint density the solution space breaks into exponen-
tially many small components, for suitable random instances of k-SAT, g-coloring, and maximum
independent set. Shattering defeats local search heuristics, suggesting that polynomial-time algo-
rithms should not succeed. Other predictions based on the clustering, condensation [KMRTT07]

and freezing [ZKO0T7] transitions have also been suggested.

Another recent line of work [GS14, RV17a, GS17, CGPR19, GJ21, GIJW20a, Wei22, GK21a,
BH21, GJW21] on the Overlap Gap Property (OGP) has made substantial progress on rigorously
linking solution geometry clustering in random optimization problems to algorithmic hardness. A
survey can be found in [Gam?21]. Initiated by Gamarnik and Sudan in [GS14], this line of work
formalizes clustering as an “overlap gap,” the absence of a pair of solutions with medium overlap,
and proves that this condition implies failure of various classes of stable algorithms. In its original

form, an OGP argument consists of two parts. First, it shows that above some constraint density or
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objective value, with high probability there exists no pair of solutions with medium overlap. Then,
it argues that a stable algorithm solving the problem can be used to construct such a solution pair,
implying that such an algorithm cannot exist if the OGP holds. An important difference from the
predictions above is that the shattering, clustering, and freezing transitions describe properties of a

typical solution, while an OGP requires that solution pairs with medium overlap do not exist at all.

Over many problems, a pattern has emerged where the classic OGP argument shows the failure
of stable algorithms above an intermediate objective value, smaller than the maximum objective
that exists but larger than the maximum objective that algorithms can find. To improve the value
beyond which stable algorithms are proven to fail, subsequent works have considered “multi-OGPs”:
enhancements of OGP that use more complex forbidden structures involving more than two solutions.
The strategy is similar: one shows that an appropriately chosen structure of solutions does not
occur with high probability, and that a putative stable algorithm solving the problem can be used
to construct this structure. This technique improves on the classic OGP if the structure becomes

forbidden at a lower objective value than the classic OGP forbidden structure.

Multi-OGPs have the potential to show nearly-tight algorithmic hardness for stable algorithms.
For maximum independent sets on G(N,d/N) in the limit N — oo followed by d — oo, [Wei22]
proved by a multi-OGP that low degree polynomial algorithms cannot attain any objective asymptot-
ically larger than the believed algorithmic limit. Previously [RV17a] showed the same impossibility
result for the more restricted class of local algorithms. Similarly, [BH21] used a multi-OGP to prove
that low degree polynomials fail to solve random k-SAT at a clause density a constant factor above

where algorithms are known to succeed.

For pure spherical and Ising p-spin glasses where h = 0 and p > 4 is even, ALG < OPT always
holds (recall (5.1.7), (5.1.9)). In such models, [GJW20a] showed using a (2-solution) OGP that low
degree polynomials cannot achieve some objective strictly smaller than OPT, extending a similar
hardness result of [GJ21] for approximate message passing. [GJW21] extended the conclusions of
[GJW20a] to Boolean circuits of depth less than 21});%. As pointed out in [Sel21b, Section 6], these
results extend in the Ising case to any mixed even model where ALG"™ < OPT®™. In this chapter,
we will use a multi-OGP to show that overlap concentrated algorithms cannot optimize mixed even

spherical or Ising spin glasses to any objective larger than ALG.

The design of our multi-OGP is a significant departure from previous work. Previous OGPs and

multi-OGPs all use one of the following three forbidden structures, see Figure 5.1.

e Classic OGP: two solutions with medium overlap [GS14, CGPR19, GJ21, GJTW20a, GTW21].
e Star OGP: several solutions with approximately equal pairwise overlap [RV17a, GS17, GK21a].

e Ladder OGP: several solutions, where the i-th solution (¢ > 2) has medium “multi-overlap”

with the first ¢ — 1 solutions, for a problem-specific notion of multi-overlap [Wei22, BH21].
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(a) Classic OGP: o1, 02 have medium overlap. (b) Star OGP: many solutions, medium overlaps.

(¢) Ladder OGP: medium “multi- (d) Branching OGP: many solutions in an ultrametric tree.

overlaps” between o; and {o1,...,0;-1}.

Figure 5.1: Schematics of forbidden structures in OGP arguments.

In contrast, the forbidden structure in our multi-OGP is an arbitrarily complicated ultrametric
branching tree of solutions. We call this the Branching OGP. Informally, the Branching OGP is
the condition that for any fixed € > 0, no constellation of configurations with a certain ultrametric
overlap structure has average energy ALG + . The definition involves a family of “ultrametrically

correlated” Hamiltonians, with one input in the constellation per Hamiltonian.

We establish this branching OGP as follows. Using a version of the Guerra-Talagrand interpola-
tion, which we take to zero temperature, we derive an upper bound for the maximum average energy
of configurations arranged into the desired structure. This upper bound is a multi-dimensional ana-
logue of the Parisi formula, and depends on an essentially arbitrary increasing function ¢ : [0,1] — RT
(which we are free to minimize over). We show that for a symmetric branching tree, the resulting
estimate can be upper bounded by P(x(¢). Here P is the Parisi functional P' or its spherical analogue
PSP, and k is a decreasing piecewise-constant function that depends on the tree. By making the
tree branch rapidly, the function x can be arranged to decrease as rapidly as desired. As a result,
the functions x¢ are dense in the space .£. Thus, we may choose a tree and ¢ such that P(k() is

arbitrarily close to ALG.
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Roughly speaking, we show that an overlap concentrated A allows the construction of an arbitrary
ultrametric constellation of outputs. Consequently, if A outputs points with energy at least ALG+¢,
then A run on the appropriate family of ultrametrically correlated Hamiltonians will output the
forbidden structure above, a contradiction. Some additional complications are created by the fact
that E[A(Hx)] may be arbitrary, and that A(Hy) may be in the interior of Cy (or in the spherical
case, By). The former issue requires us to control the maximum average energy of ultrametric
constellations of points that all have approximately a fixed overlap with E[A(Hy)]. We deal with
the latter issue by composing A with an additional phase that grows each output of A into its
own ultrametric tree of points in X (or Sy), so that the resulting set of points has the forbidden

ultrametric structure.

We also show that the full strength of the branching OGP is necessary to establish Lipschitz
hardness at all objectives above ALG, in the sense that any less complex ultrametric structure fails
to be forbidden at an energy bounded away from ALG. More precisely, consider a spherical model &
without external field; we restrict to this case for convenience. Consider a fixed ultrametric overlap
structure of inputs, whose corresponding rooted tree (cf. Subsection 5.7.2) does not contain a
full depth-D binary tree. We prove that if ALG’P < OPTSP, with high probability there exists a
constellation of inputs with this overlap structure where each input achieves energy at least ALGSP +

€¢,p, for a constant ¢ p > 0 depending only on &, D.

Remark 5.1.1. To our knowledge, this is the first hardness result in any natural random optimiza-
tion problem that is tight in the strong sense of characterizing the exact point ALG where hardness
occurs. The aforementioned hardness results for maximum independent set on G(N,d/N) are tight
in the sense of matching the best algorithms within a 1 + 04(1) factor in the limit d — co. In fact,
prior to this work, all outstanding predictions for the algorithmic threshold in any random optimiza-
tion problem have only matched the best algorithms within a 1 + 04(1) factor in the large-degree
limit. Consequently we believe that the branching OGP elucidates the fundamental reason for al-
gorithmic hardness and may provide a framework for exact algorithmic thresholds in other random

optimization problems.

Remark 5.1.2. The significance of ultrametricity in mean-field spin glasses began with [Par79] and
has played an enormous role in guiding the mathematical understanding of the low temperature
regime in works such as [Rue87, Panl13a, Jagl7, CS21]. Ultrametricity also appears naturally in the
context of optimization algorithms. Indeed in [Sub21, Remark 6], [AM20, Section 3.4] and [Sel21b,
Theorem 4] it was realized that the aforementioned algorithms achieving asymptotic energy ALG
are capable of more. Namely, they can construct arbitrary ultrametric constellations of solutions
(subject to a suitable diameter upper bound), each with energy ALG. Our proof via branching OGP
establishes a sharp converse — the existence of essentially arbitrary ultrametric configurations at a

given energy level is equivalent to achievability by Lipschitz A.
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Remark 5.1.3. Since the algorithm of Subag in [Sub21] uses the top eigenvector of the Hessian
V2Hy(z) for various & € By, it is not Lipschitz in Hy in the sense we require. However a different
branching OGP argument shows that a stylized class of algorithms which includes a natural variant
of Subag’s approach is also incapable of achieving energy ALG + ¢. This argument uses only a
single Hamiltonian, constructing a branching tree structure using the internal randomness of the
algorithm. In this sense, it bears resemblance to the original OGP analysis of [GS14]. An outline is

given in Subsection 5.3.7.

5.2 The Optimal Energy of Overlap Concentrated Algorithms

5.2.1 Overlap Concentrated Algorithms

For any p € [0,1], we may construct two correlated copies H](\,l)7 H](\?) of Hy as follows. Construct
three i.i.d. Hamiltonians ITI][\?], ﬁl[\lf],f]ﬁ} with mixture £, as in (5.1.2). Let

Y = VoA +T=pHY  and B = pHY + T}

and define
HP (o) = (h,o)+ HP(0) and HP (o) = (h,o)+HY (o).

)

We say the pair of Hamiltonians H ](\}), H ](\? is p-correlated. Note that pairs of corresponding entries

in g = g(H](\})) and g® = g(H](\?)) are Gaussian with covariance [117 .

We will determine the maximum energy attained by algorithms Ay : Hy — By or Ay : Hy —

Cn (always assumed to be measurable) obeying the following overlap concentration property.

Definition 5.2.1. Let \,v > 0. An algorithm A = Ay is (\,v) overlap concentrated if for any

p € [0,1] and p-correlated Hamiltonians H](\}), H](\?),

P HR (A(HJ(J)),A(H](\?))) _ER (A(HJ(\})),A(HI(\?))N > A} <. (5.2.1)

5.2.2 The Spherical Zero-Temperature Parisi Functional

We introduce a Parisi functional PSP for the spherical setting, analogous to the Parisi functional P™
for the Ising setting introduced in (5.1.6). Similarly to Theorem 20, Auffinger and Chen [AC17a], see
also [CS17], characterize the ground state energy of the spherical spin glass by a variational formula
in terms of this Parisi functional. Recall the set % defined in (5.1.3). Let

1
V(&) = {(B,C) ERT" x% :B > /0 EM(t)¢(t) dt}.
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Define the spherical Parisi functional PSP = P?,I;z :¥Y(€) > R by

1 h2 1 5//@)
PSPB,C:[ +/ <+B t>dt], 5.2.2
BO=3 5w " (B T (22
where for ¢ € [0,1]
1
B(t) =B —/ ¢"(q)¢(q) dg. (5.2.3)
¢
Theorem 23 ([AC17a, Theorem 10]). The following identity holds.
OPT®™ = inf PS(B,(). 5.2.4
(B,Q)e7(£) (B,¢) ( )

The infimum is attained at a unique (B, () € ¥V (§).

5.2.3 Main Results

We defined ALG™ in (5.1.9) by a non-monotone extension of the variational formula in (5.1.7). We
can similarly define ALG®P by a non-monotone extension of (5.2.4). Recall the set 2 defined in
(5.1.8). Let £ (&) 2 ¥ (£) denote the set

1
H(€) = {(B,() ER" xZ:B> /O EM()¢(t) dt}.

The Parisi functional PSP can clearly be defined on 7 (€). We define ALGP = ALG?Fh by

ALG® =  inf  PSP(B,(). 5.2.5
L Lo (B,Q) (5.2.5)

Note that ALGSP < OPTSP trivially.

We are now ready to state the main result of this work. We will show that for any mixed even
spherical or Ising spin glass, no overlap concentrated algorithm can attain an energy level above the
algorithmic thresholds ALG®P and ALG™ with nontrivial probability.

Theorem 24 (Main Result). Consider a mized even Hamiltonian Hy with model (§,h). Let ALG =
ALGP (resp. ALGIS), For any € > 0 there are \,c, Ny > 0 depending only on &, h,e such that the
following holds for any N > Ny and any v € [0,1]. For any (\,v) overlap concentrated A = Ay :
Hy — By (resp. Cn),

P %HN (A(Hn)) > ALG+¢| < exp(—cN) + 3(v/N)°.

Remark 5.2.1. If A is 7-Lipschitz, (\,v) overlap concentration holds with v = exp(—cy N) by
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concentration of measure on Gaussian space, see Proposition C.1.2. Hence in this case the probability
on the right-hand side above is exponentially small in N. The same property holds when A is 7-

Lipschitz on a set of inputs with 1 — exp(—£(N)) probability, see Proposition C.1.3.

In tandem with Theorem 21 and its spherical analogue Theorem 25 below, Theorem 37 exactly
characterizes the maximum energy attained by overlap concentrated algorithms (again with the
caveat on the algorithmic side in the Ising case that a minimizer -, € £ exists in Theorem 21). We

will see in Section C.1 that the algorithms in these two theorems are overlap concentrated.

Theorem 25 ([AMS21, Sel21b]). For any € > 0, there exists an efficient and O (1)-Lipschitz AMP
algorithm A : Hy — By such that

P[Hy(A(Hy))/N > ALG™ —¢] > 1 — exp(—cN), ¢ =c(e) > 0.

In the case of the spherical spin glass, the value of ALGP is explicit, and is given by the following

proposition. We will prove this proposition in Appendix C.3.

Proposition 5.2.2. If h2 +¢&'(1) > €'(1), then
ALG™P = (b +¢'(1))"/?,

and the infimum in (5.2.5) is uniquely attained by B = (h? + ¢'(1))Y/2, ¢ = 0. Otherwise,
1
ALG™ = 3@+ [ €'()"* g
q

where q € [0,1) is the unique number satisfying h*> +£'(q) = ¢¢"(q). If h > 0, the infimum in (5.2.5)

1/2

is uniquely attained by B = £"(1)*/# and

o) =Ha > 1) 5o D = 1q > 3) ()2 (5.2
T 28(q)¥? T dg ' o
If h = 0, the infimum is not attained. It is achieved by B = £"(1)'/? and ¢ given by (5.2.6) in the

limit as ¢ — 013

Note that ALG®P = OPT®P if and only if the infimum in (5.2.5) is attained at a pair (B, ¢) € ¥(€).
Thus, Proposition 5.2.2 implies that ALG®® = OPT®P if and only if h2 4 £/(1) > £”(1) or " (¢)~"/2
is concave on [g, 1]. In the former case, the model is replica symmetric at zero temperature; in the
latter case it is full replica symmetry breaking on [g, 1] at zero temperature. Interestingly, in the
case h? + ¢'(1) > ¢(1), [Fyol3, BCNS21] showed that Hy has “trivial complexity”: no critical

points on Sy with high probability except for the unique global maximizer and minimizer.

3When h = 0, we cannot take § = 0 in (5.2.6) because then B = fol &"(q)¢(q) dgq, so (B,¢) & H(§).
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In the important case of the pure p-spin model, with » = 0 and &(x) = aP for p > 4 even,

1 —
ALGS® = / (q)? dg = 2,/P—L.
0 p

This coincides with the threshold E.(p) identified in [ABAC13]. As conjectured in [ABAC13] and
proved in [Subl17], with high probability an overwhelming majority of local maxima of Hxy on Sy
have energy value E,(p) £o0(1). This suggests that it may be computationally intractable to achieve
energy at least Fo(p) + ¢ for any € > 0; our results confirm this hypothesis for overlap concentrated

algorithms.

Remark 5.2.2. Our results generalize with no changes in the proofs to arbitrary external fields
h = (hi,...,hy) which are independent of Hy — one only needs to replace h? by % in (5.2.2)
and replace ®(0,h) by + Zi\il ®(0,h;) in (5.1.6). This includes for instance the natural case of
Gaussian external field h ~ N(0,Iy). Here A can depend arbitrarily on h as long as overlap

concentration holds conditionally on h.

5.2.4 Notation and Preliminaries

We generally use ordinary lower-case letters (z,y,...) for scalars and bold lower-case (z,y,...) for
vectors. For @,y € RY, we denote the ordinary inner product by (z,y) = Zf\il z;9; and the
normalized inner product by R(x,y) = %(az, y). We associate with these inner products the norms
||w||§ = (x,x) and H:BH?V = R(x,x). There is no confusion between the ||-||; norm and the ¢, norm,
which will not appear in this chapter. We use the standard notations O(-),(+),0(-) to indicate

asymptotic behavior in N.

Ensembles of scalars over an index set L are denoted with an arrow (Z,9,...), and the entry of
Z indexed by u € L is denoted x(u). Similarly, ensembles of vectors are written in bold and with
an arrow (&, 94, ...), and the entry of & indexed by u € L are denoted x(u). Sequences of scalars

parametrizing these ensembles are also denoted with an arrow, for example k= (k1,...,kp).

We reiterate that Sy = {z € RV : Zi\;l z? = N} and ¥y = {—1,1}", and that By = {z €
RY . Ef\il x? < N} and Oy = [~1,1]" are their convex hulls. The space of Hamiltonians Hy is
denoted H . We identify each Hamiltonian Hpy with its disorder coefficients (G(p))pegN, which we

concatenate into a vector g = g(Hy).

For any tensor A, € (RY)®P where p > 1, we define the operator norm

1
||Ap||Op =N max ; ‘<Ap,a-1 ® ...®0-P>’.

Note that when p =1, ||4,|| = [[4p[l 5 The following proposition shows that with exponentially
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high probability, the operator norms of all constant-order gradients of Hy are bounded and O(1)-
Lipschitz. We will prove this proposition in Appendix C.2.

Proposition 5.2.3. For fized model (&,h) and r € [1,7/2), there exists a constant ¢ > 0, sequence
(Kn)n>1 of sets Ky C Hy, and sequence of constants (Ck)g>1 independent of N, such that the
following properties hold.

1. P[Hy € Ky] > 1—e~°N;

2. If Hy € Ky and z,y € RN satisfy |||y, lylly < 7, then

|V*Hy ()|, < Ck, (5.2.7)
[V Hy () = VEHN ()|, < Crerallz — yll - (5.2.8)

Organization. The rest of this chapter is structured as follows. In Section 5.3, we formulate
Proposition 5.3.2, which establishes our main branching OGP, and prove Theorem 37 assuming this
proposition. Sections 5.4 through 5.6 prove Proposition 5.3.2 using a many-replica version of the
Guerra-Talagrand interpolation. Section 5.7 shows that (for spherical models with A = 0) the full
strength of our branching OGP is necessary to show tight algorithmic hardness. Section C.1 shows
that approximately Lipschitz algorithms are overlap concentrated, and that natural optimization

algorithms including gradient descent, AMP, and Langevin dynamics are approximately Lipschitz.

5.3 Proof of Main Impossibility Result

In this section, we prove Theorem 37 assuming Proposition 5.3.2, which establishes the main OGP.
Throughout, we fix a model (§,h) and € > 0. Let Hy be a Hamiltonian (5.1.1) with model (¢, k).
Let A > 0 be a constant we will set later, and let A : Hny — By (resp. Cn) be (A, v) overlap

concentrated.

5.3.1 The Correlation Function

We define the correlation function x : [0,1] — R by
x(p) = E R (AHR), AH)) | (5:3.1)

where H](Vl)7 HJ(\?) are p-correlated copies of Hy. The following proposition establishes several prop-

erties of correlation functions, which we will later exploit.

Proposition 5.3.1. The correlation function x has the following properties.
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(i) For allp €10,1], x(p) € [0,1].
(i) x is either strictly increasing or constant on [0, 1].
(iii) For all p € [0,1], x(p) < (1 —p)x(0) +px(1).
We call any x : [0,1] — R satisfying the conclusions of Proposition 5.3.1 a correlation function.

Proof. In this proof, we will write A(g) to mean A(Hy) for the Hamiltonian Hy with disorder
coefficients g = g(Hy). We introduce the Fourier expansion of 4. For each nonnegative integer j,
let He; denote the j-th univariate Hermite polynomial. These are defined by Heg(z) = 1 and for
n >0,

He,,11(z) = 2He,(z) — He), ().

Recall that the renormalized Hermite polynomials He, = \/%Hen form an orthonormal basis of

L?(R) with the standard Gaussian measure, i.e. they form a complete basis and satisfy

E  He,(g)Hem(g) =I[n = m).
ol 1y Hen(g)Henm (9) = I[n = m]

For each multi-index o = (a1, g, ..., ) of nonnegative integers that are eventually zero, define the

multivariate Hermite polynomial
Hea H He,, (gi),

These polynomials form an orthonormal basis of L?(RY) with the standard Gaussian measure, see
e.g. [LMP15, Theorem 8.1.7]. Hence for each 1 <i < N, we can write

ZA )JHeo (g where Ai(a) =E Ai(g)IiIvea(g)] .

For each multi-index o, let || = >,5, ;. For each nonnegative integer j, introduce the Fourier
weight

W—lN Ay ()
J_NZZ i(@)

=1 |a|=j
For i =1,2, let gi¥) = g(H](\?)). Let T}, denote the Ornstein-Uhlenbeck operator. We compute that

1

x(p) = E (A(g) T,A(g)) = +E |77 A()

E<A( ()) Alg ())>
N
ZHTM I, = ZZ A0 ='W,

= 720

22

1
N
1
- N

It is now clear that 0 < x(p) < x(1). Since x(1) = E|A(Hy)|3 < 1, this proves the first claim.
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The second claim follows because x(p) is strictly increasing unless W; = 0 for all j > 1, in which

case x(p) is constant. Finally, the last claim follows since  is manifestly convex. O

5.3.2 Hierarchically Correlated Hamiltonians

Here we define the hierarchically organized ensemble of correlated Hamiltonians that will play a
central role in our proofs of impossibility. Let D be a nonnegative integer and k= (k1,...,kp) for
positive integers k1, ...,kp. For each 0 < d < D, let Vj = [k1] X - - - X [kg] denote the set of length d
sequences with j-th element in [k;]. The set Vj consists of the empty tuple, which we denote (). Let
T(E) denote the depth D tree rooted at (§ with depth d vertex set Vg, where u € V; is the parent of

v € Vgqq if w is an initial substring of v. For nodes u', u? € 'JI‘(I;), let
u' ANu® =max {d € Zso : up =uf forall1 < d' <d},

where the set on the right-hand side always contains 0 vacuously. This is the depth of the least
common ancestor of u! and u2. Let L(k) = Vp denote the set of leaves of T(k). When k is clear
from context, we denote T(k) and L(k) by T and L. Finally, let K = |L| = H,1D=1 kq.

Let sequences 5 = (po,p1,---,pp) and ¢ = (qo,q1,--.,qp) satisfy

O=po<p1 <---<pp =1,

0<gp<qa<---<gp=1

The sequence p controls the correlation structure of our ensemble of Hamiltonians, while the sequence
¢ controls the overlap structure that we will require the inputs to these Hamiltonians to have.
We now construct an ensemble of Hamiltonians (Hj(\?))uel, such that each H](\?) is marginally
1 2
distributed as Hy and each pair of Hamiltonians HJ(\? ), H](\I,‘ ) is Put au2z-correlated. For each u € T,
including non-leaf nodes, let I;TJ[:;] be an independent copy of H N, generated by (5.1.2). For each

u € L, we construct

H](:f) (o) =(h,o) + fI](\}L)(a), where
D
Y =37 /pa — pa—1 - HZ ), (5.3.2)

d=1

It is clear that this ensemble has the stated properties. Consider a state space of K-tuples

& = (o(w))ucr. € (RY)X.
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We define a grand Hamiltonian on this state space by

HyP(&) =S HY (o(u).

u€l

We will denote this by Hy when IZ, 7 are clear from context. For states &°,6> € (RM)E | define the

overlap matrix R = R(&l, &2) € REXE by
Ryt w2 = R(a*(u'), 0% (u?))

for all u', u? € L. We now define an overlap matrix Q = QE"T € REXK: we will control the maximum
energy of Hy over inputs & with approximately this self-overlap. Let @ have rows and columns

indexed by u',u? € L and entries

Qul,zﬂ = QulAu?-
Fix a point m € RY such that |m|3 = go, which we will later take to be m = E[A(Hy)]. For a
tolerance 7 € (0, 1), define the band

B(m,n) = {U eRV: |R(o,m) — qo| < 7]}'

Define the sets of points in S§¥ and X with self-overlap approximately @ and overlap with m

approximately qg by

Q% (Q,m,n) = {& € (Sy N B(m,n))* : |R(&,6) — Q| <n},
Q®(Q,m,n) = {& € (EnNB(m, )" : |R(&,7) — Qll, <n}-

Let x be a correlation function (recall Proposition 5.3.1). We say p = (po,...,pp) and ¢ =
(qo,---,qp) are x-aligned if the following properties hold for all 0 < d < D.

o If g4 < x(1), then x(p4) = qq.

o If g4 > x(1), then pg = 1.

The following proposition controls the expected maximum energy of the grand Hamiltonian
constrained on the sets Q?(Q,m,n) and Q®(Q, m,n), and is the main ingredient in our proof of

impossibility. We defer the proof of this proposition to Sections 5.4 through 5.6.

Proposition 5.3.2. For any mized even model ({,h) and € > 0, there exists a small constant
1o € (0,1) and large constants No, Ko > 0, dependent only on £, h,e, such that for all N > Ny the
following holds.

Let ALG = ALG®P (resp. ALGIS). For any correlation function x and vector m € RN with
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||m||?\, = x(0), there exist D,E,ﬁ,(j’,ﬁ as above such that p and ¢ are x-aligned, n > n9, K < Ky,
and

l]E max Hy(6) < K(ALG +¢),
Fe€9(n)

where Q(n) = Q5°(Q,m,n) (resp. Q%(Q,m,n)).

5.3.3 Extending a Branching Tree to Sy and Xy

To account for the possibility that A4 outputs solutions in By (resp. Cx) not in Sy (resp. Xy ), we
will show that a branching tree of solutions in By (resp. Cy) output by A can always be extended

into a branching tree of solutions in Sy (resp. Xy ), with only a small cost to the energies attained.

Consider x-aligned p, ¢ as above. Let D < D be the smallest integer such that pp = 1. Define
k= (k1,...,kp), 7= (po,--.,pp), and ¢ = (qo, - - ., qp). Let L. = Vp denote the nodes of T at depth
D, and let K = |L| = [T, ka.

Consider an analogous state space of K-tuples
& = (o(w)uer € (RV)E.
Define @ = QE@ € REXE analogously as the matrix indexed by u!, u? € L, where

Q.

Lul,u?

= Qul Au? A X(l).

Note that because p, ¢ are x-aligned, gp_1 < x(1) < gp. So, the right-hand side is x(1) if u' Au®? = D

(i.e. u' = u?) and Qui au2 Otherwise. The following sets capture the overlap structure of outputs of

A.
9%(Q.m,n) = {& € (B N Bm.n)*:||R(&.¢) - Q| , <n}.

Q"(@m.n) = {& € (Cn N Bm,m)~: |R(& &) -Q|, <n}
By the construction (5.3.2), for each u € L the Hamiltonians

{H](\;L) :u € L is a descendant of u in ']I‘}

are equal almost surely. Let H ](Vg) denote any representative from this set.
We next define the condition Seigen Which guarantees existence of a suitable “extension” & of & =
(A(H](Vﬂ))> . First, given a subset S C [N], denote by Wy the |S| dimensional subspace spanned
u€Ll

by the elementary basis vectors {e, : s € S}. Below, A; denotes the j-th largest eigenvalue and

(\)lwg denotes restriction to the subspace Wy as a bilinear form, or equivalently A|w, = Pw,APw,,
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where Py, is the projection onto Wg.

Definition 5.3.3. For constants 6 and K, let Scigen (0, K) denote the event that both of the below
hold for all u € L.

1. Mok (V2H§Vﬂ)(m)|ws) > 0 for all S C [N] of size |S| > ON.
2. H](VH) € Ky, for the Ky given by Proposition 5.2.3.

We will use the following lemma, whose proof is deferred to Subsection 5.3.6.

Lemma 5.3.4. Fiz a model &, h, constants €, > 0, and E,(j’ as above. Let § be sufficiently small
depending on &, h,n,e, and assume that Seigen(0, K) holds. For any & € Q(n/2), there exists & €
Q(n) such that

H{ (o(u) > H{ (o(u)) — Ne

whenever u € L is an ancestor of u € L.

5.3.4 Completion of the Proof

We will now finish the proof of Theorem 37. Below we give the proof in the spherical setting; the
Ising case follows verbatim up to replacing By by Cy and ALG®P by ALG™ (since Cy C By).

Let ALG = ALG®P. Let x be the correlation function of A defined in (5.3.1) and set m =
E[A(Hy)]. Note that ||m|3 = x(0) by definition. For small £/2 > 0 there exist Ny, Ko, 7 and
D, IZ, P, q,n, K as in Proposition 5.3.2 such that

1
—E max Hy(6) < K(ALG +¢/2). (5.3.3)
FeQ(n)

For N > Nj let

anN = P %HN(.A(HN)) > ALG+¢| .

For each u € L, let o(u) = .A(H](\,ﬁ))7 and let & = (o(uw))ueL. We define the following events,

where § > 0 is chosen so that Lemma 5.3.4 holds with parameters €/4,7,k, 7. In the statement of
Theorem 37, we take A = ny/4 < n/4.
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Define the following events.

Seotve = {Zlng;ﬂ (o(u)) > ALG + ¢ for all u € L(/Z)} ,

Soverlap = {Q € 2(77/2)} ’
Seigen = {Seigen((Sv K)} )

1 —
Sogp = {N &Iggé)”}-{]\;(a) < K(ALG + 35/4)} .

Proposition 5.3.5. With parameters as above,

Ssolve N Soverlap N Seigen N Sogp = @

192

Proof. Suppose that the first three events hold. Then A outputs & € Q(n/2) such that for all u € L,

HY(o(u) > ALG +¢.
Lemma 5.3.4 now implies the existence of & € Q(n) such that for all u € L,
H (o (1)) > ALG + 3¢/4.

This contradicts Segp.

Proposition 5.3.6. The following inequalities hold.

(a) ]P)(Ssolve) Z 0411\5-

(b) ]P)(Soverlap) >1- K2y — 2KTV

(¢) P(Scigen) > 1 — exp(—cN) for ¢ > 0 depending only on &, h,e.

2

(d) P(Sogp) > 1 —2exp (—%N),

We defer the proof of this proposition to after the proof of Theorem 37.

Proof of Theorem 37. Lemma 5.3.5 implies that P(Ssoive) + P(Soverlap) + P(Seigen) + P(Sogp) < 3.

Because (K2 4 2K)'¥ < 3 for any positive integer K and A < 1,
2K\ * £2
< (K2 2 -——— N —eN/K
oz (R ) 2o () -
2

v\ /K € N
<3(= S —eN/K
_3<)\) +2exp( 32K£(1)N)+e
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Recall that K < Ky and K is a constant depending only on &, h,e. The proof is complete up to

choosing an appropriate ¢ in Theorem 37. O

5.3.5 Proofs of Probability Lower Bounds

In this section, we will prove Proposition 5.3.6. As preparation we first give two useful concentration
lemmas. The first shows that R(A(Hy), m) concentrates around ||m||?v for overlap concentrated
algorithms with E[A(Hy)] = m.

Lemma 5.3.7. If A= Ay is (\,v) overlap concentrated and E[A(Hy)] = m, then

P HR(A(HN),m) - ||m||§v‘ > 2)\] < 27” (5.3.4)

Proof. Define the convex function ¥(t) = (|t — ||m||?\,| — A)4+. Then by Jensen’s inequality, for

independent Hamiltonians Hy and Hl,,
E [ (R(A(Hy),m))] < E[¢ (R(A(HN), A(Hy)))] -

Because A is (A, v) overlap concentrated, ¥ (R(A(Hn), A(Hy))) = 0 with probability at least 1 —v.
Moreover, ¢ (R(A(Hy), A(Hy))) < 2 pointwise. So,

E [ (R(A(Hy),m))] < 2v.

By Markov’s inequality,

DN
S

P [|RA(HN),m) = [ml[}] > 23] = P[0 (RA(Hy),m)) > A] <

The next lemma shows subgaussian concentration for % maXgeco(n) Hn(F).

Proposition 5.3.8. The random variable

1
Y = — max Hy(&
N A2ax, H(S)

satisfies for all t > 0
P|lY —EY| > 1] < 2e —Niﬁ
—UETEP e )
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Proof. For any & € S¥, by Cauchy-Schwarz the variance of Hx () is at most

E[(Hn(5) - EHN ()] = 1ZQELEﬁ$I><a<u1>>Eﬁﬁ)(a(u%)
<KY EH{ (o(u)?
u€ell
= NK?¢(1).

The result now follows from the Borell-TIS inequality ([Bor75, CIS76], or see [Zeil5, Theorem 2]).
Note that both the statement and proof of Borell-TIS hold for noncentered Gaussian processes with

no modification. O
We now prove each part of Proposition 5.3.6 in turn.

Proof of Proposition 5.3.6(a). For 0 < d < D, let 14 € T denote the node (1,...,1) with d entries
(so 1° = 0 is the root of T), and let Sy be the event that HJ(VH)(Q(Q)) > ALG+ e forallu € L
descended from the node 1¢. Let P; = P[S4]. Note that Pp = ax. We will show Py > oz% > af by
showing that for all 1 < d < D,

Py_1 > Pk

The result will then follow by induction.

Recall the construction (5.3.2) of the Hamiltonians HI(\?) in terms of i.i.d. Hamiltonians (H][\q;])ueqr.
Conditioned on the Hamiltonians Q4_1 = (flj%d ])ogdfgd—l, let f4(Q4—1) denote the conditional
probability of Sy. Note that

Py =E fa(Qq—1).

By symmetry of the kg descendant subtrees of the node 1971,

Py_1 =E f4(Qu_1)k.
Thus Py_1 > P;d by Jensen’s inequality. O

Proof of Proposition 5.5.6(b). By definition of x, ER(a(u'),a(u?)) = x(Purpuz)- If u!' Au? < D,
then p,i,.2 < 1. Because p, ¢ are x-aligned, we have x(puinu2) = quing2- If u' Au? = D, then
Puinuz = 1, so clearly x(pyinu2) = x(1). So, in all cases, E R(o(u'), o(u?)) = Qi 2

1

Using (5.2.1) and a union bound over u!,u? € L, we have

17, 2) - Q|| <A
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with probability at least 1 — K2v. By Lemma, 5.3.7 and a union bound, we have

RAHY),m) — [m]%] < 2A

for all u € L with probability at least 1 — 21;”. Recall that A = ny/4 < n/4. By a final union bound,

2Kv

Pl¢ € Qn/2)] > 1 = K*v — =

O

Proof of Proposition 5.3.6(c). We focus on a fixed u € L. The requirements HJ(\?) € Ky follow from
Proposition 5.2.3. The uniform eigenvalue lower bound follows by union bounding over subspaces S
and a net of points . In fact it follows from exactly the same proof as [Sel2la, Lemma 2.6] up to

replacing each appearance of an eigenvalue A; to Ag ;.

0
Proof of Proposition 5.3.6(d). By (5.3.3) and Proposition 5.3.8 with ¢t = Ke/4,
P 1 max Hy(d) > K(ALG —|—3€/4)} <P [1 max Hy(F)— iIEJ max Hy(d) > ke
N seo() FeQ(n) N~ geon) 4
g2
<20 (~ W)
O

5.3.6 Proof of Lemma 5.3.4

The spherical case of Lemma 5.3.4 follows from [Sub21, Remark 6] and does not require any of the
axis-aligned subspace conditions. We therefore focus on the Ising case, which is a slight extension
of the main result of [Sel21al.

Lemma 5.3.9. Suppose Seigen (8, K) holds. Then for any = € [—1,1]N with ||z||3 < 1 -0, any
u € L and any subspace W C RN of dimension dim(W) > N — K — 1, there are mutually orthogonal
vectors y',...,y% € W naxt such that for each i € [K]| the following hold where Cs is as in
Proposition 5.2.3.

1. x+y' e[-1,1)V.
2. If zj € {—1,1} then y} = 0.

3. H](\}‘)(ac +yt) — H](\?)(:c) > —5Hy"H§.
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4 [y'lly = w5
5. If || % < ga for some 1< d < D, then ||z +y||3 < qa-

6. At least one of the following three events holds.

i — 3
(@) |ly'|l y = 1oz -
(b) x +y® has strictly more +1-valued coordinates than x.

(c) ||z||3 < qa and ||z + y'||3 = qa for some 1 <d < D.

Proof. By the Markov inequality, = has a set S of at least (1 — ||z||% )N coordinates not in {—1,1}.
Seigen (9, K) and the Cauchy interlacing inequality imply

MK (V2H1(\7) ($)|Wsmw) > MoK +1 (VQHJ(\?) (90)|Ws) 2 0.
Let y!, ...,y € Wg(x)NW be a corresponding choice of orthogonal eigenvectors, each satisfying
<yi7V2H1(\}L)(:c)yi> > 0.

Since y* and —y° play symmetric roles we may assume without loss of generality that (V H 1(\1/) (y),y%) >
0. Replacing y® by ty® for suitable ¢ € [0, 1] if needed, we may ensure that Items 1, 2, 4, 5, and 6
above hold.

Since Seigen (0, ) implies that HV3H](\?)

is uniformly bounded by Cj, it follows that along the

op

line segment x + [0, 1]y’ the Hessian of HJ(\?) varies in operator norm by at most g. This combined
with (VH](\}L) (z),y") > 0 implies

u i u |2
(@ +y') 2 H (@) = 6]y,
This completes the proof. O

Proof of Lemma 5.3.4. Take
§ < min(&??a 1- QD—l)Q
16(C1 + C5 + 1)

sufficiently small, where C;, C5 are given by Proposition 5.2.3. Enumerate u!, ..., v € L. Assume
the points o(u) for descendants v € L of u!,...,u/~! have already been chosen and satisfy the

conclusions of Lemma 5.3.4. We show how to define the points o (u) for u a descendant of u’.

From the starting point 20 = o (u?), we produce iterates % for i € N and v € T a descendant
of u/, similarly to [Sub21] and [Sel21a, Proof of Theorem 1]. First let dy = do(u’) € [D] be such

that Ha:o’ﬁj 13 € [qdy—1,qd, ), and set z0? = %% for all depth dy descendants v of u? if dg > D.
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m,v m,v

Given a point x with v a descendant of u/, suppose that ||z

1% € (@oj-1,q0) A (1 —0)).
Then take the subspace W+ (which changes from iteration to iteration) to be the span of m as well as
all currently defined leaves of the exploration tree (including ™" itself). Hence dim(W=+) < K +1
and so dim(W) > N — K — 1. (The resulting exploration tree can be constructed in arbitrary order;

at any time it will have at most K leaves.)
Then there exists y™" satisfying the properties of Lemma 5.3.9 with subspace W and Hamilto-
nian HI(\%J). We update

wm-‘rl,v — gmv 4 ynL,v7 veT.

However if |[z™"||3 = qlv|, then we let vl ..., vFt1 be the children of v in T and generate
ym’”1 yeen ym’”kdﬂ again using Lemma 5.3.9. We then define
gL = g oy e (g

Continuing in this way, we eventually reach points z™+1% with ||[z™T14||%, > (1—9) for each u € L;
indeed the last condition of Lemma 5.3.9 ensures that this eventually occurs for each u € L. We set

% = ™14, Observe that by orthogonality of ™ and y™?,

HY (@) = Hy (@) = Noly™" |1y

m,v m v 2 m,v
> 1Y (@) - N6 ([ - ).
It follows by telescoping that (recall u/ € L is an ancestor of u € L),
HY (x%) > HY (a) — N6 > HY (a*') — Ne/2.

Since every update above is made orthogonally to all contemporaneous iterates, it is not difficult to

see that the final iterates (x¥),cy, satisfy the following.

4 R(wu,xu) Z ]- _5 2 Quiu — g

o If u! # u? are both descendants of v/ € L and u! A u? < do(u?), then

R(a".2") = R@* @) < qp + 7 < quiru + 3-

and
2
R(wu ’a.:u ) Z qdo—1 Z Quinu?,

2

hence R(m“l,m“ ) = Quinuz| < 1/2.

2

e Otherwise, R(:z;“l,w“ ) = Quinuz-
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Moreover all updates were also orthogonal to m, so |R(m,x")| < n/2 for all u € L.
Finally, to produce outputs in Xy, for each v € L and i € [N] we independently round the

coordinate z¥ at random to o(u); € {—1,1} so that E[o(u)] = . It is not difficult to see that

2

PR(z" &) — R(o(u'), o (u2))| > 6] < e=<ON

for each u',u? € L, and similarly for inner products with m. We conclude that & € Q(n) holds
with probability 1 — e~V (since § < 1/2). Similarly |o(u) — :c“H; is an independent sum of N

terms each at most 1 and has expectation at most ¢. It follows that
Plllo(u) — 2"y = 26"/ < =N,
Now using Seigen, for every (u,u) € L x I with u an ancestor of u,

HJ(\?)(O‘(U)) > HI(\T;) (z*) — 20151/2]\7
> H(x*) — Ne/2
> B (2%) — Ne

holds with probability 1—e~¢®¥  In particular, the above events hold simultaneously over all (u, )
with probability at least % over the random rounding step. Hence there exists some & satisfying all

desired conditions. This concludes the proof. O

5.3.7 A Different Class of Algorithms Capturing The Approach of Subag

The optimization algorithm of [Sub21] in the spherical setting can be summarized as follows. Starting
from any ! € By with Hml H?\, = J, repeatedly compute the maximum-eigenvalue unit eigenvector
v’ € RN of Plyiys V2Hy (2") P(yi)- (the Hessian of Hy at @' restricted to the orthogonal complement
of x'). Then, set

' =2 +v'VN (5.3.5)
where the sign of v is chosen depending on the gradient VHy(x%). By construction, |wl||fv =i,

so if 671 = m € N then ™ € Sy. By uniformly lower bounding the maximum eigenvalue of the
Hessians, [Sub21] showed that this algorithm obtains energy at least (ALGSP + 05(1))N as § — 0.
Because the maximum eigenvalue is a discontinuous operation, our results do not apply to Subag’s

algorithm.

We consider the following variant. At each z?, let the subspace W (z!) be the span of the top
[6N | eigenvectors of Prgiyr VZHN (") Pgiyr. Next, choose v* uniformly at random from the unit

sphere of W (x?) and update using (5.3.5). This modified algorithm obeys the same guarantees as
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that of [Sub21] by exactly the same proof.

More generally, we define the class of §-subspace random walk algorithms for § > 0 with §=! =
m € N, only in the spherical setting for convenience, as follows. Given Hy, let W(x*) C RY be an
arbitrary (measurable in (Hy,x)) subspace of dimension [§N]. Starting from arbitrary &' € By
with ||:1:1H?v = §, repeatedly choose a uniformly random unit vector v* € W(z!) and define x‘*!
via (5.3.5), leading to the output & = ™. Note that unlike in the rest of this chapter, here the
output '*! is random even given Hy, i.e. 't! = A(Hy,w) for some independent random variable
w. As we now outline, for § < §y(¢) sufficiently small depending on €, no d-subspace random walk

algorithm can achieve energy than ALGSP + £ with non-negligible probability.

Fixing Hy and z!, for any j < m we may generate coupled outputs o!, o2 as follows. First use

shared iterates ! = x»? = 2’ for ¢ < j and then proceed via

T = bt L /GN, e {1,2}

m—1,2).

for independent update sequences (v’1, ... v™~ 1) and (v92,... v Finally output o =

™. Tt is not difficult to see that for N sufficiently large,
P [|R(01,0'2) —jo| >n/2] < e~ N

for some ¢ = ¢(,7n) thanks to the random directions of the updates v*¢. With L as in the earlier
part of this section, we can now construct a branching tree of outputs o (u) for u € L. As § — 0,

for appropriate jq = |gs6~1|, the solution configuration & hence constructed satisfies
Plg € Q(n)] < eV

with m the zero vector. Because we consider a single Hamiltonian Hpy, we use Proposition 5.3.2
with x(p) — 0 for all p < 1. Since the statement is uniform in y, this does not present any difficulties
(we are essentially “defining” 7 = 1 to be y-aligned with arbitrary ¢). Mimicking the proofs earlier
in this section (including the argument in the proof of Proposition 5.3.6(a) which now uses Jensen’s

inequality on the randomness of A), we obtain the following result.

Theorem 26. Consider a mized even Hamiltonian Hy with model (&, h). For any e > 0 there are
00, ¢, No > 0 depending only on &, h,e such that the following holds for any N > Ny and § < ég. For

any 6-subspace random walk algorithm A,

1
P | Hy (A(Hy,w)) > ALG®® 4 ¢| < exp(—cN).
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5.4 Guerra’s Interpolation

In this section, we begin the proof of Proposition 5.3.2. We take either Q(n) = QS(Q, m,n) or
Q(n) = A¥(Q, m,n) (recall Q = QE@); the proofs in this section apply uniformly to both cases.

The goal of this section is to use Guerra’s interpolation to upper bound the constrained free energy

1 o -
Fy(Qm) = logE [ e Ha(@) du"(@),
Q(n)
where g is a (for now) arbitrary measure on Sy. In the sequel, we will take p to be the uniform
measure on Sy for spherical spin glasses, and the counting measure on X for Ising spin glasses.
We develop a bound on Fx(Q(n)) that holds for all D, k,p,q, 71, and will set these variables in the

sequel to prove Proposition 5.3.2.

We will control this free energy by controlling the following related free energy. Let A € R be
a constant we will set later. For all o € RV, let 7(0) = o — m. We define the following modified

grand Hamiltonian, where we add an external field Am centered at m:

Hu (@) = Hu () + ) {dm, (o (w))

u€el
= K{h,m) + > [(h+ A, w(o(w) + A (0(w)]
(A

We define the free energy

1
FiA(Q(n) = 3 log E /Q B HAP) ()
n

Since Q(n) € B(m,n)X, we have |Hn(6) — Hnx(6)] < NK|\|n for all & € Q(n), and so

[Fn(Q(n) — Fna(Q())| < K[A[n. (5.4.1)
Define the matrices M’aﬁ’l, ceey MFPD ¢ REXK whose rows and columns are indexed by L, by

Ep.d
Mu{f’éz =Hu' Au? > d}pyipge-
Further, define MFPT .

1) = REXK a5 the piecewise constant matrix-valued function such that
for ¢ € [ga—1,qa), M*P9(q) = M"P<. Define K*77: [go,1) — R by
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where Sum denotes the sum of entries of a matrix. Explicitly, for ¢ € [g4—1, q4),

D—-1 D
KP(g) = (ke = 1) T] ke| pj+po. (5.4.2)
j=d l=j5+2

When E,ﬁ, 7 are clear, we will write M¢ = ME’ﬁ’d, M(q) = ME’ﬁ’i(q) and k(q) = /@E’ﬁ"?(q). Consider
a sequence

0=C¢1<¢<--<(p=1,

which we identify with the piecewise constant CDF ( : [go, 1) — [0, 1], where for = € [qq4, ¢a+1),

¢(x) = Ca, (5.4.3)

corresponding to the discrete distribution ¢({ga}) = ¢4 — {4—1. We denote by M the set of such
CDFs ¢ for a given ¢.

Let Tp = NNUN!'U--- UNP and for w € Tp, let |w| denote the length of w. Let ) denote
the empty tuple. We think of Tp as a tree rooted at (), where the parent of any w # () is the
initial substring of w with length |w| — 1. For a € NP let p(a) = ((a1), (a1, a2), ..., (a1,...,ap))
denote the path of vertices from the root to «, not including the root. For a',a? € NP, let o' A a?
denote the depth of the least common ancestor of ! and a?. Recall the Ruelle cascades (V4 )aenp

corresponding to (o, (1, - .,(p—1) which were introduced in [Rue87], see also [Pan13b, Section 2.3].

For each increasing v : [qo, 1] — R>(, we define a Gaussian process gfp“)(a) indexed by (u,a) €
L x NP as follows. Generate 7jy € R by

Ty = (mo(w))uer ~ N(0, M*).
Furthermore, for each non-root w € Tp, independently generate 7, € R by
o = ((u))uer ~ N (0, M),
Then, for each u € L, set

g5 (@) = mp()(@0) 2 + Y 1) (¥(g) — ¥(g1))">.

wep(a)

This is the centered Gaussian process with covariance

1 u?
]qu(pu )(al)gfﬁ )(a2) = pul/\uﬂp((]al/\a2 A Qul/\uz)v

where for z,y € R, x Ay = min(z,y). Generate N i.i.d. copies of the process ggf)(a)7 which we
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denote gg")i(a) for i =1,..., N. Similarly, for the function

0(q) = (¢ — q0)¢'(q) — &(q) + £(qo),

we generate N i.i.d. processes g(gui) (a) for i =1,..., N. Note that for q € [go, 1),

0(q) = /q(i’(Q)—f’(q’)) A/ >0 and  #(q)= (- q)€"(q) 0,

90

so 0 is nonnegative and increasing, as required. For ¢ € [0, 1], define the interpolating Hamiltonian

N N
Hyae(@ o) = [ﬁﬁi}%(u» +VI=tY g (@)m(o(w)i +VEY g (a)
i=1 =1

u€l
+ K(h,m)+ (h+ dm,7(o(u))) (5.4.4)

and the interpolating free energy

1 ) .
o(t) = NElog Z Ve, /Q(n) exp Hy (6, ) du™ (&).

aeNDP
The following bound on F(Q(n)) is the main result of this section.
Proposition 5.4.1. The free energy Fn(Q(n)) is upper bounded by

Fr(Q) < 9(0) 5 [ (4= a0)€"(@)r(a)<(a) dg + K€" (1) + K|,

where ¢ : [qo,1) — [0,1] is defined in (5.4.3).
Lemma 5.4.2 (Guerra’s interpolation bound). For allt € [0,1] and n € (0,1),
¢'(t) < 3K2¢"(1)n.
Proof. Let (-); denote the average with respect to the Gibbs measure on Q(n) x N¥ given by
G(&,a) x vy exp Hy (6, ).
By Gaussian integration by parts [Pan13b, Lemma 1.4],

OHN At
e )
OH N A

]E<]E 37'181\1/;,\“&1&1)%]\]7/\’451’&1)_[@(%,(51’01)HN7A7t(&27a2)> ;o (5:4.5)
t
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where (¢',a!) and (67, a?) are independent samples from the Gibbs measure. Recall (5.4.4). For

any realizations (¢, ) and (&2, a?),

OHN A
N ot
= Z Pul nu? [E(R(o’l(ul),az(uz))) - R(ﬂ(al(ul))vW(Uz(uz)))gl(QQl/\a2 A Qul/\uz) + 0(Qa1Aa2 A Qul/\u2>]
ul u?2€el
= Y pue[E(R(e (u'), 0% (u?)))
ul u?2el
- (R(Gl(u1)7 02(u2)) - R(al(ul)’ m) - R(UQ(UQ)v m) + R(mv m)) fl((]ozl/\oc2 A QulAuz)
+ 0(‘](11/\&2 A Gul /\uz)]
= Z Put Au? [C (R(a'l(ul), 0'2(’[1,2))7 Gatpaz N Qul/\uz)

ul u2el

+ (R(Ul(ul)a m) + R(Uz(uz)a m) - QQO) 5/(Qa1/\a2 A qul/\uQ) + g(CIO)],

2
ZE (&', a YHy (6%, a?)

where

Clay) = 60) ~ )~ - w) = [ [ €'(w) dw (5.4.6)

Y

Because ot(ut),0%(u?) € B(m,n),

|(R(Ul(u1)7 m) + R(UQ(uz)v m) - 2(]0) gl(qozl/\a2 A Qul/\u2)| < 25/(1)77

Hence using (5.4.5) and noting that g,141 = 1, we obtain

DN | =

¢'(t) <

1

sup Z [C (R(e'(u"), 0" (u?)), quinuz) — C (R(o' (u"), 0% (u?)), qarna2 A Guinuz)
&',62eQ(n) ul,u?el
al,a?eN? l

+2K2¢ (1)
By (54.6), 0 < C(z,y) < |z —y[¢"(1). Since [R(a(u'), 0 (u?)) = quipuz| < 1 for &' € Q(n),

C (R(al(ul),01(u2)),qu1m2) < ¢'(1)n?.

Moreover,
C (R(Ul(ul)v 02(u2))7 datraz N qul/\u2) > 0.

So,
P(1) < G K€" (1 +2K%€ (1) < BK°€" (1,
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We will now evaluate (1) to complete the proof of Proposition 5.4.1.

Lemma 5.4.3. The following identity holds.

D—

,_.

K
2

(1) = FyA(Q r(qa)Ca(0(qa+1) — 0(qa)).

d=0

Proof. 1t is clear that

p(1) = Fya(Q) + 1 1ogE Y vaexp 3 D" g (a).

aeND uel i=1

We will evaluate the last term by the recursive evaluation of Ruelle cascades. For 1 < d < D,

independently generate 7j,; = (17,(u))uer. € (RY)X by generating, independently for each 1 <i < N,

(14)i = (Ng(w)i)uerL ~ N(O>Md)-

(Because 6(qp) = 0, we will not need 7j,, corresponding to the root ) of Tp.) Let

XD—ZZan 0(qa) — 0(qa-1))""?,

u€l i=1 d=1
and for 0 <d <D —1 let .
X4 = o log Egexp (g Xat1, (5.4.7)

where E; denotes expectation with respect to 7j,,;. By properties of Ruelle cascades [Panl3b,
Theorem 2.9],

—logE Z z/aepoZg(") = %XO.

aeND u€cl i=1

Here we use that the depth-zero term 7y (u)0(go)*/? of géu)(oz) is zero because 0(qy) = 0. We now
evaluate Xo by (5.4.7). For each 1 <d < D, Y vazl n4(u); has variance

N 2
E (Z > nd(u)l) = NSum(M?) = NKr(qa_1).

uel i=1

So,

L logEaexpy (Zzndﬂ ) (0as1) = 00aa)) > = - togexp (25 w0 0lase) - a0
u€l =1

NK

= —5#i(9a)Ca(0(qa+1) — 0(qa))-
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A straightforward induction argument using this computation gives

o)

1
— X, =

N #(qa)Ca(0(qa+1) — 0(qq)),

0

K
2

I
Il

completing the proof. O

Corollary 5.4.4. For the distribution function ¢ : [qo,1) — [0, 1] defined in (5.4.3),

1
o) = Fya(@) + 5 [ (a- w)e"(m(a)C(a) da

Proof. On each interval [qq4, ga+1), the functions k(q) and ((g) are constant. Moreover, recall that
0'(q) = (¢ — q0)¢"(q). The result follows from Lemma 5.4.3. O

Proof of Proposition 5.4.1. By Lemma 5.4.2 and Corollary 5.4.4,

Fua(@m) < 0(0) — 2 [ (g = )€ (@)r(@)¢(q) dg + 3K>€" (1),

The result follows from (5.4.1). O

In the following two sections, we will use Proposition 5.4.1 to upper bound Fx(Q(n)) in the

spherical and Ising settings by estimating

N
(h+xm,m(o(w) + Y gt (@)m(o(w):| du(&).
=1

(5.4.8)

In the spherical and Ising settings, p is respectively the uniform measure on Sy and the counting

1
©(0) = KR(h,m)+— logE E z/a/ exp E
N o)

aeNDP u€l

measure on ¥ . We denote ¢(0) in these settings by ¢P(0) and '(0). We will also denote Fy in
these settings by Ff,p and F¥.

5.5 Overlap-Constrained Upper Bound on the Spherical Grand

Hamiltonian

In this section, we complete the proof of Proposition 5.3.2 in the spherical setting. Denote the

expected overlap-constrained maximum energy of the grand Hamiltonian by

1
OPTSP =_E 7).
v (Q(n) S Hn ()
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Let . and .Z denote the subsets of . supported on [0, go) and [qo, 1), respectively. The function x
defined in (5.4.2) is an element of Z. Moreover (recall (5.4.3)) Mz C Z. For 8> 0 and ¢ € Mg,
let fx¢ € Z denote the pointwise product Br¢(q) = Br(q)¢(q). For any (e, let (+pr( €L be
the function

@) a<aq,

(C+BrC)(q) =
BrC(q) > qo-

We will develop the following bound on OPTJS\}D(Q(n)) for all D, E, o,q,m, B.

Proposition 5.5.1. Let ( € Mg and ¢ € £ be arbitrary. Let f > 0 and suppose that (B,{ +
BrC) € H(€), B > B~L. There exists a constant C, depending only on &, h, such that for N >
Clog max(K,2),

log L
OPTY(Q(n)) < KP¥(B,{ + () + CK* (5’7+B77+ Oi" + ¢1N) .

Crucially, in the input of the Parisi functional, the increasing function ¢ is pointwise multiplied
by x, which (by selecting appropriate parameters E, P, G) can be arranged to decrease as rapidly as
desired. This multiplication by x allows us to pass from increasing functions ( € My to arbitrary
bounded variation functions, in the sense that Sx( can approximate any element of .Z. Consequently,
¢ + BrK( can approximate any element of £, and PSP(B, ¢ + BK() can be made arbitrarily close to
ALGSP. We will prove Proposition 5.3.2 by setting the parameters in Proposition 5.5.1 such that

(B, ¢ + Br() approximates the minimizer of PSP and the error term is small.

Our proof of Proposition 5.3.2 proceeds in three steps. In Subsection 5.5.1 we use the ma-
chinery of the previous section to prove Proposition 5.5.2, an upper bound on the free energy
FEP(Q(n)). In Subsection 5.5.2, we take this bound to low temperature to prove Proposition 5.5.1.
In Subsection 5.5.3, we complete the proof of Proposition 5.3.2 by setting appropriate parameters

in Proposition 5.5.1.

5.5.1 The Free Energy Upper Bound

In this subsection, we will use Proposition 5.4.1 to upper bound FI%D(Q(U)). We take p to be
the uniform measure on Sy. The main result of this subsection is the following upper bound on
FSP(Q(n)), which holds for all D, k, 5, ;.

Proposition 5.5.2. Let ¢ € Mg and ¢ € Z be arbitrary. Suppose (B,{+ k() € #(§), B> 1, and
N > 2. Then,
FP(Q(n) < KPS (B, ¢ + () + 3K>¢ (1)n + K B,

The crux of this argument is to upper bound 5P (0) so that we may apply Proposition 5.4.1. We
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equip the state space (RY )K with the natural inner product

G5 = Sy (w), y* ()

and norm ||g||> = (4,%). Generate 7j, = (n,(u)) € (RN)X by generating, independently for each
1<i<N,

(Ti0)i = (m0(w)i)uer, ~ N (0, M1). (5.5.1)
Similarly, for 1 < d < D, independently generate 77, = (n,(u))uer. € (RYV)E by generating, inde-
pendently for each 1 <i < N,

(Tia)i = (Ma(w)i)uer ~ N(0, M?). (5.5.2)

Let 1 = (m(u))uer € (RY)E and b = (h(u))yer € (RY)X satisfy m(u) = m and h(u) = h for all
u € L. For & € (RY)X define (&) = & — m. We define the following functions on (RY)X. Let

=—@m+m/ exp(F, &) Ak (&).
Q(n)

and for 0 < d < D —1, let

1

Ga(y) 2

log E exp (4Ga+1 (Zj + Tgy1 (& (qar1) — 5/(qd))1/2) .
By properties of Ruelle cascades,
1 = o _
¢°P(0) = ~ EGo((h + M) + 7€' (00)'/%) + K R(h, m).

We will estimate the spherical integral Gp, and through it the functions G4 for 0 < d < D —
1, by comparison with a Gaussian integral. This step relies on the following lemma, which is a
straightforward extension of [Tal06a, Lemma 3.1]; we defer the proof to the end of this section. For
B > 1, let vp denote the measure of N'(0, 5). Let x*(d) denote a x* random variable with d degrees

of freedom.

Lemma 5.5.3. For all §j € (RV)K,
N -K O . -
exp Gp(§) <P (x*(N) = BN)  exp (—(g, 1)) /exp<y,p> dvg “* ().

The probability term in this lemma can be controlled by the following standard bound, whose

proof we also defer.
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Lemma 5.5.4. If B> 1 and N > 2, then

P(x*(N) > BN) > exp(—BN/2).

It remains to analyze the terms in Lemma 5.5.3 involving 4. Define further

112
- - o s - Y N
Glp(5) = (5.7 +1og [ expii. ) vl (p) = 212 - (g.m),

L 1 L
Gy(9) = G log E exp (4G at1 (y + a1 (& (qay1) — §I(Qd))1/2) for0<d<D-1,
Henceforth, suppose N > 2. Lemmas 5.5.3 and 5.5.4 imply that
1 - 1
©%P(0) < ~ EGo((h + Xiit) + o€ (90)*?) + KR(h, m) + 5KB. (5.5.3)

Consider a new state space R¥ with elements i = (y(u))yeL where y(u) € R, equipped with the

—'1 —»2 §

u€l

natural inner product

and norm ||7]|2 = (7,7). Generate the R¥-valued Gaussians 7jp ~ N(0, M') and, for 1 < d < D,
s ~ N (0, M%). Recall that h = (h,...,h). Let m = (my,...,my), and let T € R¥ denote the
all-1 vector. For 1 < i < N, define the following functions on R¥.

Ih() = ”l mi(L.5),

= a log E exp ¢l g (?ﬂ- fa+1(€'(qat1) — f'(Qd))l/2> for0<d<D-1.

By independence of the 1 < i < N coordinates in the G/, (5.5.3) implies
N
Z E Ty ((h 4 Ami)1 + o€ (q0)*?) + KR(h,m) + KB (5.5.4)

It remains to compute the Gaussian integrals I';. For this, we rely on the following lemma. We
defer the proof, which is a standard computation with Gaussian integrals. Let Si denote the set of

K x K positive definite matrices, and let | - | denote the matrix determinant.

Lemma 5.5.5. Suppose ¢ > 0 and A, € S satisfy A — (X € Sk. If 7 € RE and 7 ~ N(0,%),
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then

1
¢
R U R P -1, L

—2[y (A=) 1y — 20T AA - ¢X) y]—l—QClog

L U DV,
log Eexp 5 [(5+ ) A7 (5 + 1) — 20" (5 +17)]

Al 1t .
—_— 4 = S)A - (X)) A
e st D)
We can compute the expectations in (5.5.4) by applying this lemma recursively. Define
L o 1
H (&) = {(B,C) ER"xZ:B> / &) ¢(q) dq’}.

q0

Proposition 5.5.6. Let ¢ € Mg, and suppose (B, kC) € H (£). Then, for By defined as in (5.2.3),

dg — Bm?| .

i T + 7 ()12 K [(h+ (A= B)mi)* + ¢ (q0) ' (g
B+ Am T+ (an)?) < 5 | AT v [

Proof. Let Ap = Blg,and for 0 <d <D —1, let

Ag = A1 — Ca(€ (qarr) — € (qa)) M.

We will first show that Ag,...,Ap € Sk, so that we can apply Lemma 5.5.5. For ¢ € [qo, 1], we
define

1
Alg) = Bl — / € )M(d)C(q) dd.

Note that Ag = A(gq) for all 0 < d < D. Since M(q) < k(¢)Ix in the Loewner order,
1
Ag) = (B —/ ¢"(d)k(d)C(d) dq’) Ik = Buc(a)Ix- (5.5.5)
q

So, the hypothesis (B, k() € J (€) implies A(q) € Sk for all ¢ € [qo, 1]. In particular Ag,...,Ap €
Sk.

Further, define vp = mif, and for 0 < d < D — 1, define vy = AglAdHﬁdH. This implies that

Ug = BmiAgll. We can write I‘iD as

Ip(f) = 5 (7T Ap'7 — 2057) .

N | =

By a recursive computation with Lemma 5.5.5 (which applies because Ag,...,Ap € Sk), we have
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for all 0 < d < D that

D— D—-1
N B U Ay . _ .
La(y) = 5 JIA T - 20§+ Z g |Xd+|1| + Z Tary1(Aar 1 — Aa ) Ay Agr 1 Tar
=d
1 D— |A | D—-1
5 d+1 T —'
=5 |7TAG' T = 2BmidTAG T+ Z + B®m 2;1 A (Aagr — Aa)Ay! 1
Note that
Dl'rf 7*D 1 \T _ 7T A—1 g rTao1y K
S OITAG  (Aargy — Ag)A T = Z — AT =TT (A = ARHT=TTATT - .
d'=d —y
So,
i (7 1 7TA- Ly TTA L7 2,,27T AT = 11 |Agt] K Bm?2
O(y):§ Yy 0 y_2Bm11 0 y+Bm11 0 1+ZZ1 |Ad| - m;
d=0
L (7 — Bm;1)TA; (7 — B I)+Di L jog Aattl g
=3 —bmy — bmy = - i
9 Yy 0 Y ~ Cd g |Ad|
Therefore,
ETG((h+ Ama)T + o€’ (g0)"/?)
1 —177T ’ 1 1 < 1 |Ad+1| 2
~ (h4 (A= Bymy)®Tr(Ag1TTT) + € (o) Tr(Ag T MY) Z* — KBm?
2 = Cd |Adl

By Jacobi’s formula,
d

g o8 IA(q)] = €"(q)¢ () Tr(A(g) " M(q)),

SO

|Ad | gar " -1
Gl = [ e @T @ M) da

Therefore,
ETh((h+ Ami)T + o€ (q0)*/?)

=5 |(h+ (A= Bym;)*Tr(A(go) "' 117) + €'(g0) Tr(A(g0) ~" M (q0)) + / Tr(A(q)™' M(q)) dg — KBm;

q0

Finally, for each q € [go, 1), (5.5.5) implies A(q)~* < B i@ S

TH(A(g) M (q)) < Tr( Mlg) ) - K

Buc(q))  Brc(q)
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and similarly Tr(A(go) '11") < %. This implies the result. O

Proposition 5.5.6 and (5.5.4) readily imply the following bound on FEP(Q(n)).

Proposition 5.5.7. Let B > 1, N > 2, and A € R. Let ( € Mg, and suppose (B,rk() € H ().
Then,

— m 2 / 1 "
rirceen < & (Wt OBl €)1 (£ ) dq]

BKC(QO) qo
+3K2¢" (1)n + K|\

Proof. By averaging Proposition 5.5.6 over 1 <i < N, we get

K
— dg — B
) q q0

IR+ = Bymly +€(a0) /1 0

N
1 ) o
=N ET((h+ dm) T + 7o (qo)Y?) <
LS ET((h + Am )T+ 7€ (a0)2) e

i=1

where we used that ||m||?\, = qo. Equation (5.5.4) implies that

|h + (A = B)m|3 + € (q0) +2R(h,m) + /1

K
Sp

©P(0) < —
(©0) 2 Bi.¢(qo0) w0 Brc(q)

By Proposition 5.4.1, this implies

K{||h+(>\—3)mll?v+§/(%) —|—2R(h,m)+/1 §"(q) dg+ (1 —q0)B

Sp -
FN (Q(n)) S Bn{(qo) q0 BH((Q)

2
1
- / (4 - 00)¢" (@)x(g)C(a) dq} L 3K (1) + K|\Jn

q0

By integration by parts,

- / (¢ - 10" (@)s(@)¢() dg = (4 — @) / E(R)) A — / / (¢ )s(¢)C(d) dd dg

q0 q q=q0 0

:/ Bre(q) dg — (1—qo)B,

q0

which yields the result. O

The next lemma upper bounds our estimates for F' E,p(Q(n)) in terms of the Parisi functional

uniformly in m.

Lemma 5.5.8. Let gy € [0,1]. For (B,() € # (), h = (h,...,h), ||mH?V = qo, there exists



CHAPTER 5. LIPSCHITZ HARDNESS FOR OPTIMIZING SPIN GLASSES 212

A € [0, B] such that

|h + (A = B)m|3 + € (q0) + 2R(h,m) + /1

1 (L2
2 BC(QO) qo

B((q) +B<(q)> dq‘| < PSp(C)'

Proof. We take A = fol ¢"(q)¢(q) dg. The condition (B,(¢) € £ (§) implies that A € [0, B]. Note
that A — B = —B(0). It suffices to prove that

I = BeOmly +€a0) ey Al / (g;(?) . Bc(q)> dg.
0

Note that

é’/(qo) - qo é’//<q) qo g//(q) . %
7/0 Be(qo) dqg/o da d q0B(0) §/0 Be(q) dg.

So, it suffices to prove that

2 2
W +2R(h,m) < LZ"('(J)V) + qoB¢(0).
This rearranges to (using that Hm||?\, = qo)
0< (Bl _ 1) (IIBI, = 2B (0)R(h,m) + Be(0)m]3, )
¢(0)  Bclao)
which follows from Cauchy-Schwarz. O

We are now ready to prove Proposition 5.5.2.

Proof of Proposition 5.5.2. Recall that the restriction of ¢ + k( € £ on [go,1) is k(. Because
(B,¢+kC) € A (§), we have (B, k() €  (€), and so Proposition 5.5.7 applies. Combining this with
Lemma 5.5.8 applied on (B, { + x() gives the result. O

5.5.2 From Free Energy to Ground State Energy

Next, we will prove Proposition 5.5.1 by taking Proposition 5.5.2 to low temperature. We introduce

the following temperature-scaled free energy. For 8 > 0 and 5 € (0, 1), let

F(8,Q(n)) = 1 o5 E /Q  ePIHN) ()
n

This free energy can be upper bounded by the following application of Proposition 5.5.2.
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Corollary 5.5.9. Let ¢ € Mg and { € Z be arbitrary. Let 8 > 0 and suppose (B, (+ k() € H (£),
B> 37t and N > 2. Then,

1

BFEP(/&, Q(n)) < KPP(B, ¢ + Br() + 3K2€"(1)n + K By

Hamiltonian SHy), ¢, 8B, and 5719

Proof. The hypothesis (B, { + fr() € (&) implies (ﬁB,B_lg + K¢) € A (B8%€). The hypothesis
B > B! implies 3B > 1. By Proposition 5.5.2 with parameters (3%¢, 8h) (corresponding to the

FP(8,Q(n) < KPR, 5,(BB, B¢ + k¢) + 3K¢"(1)8n + K B
We can verify that
Pk

B2¢,Bh

(5.5.6)
(BB, B™'¢ + KC) = BPEH (B, ¢ + BrC).
So, dividing (5.5.6) by 8 gives the result.

O
The following lemma relates the ground state energy OPTf’\}j(Q(n)) to this free energy at large
inverse temperature 3. We defer the proof, which is a relatively standard approximation argument.

Lemma 5.5.10. There exists a constant C' depending only on &, h such that for all § > 0, n € (0, %),
and N > C'logmax(K,2),

log %

OPTR(Q(n)) < %Fﬁp(ﬁ, Q(2n)) + CK <n+

1
+—=.
B \/N>
Proof of Proposition 5.5.1. Let C be large enough that Lemma 5.5.10 is satisfied and C'log2 > 2.

For all N > Clogmax(K,2), Corollary 5.5.9 (with 27 in place of ) and Lemma 5.5.10 imply that

log; 1

B ﬁ) |
By applying the estimate K < K2 and absorbing constants depending on only &, h into C, we deduce

OPTR (n) < KP%P(B,{ + Br() + CK” (Bn + Bn+n+

OPT¥ (1) < KPSP(B,{ + Br() + 6K2¢"(1)Bn + 2K By + CK (n T

log

1
g L)
B VN
Finally, because B > 371, we have 8+ B > 3+ 37! > 2, so by increasing the constant C' we may
drop the term 7 from the sum.

O
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5.5.3 Proof of the Main Upper Bound

We now complete the proof of Proposition 5.3.2. We will set the parameters of Proposition 5.5.1

such that (B,( + fr() approximates the minimizer of PSP in .Z and the error term is small.

For ¢ € Z and 6,z € [0,1), we define a perturbation (s, € £ of ¢ by

C(x+90) qelz,z+9),
C(S,x(q) =
¢(q) otherwise.

Note that o, = (.

We now set several constants depending only on &, h,e. Let C be the constant given by Propo-
sition 5.5.1. By continuity of the Parisi functional PSP on .# (), we may pick (B*,(*) € ¢ (¢) and
a small constant A € (0, 1) such that the following properties hold.

(a) ¢* is positive-valued, right-continuous, and piecewise constant with finitely many jump dis-

continuities 0 < 1 < --- <z, < 1.

(b) For all § € [0,A] and x € [0,1), (B*,(},) € #(£) and

PSP(B*,¢,) < ALG + % (5.5.7)

The perturbations (j , will be used in the following way. Given g € [0, 1], we will apply Propo-
sition 5.5.1 with { + Bk( = C(*l—qo)A,QD' In particular, we will construct g8, x = KFPT and (€ Mg
such that k(= C(*l_ ) A0 O [q0, 1). Because ( is increasing, we must construct a x that decreases
rapidly enough to make this equality hold. In the below proof, the fact that C(*17 0) A0 does not
have any discontinuities in [qg, go + (1 — go)A] implies that g1 > go + (1 — go)A, which implies that
p1 > A for any y-aligned 7, ¢. This allows us to construct a suitable x while keeping K = Hle kq

bounded by a constant.

Proof of Proposition 5.3.2, spherical case. We first set the constants Ko, 9, Ng. For z € (0,1], let

¢*(z7) =lim,_,,— ¢*(y). Let
- ¢*(z;)
Ky = ———— | 4+1].
° HQM*@»J )
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This is well-defined because (* is positive-valued. Let ng € (0, %) satisfy the inequalities

1
CKy <B*no + 1'%+ ny/* log n) < Z, (5.5.8)

0
Mo < (B*)Q, (5.5.9)
no < ¢*(17)72 (5.5.10)

Finally, let Ny satisfy Ny > C'log max(Kjy,2) and
CKO 3

< -. 5.9.11
VR, S (o541

We emphasize that Ky, 79, Ng depend only on &, h, €.
In the below analysis, we always set 7 = 1o (this clearly satisfies n > ng) and 8 =17, 12

We are given a correlation function y : [0,1] — [0, 1] and a point m € RY with Hm||?v = x(0).

We set g = x(0); we will set the rest of ¢ below. We will construct D, E,ﬁ, qd, ¢ such that on [go, 1),

BrFPIC = a0 b (5.5.12)

Let
S = {I17"'5z7'}m(q0+(1 7Q0)A51)
Set D — 1 =|S]. Set ¢ such that (¢q1,...,¢gp—1) is the set S in increasing order and ¢p = 1.

By Proposition 5.3.1(ii), x is either strictly increasing or constant. If y is strictly increasing, set
7= (po,---,pp) by pa = X (qa) for all g4 < x(1) and pg = 1 for all g > x(1). If x is constant, its
unique value is gg = x(0); set po = 0 and pg = 1 for all 1 < d < D. In either case, p, 7 are clearly
x-aligned. Moreover, we always have p; > A: if x is increasing, this follows from ¢; > go+ (1 —¢qo)A

and Proposition 5.3.1(iii), while if x is constant this is obvious.

Set k1 =1,and for 1 <d < D —1, set

Because ¢1,...,qp_1 are a subset of z1,...,z,, we indeed have K = Hle kg < K.

This constructs D, k, p, ¢, n, which defines H]f\}ﬁ, Q(n) = QSP(QE"T, m,n), and REDT Finally, we

construct the sequence ((_1, (o, ...,(p) satisfying
0=(1<(p<---<(p=1 (5513)

such that the ¢ € My defined by (5.4.3) satisfies (5.5.12) on [go, 1). In particular, we define (g for
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0<d<D-1hy
$(1-q0)2 g0 (9)

‘= BRE-P(qq)

For this choice of {4, (5.5.12) holds at qo, g1, - - -, ga—1 by inspection. Because (, KEPT and Ca—qo)A,qo
are all piecewise constant and right-continuous on [gg, 1) with jump discontinuities only at ¢1,...,gp—1,
(5.5.12) holds on [gg,1). It remains to verify that this choice of {4 satisfies the increasing condition
(5.5.13). Because C(1—go)A,qo 18 POsitive-valued, (o > (-1 =0. At each 1 <d < D — 1, we have

Cd _ CEkl—QU)A,QO(qd) ."ik’pﬁ’q‘(Qdfl)

Gt Cgoyng (@a—1)  KFP(qy)

By (5.4.2),
D-1 D D
KPge) < 0 = 1) [ ke| +1= ] ke
j=d+1 (=j+2 £=d+2

where we upper bounded all the pg by 1. So,

T D
&P (qy 1) (ka1 = DT arg e
N2

a1y g !
KR (qq) KEPA(qq)

pa =1+ (kav1 — 1)pa = kay1pa = ka1 A.
Here we used that pg > p1 > A. Further noting that ¢/ A .o (ga—1) = C*(q; ), we have

Cd > AC(*lfqo)A,qo(qd)
Coo1 Ca,qo)A’qU(qu)

AC*(qa)
¢*(qq)

kgt = kg1 >1

by definition of kgy1. Thus g > (41 for 1 <d < D — 1. Finally, because /{E’ﬁ@(qp,l) =1,

C(1—g0) 0 (4D-1) 1/2

(p-1= 3 =T C*(l_)<1:CD7

using (5.5.10). Thus the ¢ we constructed satisfies (5.5.12) and (5.5.13).
Define { € £ by ¢ = ¢* on [0, o). Thus, as elements of .,

¢+ B’Qkﬁjc = CEklfqo)Aqo'

By construction, (B*, Ci—go)a o) € K (§), and (5.5.9) implies B* > B~1. By Proposition 5.5.1,

L 1 1
v E Hn(6) < KPPP(B*, ¢ +CK2<B* /2 420 +).
N 521357) N(U) - ( C(l_QO)Av(IU) n+n n g n \/N
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By (5.5.7),
S ® ek €
KPS (B, Gy ypys00) < K (ALG+5).
By (5.5.8),
1 K
CK2 <B*n+7]1/2+7]1/210gn> < Tg

Finally, by (5.5.11),

CK2<K5
VN — 4

Combining the last four inequalities gives the result.

5.5.4 Deferred Proofs

217

Here we give the proofs of Lemmas 5.5.3, 5.5.4, 5.5.5, and 5.5.10, which are all relatively standard.

We recall the following lemma, due to Talagrand, from which Lemma 5.5.3 readily follows.

Lemma 5.5.11 ([Tal06a, Lemma 3.1]). For all y € RY the following inequality holds.

/S exp(y, o) du(o) < B (\(N) > BN) ! / exp(y, p) vl (p).

Proof of Lemma 5.5.3. Using Q(n) C S and Lemma 5.5.11, we get
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Proof of Lemma 5.5.4. Using the probability density of x?(N), we compute:

0 L N/2-1,—x/2

PR 2 BN) - | da

ox 2V (%)
N/2
_ (N/2)N/ /Oo yN/2=1=Nu/2 g,

r@

N o0
(N/2)%/2 [T e gy

ST s

_ (N/2)N2 o~ BN/2
r(z)
S o—BN/2

where the last step uses that (N/2)V/2~1 >T () for N > 2. O

Proof of Lemma 5.5.5. By a straightforward computation,

Eexp 3¢ [(7+) A~ (5 +17) 207 (7 + )]

= 522 [ |-

—[212(2n) 92 fexp |-

_ |Z\_1/2|Z_1 _ CA_l\_l/Q exp% (CQ(A_IZT— 1—}')T (2_1 B CA_I)_
A2 ¢

TTA—ez9P) (T (A= CE) g — 20" AA = () g+ 7T (CE)(A - (2) AT .

(TS = ¢+ 2) AT G+ D) + 2007 (5 + f>)] dz

N = N =

@ (37 =AY F—20(AT G- 6) T - T AT g+ 207717)} dz

1 1= — iy 1= ST -
(A'G—0)+¢gTA 1y—2Cva)

Taking logarithms and dividing by ¢ yields the result. O
Proof of Lemma 5.5.10. Define the random variable
G" = argmaxzc o, Hn (),
where we break ties arbitrarily. For 6 > 0, define
B(¢*,6) ={d € Sk : |lo(u) —o*(u)||y < forallu e L}.

If & € B(¢",1/3), then for each u € L we can write o (u) = o*(u) + §(u)p(u), where p(u) € Sy and
0 < é(u) <n/3. Then, for all u € L,

[R(a(u),m) = go| <[R(07(u), m) — qo| + 0(u)|R(p(u),m)| <n+n/3 <2,
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and for all u,v € L,

|R(U(u)7 U(U)) - Qu/\u|
< |R(0"(u), 07 (v)) = quav| + 0(u)[R(a™(u), p(v))| + 6(v)|R(a™(v), p(w))] + 6(u)d(v)|[R(p(u), p(u))]
<n+n/3+n/3+n/3=2n.

So, B(6",n/3) € Q(2n).

Let constants ¢, Cy be given by Proposition 5.2.3. By this proposition, the event

S = {sup sup HVH](\?)(O')HN < C’l}

u€Ll oeSn
has probability P(S) > 1 — Ke~ . Here we use the fact that for v € RY, |[v]|y = |lv]| . On S,

. ClNK’I]
3

Hn () > Hy (")

for all & € B(¢*,n/3). So,

E(3,Q0m) = lonB | e pn(3) auk (&)
n

v
&

1
~ log ET(S) / exp AH N () du™ (
N B(&*n/3)

v

1
— logEI S)/ expﬁ(’H ) - ———F
N ( B(&".n/3) V(@) 3

 BCIKy

Vv

1 . 1 .
+ OB EL(S) exp BHx (67) + o log 1 (B(6",n/3))

3
_ 601K7] i K —%
5 Ty logk (B(&",1/3))

+ %logE]I(S) exp B (Hn(6") —EHN(GT)).

= BOPTR(Q(n))

The set B(¢",n/3) is the product of K spherical caps in Sy. By elementary properties of the

spherical measure, there exists a large C such that u*(B(¢",1/3)) < n¢~V¥ and so

1 1
+ log# (B(67,n/3)) > ~CK log "
By Proposition 5.3.8,
- . 1
]P’(HN(O' ) —EHN(E) < —K 4log2~§(1)N) <3

By a union bound, the complement of this event and .S simultaneously hold with probability at least
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% — Ke=°N. Thus,

L 1gEL(S) exp B (M (67) ~ EMn(5)) > [ 1828 Ly (; - Ke—cN) .

Putting this all together, we can choose a large C' dependent only on &, h such that

1 CKp 1 1
FYP 21)) > BOPTSP —CKfn—CKlog - — —~2 — —log ————.
By choosing C' large enough, we can ensure that if N > C'logmax(K,2), then Ke= ¢V < %. Then,
we may absorb the last term into the term C' K log % Rearranging yields the result. O

5.6 Overlap-Constrained Upper Bound on the Ising Grand

Hamiltonian

In this section we upper-bound ¢™(0). We take the reference measure y to be the counting measure

so that integrals over Q'(n) become sums.

We define (Zy, ..., Zp) similarly to G, of the previous section, but as a sum over all of (X )%
directly. As before, define 7jg,...7p to be independent Gaussians as in (5.5.1) and (5.5.2). For
3 € (RE)N | define

Zp@) =log Y expy (h+Im+y(u),m(o(w)))

ge(En)K u€L

N
—tog [T TT (2eost -+ X + y(u)exp (- + s + 901 )

1=1u€el

N
= Z Z <log (2cosh (h + Am; + y(u);)) — m;(h + Am; + y(“)z))
i=1

u€ll
Given the sequence 0 = (1 < (o < (1 < -+ < (1 = 1, recursively set

1

Za(Y) o

E(aZas1 (?7 + a1 (& (qa — f'(Qd))l/Z) .

Then Zy = Zy(0) is a deterministic function of m and h.

Proposition 5.6.1. For any m € [-1,1]V,
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Proof. Recall from (5.4.8) that
1 N
©(0) = KR(h,m)—FN logE Z Va Z exp (Z(h +Im,n(o(u))) + Z Zggf)i(a)ﬂ(a(u))i> .
aeND acQls(n) u€L u€el i=1
Summing over all of (Xx)% gives the upper bound
1 N
©"(0) < KR(h, m)+: logE > va Y exp <Z<h +am,m(o(w) + > ) ggﬂ(a)w(a(u))i> .
aeNP  Fe(Zn)K u€l u€el i=1

Similarly to previous sections or as in [Pan13b, Theorem 2.9], properties of Ruelle cascades imply

that the right hand side above equals

1
KR(h — 7
( 7m)+N 0

because the coordinates i € [N] now decouple. O

5.6.1 Properties of Parisi PDEs

Here we review properties of Parisi PDEs. We begin with the 1-dimensional case for general ( € £
and consider the PDE
1
0y Pc(t, ) + 55”(0 (022 ®Pc(t, ) + C(1) (0P (2, x))2) =0 (5.6.1)
P¢(1,2) = folx).

For 8 > 0 we will consider the initial conditions fo(z) = log(cosh(8z)/8) — ax for a = m; € [-1,1]
which leads to solution <I>§£. When not specified, we take § = 1 and a = 0, so for instance
P, =D, . and <I>? = (I)g,C‘ We also allow the 3 = oo case ®3° corresponding to fo(x) = |z] — az.
Note that (5.1.4) corresponds to the case (a,3) = (0,00). Regularity properties for solutions to

(5.6.1) were derived in several works such as [JT16, Chel7] for ( € % . For ( € £ they are given in
Chapter B. The following result follows from Proposition B.1.1 part (b) and Lemma B.1.4.

Proposition 5.6.2. For ¢ € £ and (a,8) € [-1,1] x (0,00], the function ‘I)f,C is continuous on
[0,1] x R and 2-Lipschitz in x. Moreover both

8961;@574(15,;2) and atq>§7<(t,x)
are uniformly bounded on (t,z) € [0,1 — €] x R for any e > 0. Finally (I)S,g(ta x) 18 convex in .

The following result is shown in Lemma B.1.5.
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Proposition 5.6.3. For ( € £ the SDE
dXy = " (H)C(1)0: L (¢, X,)dt + /€' (H)dB;,  Xo = Xo (5.6.2)
has strong and pathwise unique solution.

Finally the next result follows from Proposition B.1.1 part (c).

Proposition 5.6.4. For (;,(; € &, and B € (0, 0],
1
2% -0l < [ € 0a - el
0

The Multi-Dimensional Parisi PDE

Here we define the Parisi PDE on RX. For simplicity we restrict attention to finitely supported
¢ € Mgz We construct ®" via the Hopf-Cole transformation and verify that it solves a version of
(5.6.1).

Recall the definition of M¢ = MFPd ¢ REXK given by

Mk’p;’[ﬁ =Hu' Au? > d}pyipge-

ul,

As before, M(t) = M9 for t € [qq_1,q4).

For an atomic measure { € Mgy consider the function @Hg(t,f) : [0,1] x RE — R defined as as

follows. The t = 1 boundary condition is

Oy (1,4) = log(2coshz(u)) — az(w).
u€ell

For t € [qo, 1), <I>H(;1< is defined recursively by

1
¢(t)
where 77y ~ N (0, M) and 7j; ~ N (0, M?) for 1 < d < D are independent Gaussian vectors in R¥.
For t € [0,qo), we extend the definition of ¢ so that {(¢) = 0 and define

@L’C(t, 1‘) =

a

log Eexp (C(t)q’%,g(%ﬂ»f‘*‘ flat1 - (§'(qat1) — 5/(0)1/2)) € [qa,qa+1)

o (t,x) =E®} (g0, 7+ 7o - (' (q0) — £'(1)'/?).
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Proposition 5.6.5. For any ( € Mg,

Z@ 0, (h 4 Am;)T).

Proof. This follows from Lemma 5.6.6 since the recursive definition of (I)%,C(t’ x) restricted to times

t € {qa}aep) is exactly that of Zy up to an spatial shift of (h + Am)1. O

We defer the proof of the next lemma, which is a standard computation.

Lemma 5.6.6. The function ®- ac 8 smooth on each time interval (94, qas1] X RE. Moreover it is
continuous and solves the K-dimensional Parisi PDE

By (1, 7) = zﬂ (M (t), V2% ) + Ct)(M (1), (VL )¥%) . (5.6.3)

Finally |0y(u)®g o (t, F)| < 1+ |a| holds for all (t,#,u) € [0,1] x RF x L.

Auffinger-Chen Representation

As shown by [AC15] the Parisi PDE admits a stochastic control formulation. We now recall such
representations in the cases of interest starting with the 1-dimensional case. For 0 < t; <ty <1
let DIt1,t2] be the space of processes v € C([t1,t2]; R) with sup;, <,<4, |v;| < 2 which are progres-
sively measurable with respect to filtration supporting a standard Brownian motion B;. Define the

functional

11 (2,0) = E [V (e,0) - 202 (0)]

where

to

y;ng (z,v) = (I)E,C (tg,x +

[ e ar+ / VETE, ).

tl,tz / C // 2d7‘

Note that since |v,| < 2 is uniformly bounded and [|¢” - {||1 < oo there are no continuity issues near

t = 1. The next proposition, whose standard proof we defer, relates @f’c to stochastic control.

Proposition 5.6.7. For any ¢ € L, [t1,t2] C [0,1], a € [-1,1] and B € (0,00], the function CDf’C
satisfies

o) (tr,z) = sup XV (z,v). (5.6.4)
vED[t1,t2]
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Moreover the mazimum in (5.6.4) is achieved by
Vyp = 835(1)5)4(7’, Xr)
where X, solves the SDE (5.6.2) with initial condition Xy, = x.

The corresponding stochastic control formulation in RE is as follows. For 0 < t; < ty < 1
let DV[t1,12] be the space of processes ¥ € C([t1,t2]; RX) with sup;, <,<;, |[Urlsc < 2 which are
progressively measurable with respect to a filtration supporting an R¥ valued Brownian motion

—

B, = (BY)ycL- Define the functional

a,l a,¢ a,¢
where
Lyiti,ta 2 - — gL - t2 " ,/
Vo (7,0) = @5 | t2, @+ ¢(r)e" (r)M (r)o,dr + &( dB
t1
Z]L,tl,tz =\ 1 t2 1 M ~®2 d
ag(w:§tCW£m<U%r>T

1

In the multi-dimensional case we restrict attention to finitely supported ¢ € Mg to avoid the
by-now routine process of extending regularity properties of <I>H5 to general (. The proof is again
deferred.

Proposition 5.6.8. For any ¢ € Mg, [t1,t2] C [0,1] and a € [-1,1], the function @%’C satisfies

L (t1,7) = sup X,V 0). (5.6.5)
’ TEDL[ty 5]

Moreover (5.6.5) is mazimized by Us = V@%’C(s,)?s) where the RE -valued process X, solves
£ —i+ / (L MV (K + [ VEEIMWAB, s fo.ta]
ty

5.6.2 Relations Among Parisi PDEs

Following [CPS22, Section 8] we relate ®, ¢ to ®;. Note that we always consider times ¢ € [0,1]
with endpoint conditions at t = 1, while [CPS22] defines the boundary condition for ®, ¢ at time
t =1— qq, see e.g. Equation (3.25) therein.
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Proposition 5.6.9. For any a € [-1,1] and ¢ € &, withy =z — afol &' (t)¢(t)dt,

2 1
B(0.9) — oy = Buc(0,5) + 5 [ €O
0

Proof. By setting y =z — afol &"(s)¢(s)ds, it suffices to show that for all ¢ € [0, 1],

Duc(tiz) = @ (t,x ~af 1 f”(s)C(s)ds> S / ¢ (s)C(s)ds.

(In particular the desired result is obtained by setting ¢ = 0.) It suffices to show this for ¢ continuous.
Set

f(t,x) = o (m —af 1 6”(8)C(S)ds) S / () (s)ds

and define )
b(t,z) =z — a/t &"(s)¢(s)ds.

Then we compute

2

O f(t,x) = 0y Pc(t,b(t,2)) + a&” (¢)C(t)0x D¢ (¢, b(t, x)) — %E”(t)é(t)
and

Opf(t,x) = 0, Pc(t,b(t,x)) — a,
Opa f(t, ) = 022 Pc(t,b(L, x)).

It follows that

_5”2(25) <8mf(t,x) +C(t) (8xf(t,$))2) .

Note that at time 1, f(1,z) = log(2 cosh(z)) —ax = ®,,¢(1,x). Uniqueness of solutions to the Parisi
PDE as in [JT16, Lemma 13] completes the proof.

6tf(t7 QL‘) =

O
Lemma 5.6.10. For any ¢,y € £ and any (t,z, ) € [0,1] x R x (0, o0],
o (tx) <@ (t7).
Proof. We use the Auffinger-Chen representation (5.6.4) for <I>57C and (I)S,C 4+ For any control v,

consider the modified control
C(t)ve
C(t) +(t)

Wy =
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It is not difficult to see that
t,1 t,1
Vae(@,v) =V eyq (2, w)

since the resulting SDE is the same, while

Zt,é( ) Z ZZE—&-'\/( )

Therefore
t,1 ,
Xyo(zv) < X! CJrﬂ{(gc,w)
Since v was arbitrary, we are done by Proposition 5.6.7. O

Define ¢ = (|(4,,1) and ¢ = (|[0,4s) When ¢ € £ and ¢y € [0,1] are given. The next lemma is
analogous to Lemma 5.5.8 and will be used to connect our estimates for ¢(0) to the Parisi functional

uniformly in m.

Lemma 5.6.11. For ( € %, with A = fol ()¢ (t)dt,

40

N 1
1 . 1 _ .
N Y@ Oh k) = 5 [ (- @€ O+ R(hm) < PE, Q)
i=1
Proof. Define the constants

1 1
1= [ wcwn g=x= [ ¢acoa,
- [wiman 7= [ ¢
= /O e wcnd, g - /O " et

Then I =1+ 1 and J = J + J and goJ > I. Recalling that Pgh(o = 0°(0,h) — L, we estimate

PE,L(¢) = ®(0,h) —

. N 2 . \>Prop562
S (@;’%)C(O,th)\mi)Jr 57) = 5+ R(h,m) ) i
milxy = qo
= L3N @2 (0,h+Amy) + B — L+ R(h,m Ye—tic
= L5V 0% (0,h+Amy) + 92 — L+ 2=l R(h,m) ) o
_ _ qod = 1
> LS B (0,h+ Amy) + 9L — L+ R(h,m)
7T 2Lem5610
ZNEZ 1<I>°° (0,2 + Am;) 4+ 43> — 5 + R(h,m)

This is exactly what we wanted to show.
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O

The next crucial lemma upper-bounds (DHJ,C using the 1-dimensional function ®, .. As in the
spherical case, multiplying by x will allow us to pass from increasing ¢ € Mg to arbitrary functions
in Z.

Lemma 5.6.12. For any ( € Mz, £ € RX, a € [-1,1] and t € [0,1],

B) <) Qg et x(u). (5.6.6)

u€ell

Proof. Define
1 [
Zp0t@) =5 | S R T M ()2, 52 dr,
t1
Since M(r) < k(r)Ik, in the Loewner order, it follows that
k(r)"tM(r)? < M(r).

Hence Z 1 2(7) < Z]L 182 (%) for any Z and 7. Setting

it follows that

always holds. Next for any & € DV[t,1] and r € [t, 1], define V, = ((T))”T € RE. Then

(M (2,52 = 1M )53 = (2 |7

and so (including the relevant Brownian motions as arguments in a slight abuse of notation),

B, B =Y 20

anc(V(u), B(w)).
u€ll

!

Moreover since x(r)V,.(u) = M (r)7,(u),

Since each coordinate B, (u) of B, has the marginal law of a 1-dimensional Brownian motion,

vL,t, 1 — —» t,1
X, (@, 0) X, e (@(u), V(u)).
u€l
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Therefore we obtain

X0LUE,T) < XD, D)
=Xl (x(w), V(u)

u€ell

< Z Dy e (t, z(u)).

u€ell

Since 7 € D™*! was arbitrary this concludes the proof. O

5.6.3 Zero Temperature Limit

We now apply the above results with (8%¢, Bh, SA) in place of (£, h, \), which corresponds to scal-
ing Hy to fHN. We accordingly define ®g2¢  and golﬁszg(O) by making this substitution in their

definitions. It is not hard to derive the scaling relation
Dpag (t, ) = B- P (t,x), (t,x) €[0,1] xR (5.6.7)

for any € (0,00) and ¢ € Z.

We will also use the following simple estimate to pass to the zero temperature limit.

Proposition 5.6.13. sup, ‘@?(t,x) — <I>2°(t,ac)‘ < 1052.

Proof. Recall that CID?(I,I) is convex and 1-Lipschitz while ®°(1,z) = |z] < @?(l,z). It follows
that

sup [0(1, @) — ©F(1,2)| = [#£(1,0) — 8 (1,0)
z€R
_log2

Hence
log 2

B

holds for any control v, since the only difference is from the boundary value at time t = 1 in ).

0,1 0,1
‘XC,B (’UVT) - Xc,oo(va .I‘)‘ S

Proposition 5.6.7 now implies the desired result. O

Below, recall the definition ¢ = Cligo.1-

Lemma 5.6.14. Let (_',q”,l;:‘) be as in Section 5.4, and fixr B > 0 and ( € £ such that { € Mg.
With )
A= [ ¢omoood
0
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we have
FE(8,Q(n)) < BKP™(Br() + 382 K2¢" (1)n + KB + K log 2.

Proof. Applying Proposition 5.4.1 with ¢ and (%€, Bh, 8)) in place of (&, h, \) in the first line,

F(8.Q(n) — 362K2¢" (1) — KM < 985:6(0) — 2 [1 (¢ — qo)€" (a)w(9)¢(q) dg

N 2 o1 \) Props 5.6.1,5.6.5
<N i P, a0, Bh+ BAmg) = 555 L (q = a0)€" (9)k(a)(9) dg + BE R(h,m)

- ok qol , \) Lem 5.6.12
< N izt Ppeem, e (905 Bh + BAMs) = 55 [ (0 = 90)€"(9)R(9)C(q) dg + K R(h,m) Q (567
= REXX @) a0,k dm) = B [ (g — q0)¢"(a)k(a)S(q) dg + BK R(R, m)
. N mi,BbKQ . ) \) P’/‘Op 5.6.18
=55 D sneldos b+ Ami) = == [ (4= q0)€"(9) 5k (q)¢(g) dg
+ BKR(h,m) + K log 2 ) Lem 5.6.11
em o.0.
< BKP™(Br() + K log 2.
Here terms modified from the previous line are in red text.
O

All that remains is to approximate an arbitrary ¢, € £ by ¢ on [go, 1) for ( € Mg and choose

parameters appropriately. We do this now.
Proof of Proposition 5.3.2, Ising case. First choose (x = (.(&, h,e) € £ such that

Is < Is i _ Is i
PI(G.) < jnf PP() + 15 = ALG" + 5. (5.6.8)

Since fol &"(t)¢(t)dt < oo, the monotone convergence theorem guarantees

lim / £"(t) - lmin(C(£), B) — ¢(t)] dt = 0.
0

B—o0
Define (3(t) = min({(t), 5). Therefore there exists

201og 2

B=pB(C&¢e) =B he) > (5.6.9)
sufficiently large so that (recall Proposition 5.6.4)
! €
PS(¢s) — P™(¢) < 2/ &) - |¢at) — ¢(B)dt < o (5.6.10)
0

For § > 0, let ¢ = go and q?“ = min(qg +9,1). This determines D which satisfies gp_1 < gp = 1.

Since (g € £ is bounded and has bounded variation, there exists 6 = 6(§,(g,e) = (&, h,e) > 0
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such that the function

Cﬁ(t)v te [OaQO)

Cp.s(t) =
max (6,¢s(¢0)),  t€[q5.q4).d >0

satisfies

P1(Cg) — P(¢ ><2/15"<t>|< (t) = Cos(t)] dt < —
B B8,6) > o B 3,0 =10

230

(5.6.11)

(Note in particular that 6 does not depend on go.) Observe that (s 5(t) € [d, 3] holds for all ¢ € [0, 1].

Next define

klkz'“ka*Lg—‘_

This leads to p§ = x~*(¢}) with 6 < p{ < pJ, = 1 and hence k(t) = 4 for t € [qg,qgﬂ), where

kP~ < kg < kP

Next define »
¢ _ Cplt
t) = " 1
Golt) =3y telm
so that ﬂ/f@w — 5.5. Note that
= su s
sup Gop(t) < SPeclon ()
te[0,1] ﬂ

Additionally 25’5 is nondecreasing since if qq <ty < ng <ty < q2+2, then

ZB,é(td) _ Cpo(ta) Katr
Cos(tarr) Cpolta)  ka

B
52k,

< <1

by definition of k.. Set
1
A= [ ¢ moGaar
0

and
5

~ 308KE7(1) + 10X

Ui

(5.6.12)

We now show that using 2575 in the interpolation implies Proposition 5.3.2. Take 7, ¢, E, D,B,n as
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above.
L E [maxge g HA(8)] < F (8, Q0n)/8

< KPY(Brp.s) + 3BK2E"(1)n + Ky + £loe2

S K- PIS(CB,(S) + 2Ke

)
)
10 men
)¢
)

S K - PIS(CB) + 3{({)6

K
< K - PIS(C*) + 4105

< K - ALG" + 2K<.

Moreover the values D, and K above are bounded depending only on &, h and €. Indeed D < § 141,
D
7 is bounded as in (5.6.12), and K = HdD=1 ki = kP = {6%—‘ . Meanwhile § as defined in (5.6.9)

also depends only on &, h,e. This concludes the proof.

5.6.4 Deferred Proofs
Here we give the missing proofs for this section, which are all relatively standard.

Proof of Lemma 5.6.6. We assume ((t) > 0 as the ((¢) = 0 case is clear. We consider only the case
t € [qp_1,1) as the remaining cases are identical by induction. Let ¢ = #(t) € RX be the Gaussian

random vector

g =1p(€"(1) =" ()2,
Below A always denotes

AF+7) = Oy (1,7 +7)

and for convenience we set m = (p = ((t) for t € [gp_1,1). First note that since |0, q)ﬂt;yc(l, 7)| <
1 + |a| holds, there are no issues of convergence in any of the expectations even though ¥ has

unbounded support.

By differentiating in the endpoint value ¥ + ¢ before taking expectation in ¥ it follows that

E[V Ae™4]

L _
V(I)a,C_ E[emA]

This immediately implies that |8x(u)<1>£‘7c(t, Z)] <1+ |a|. Similarly one has

mA mA mA
0o 0 = E [0r.2, A+ (0, A) (0, A)e™] (E[&Iie ]) (E[azje ])

EfemA] EfemA] EfemA]
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Combining, we compute

(T, V?®g ) +m(T,(VL)®?) = E[((T, V2A) + m(T, (VA)®?)) e™4]

E[emA]
Next, note that the time-derivative of the covariance of 4(t) is M (t). Since M (¢) is positive semidef-

inite we can couple together (¥(t))ic(q,_,,1] Via

(1) = / Ve M(r)dB,

where B, is a standard Brownian motion in RY. Applying Ito’s formula backward in time now
implies
d =z 1
= F eMAEF(1) — —5mE (T, V2A) + m(M(t), (VA)®2)) e™4].
Therefore we conclude
% E emAEF(t))
mE@mA(fvg(t))

(T, V2‘I’HJ,4> +m(T, (V‘bﬂ&,c)®2>-

0Py =—

1
2

Proof of Proposition 5.6.7. Set
We=az+ [ (r)&"(r)v.dr+ / V&' (r)dB,
tl tl

and
S

1
V., = (I>§C (s, Wy) — 3 C(r)e" (r)vidr.
t1

Ito’s formula gives

1 1
av; = (at@f,cm W) + (" (£)uda @ (8 W) + 58" (D)0 ®] (1, W) = 2<(t)£”(t)vf) dt+Y;dB,.
Here Y; is irrelevant and (5.6.1) lets us rewrite the finite variation part of dV; as

0L (1, X0) + CE" (10D o (1, W) + €7 (1)D.0 80 (1, W) — LC(E" (107

= —5CO€" O (v~ 2,9 (. W1))

<0.
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We conclude that

@2 (t1,2) > X (2, 0)

with equality when v, = &C@? (r, W,.) holds for all r € [t1,t5]. By uniqueness of solutions for SDEs
with Lipschitz coefficients, this implies W,. = X,..
O

Proof of Proposition 5.6.8. The proof is similar to the 1-dimensional case. First, the SDE defining
X, has strong and pathwise unique solutions since V@%yg(t, Z) is uniformly bounded and Lipschitz
in . Set

A ts e ar+ [ I M)AB()

and
o 1 /[
vi=a (s 1) - ) )M ), 7 ar.

By Ito’s formula,

v = (atcp%(t, W) + C(4)€" (t)0,0, P (¢, W) + %g'(t)am@%(t,)?t) - ‘5”2“) <M(t),z7t®2>) dt+YrdB,.

Here Y} is again irrelevant. By (5.6.3) the finite variation part of dV}" is

, S 1, L
O (1) + (M0, 5 & VL (1)) + 26" ()0, () — S (), 57

1

- <M(t), (5 — Ve, v*vt))®2>

<0.

We conclude that
O (11, 7) > X002 (F,0)

with equality when
¥, = VO (r,W,)
holds for all r € [t1,t2]. Again, uniqueness of solutions to SDEs with Lipschitz coefficients implies
W, =X,.
O
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5.7 Necessity of Full Branching Trees

In this section we show, roughly speaking, that it is necessary to use a full branching tree to
obtain our results within the overlap gap framework. We restrict for convenience to the setting of
spherical models with null external field h = 0 and set /—\LG?p = /—\LG?IEJ = fol €"(t)Y? dt (recall

Proposition 5.2.2) and OPT?ID = OPTE’%.

A consequence of Theorem 27, proved near the end of this section, can be expressed informally
as follows for any £ with ALG?p < OPT?D. Recall the canonical bijection between finite ultramet-
ric spaces and edge-weighted rooted trees (or see Subsection 5.7.2 for a reminder). For all finite
ultrametric spaces X of diameter at most v/2 whose corresponding rooted tree does not contain a

(N)

subdivision of a full binary subtree of depth D, with probability at least 1 — e~*(V) the following

holds. There exists an isometric (up to the scaling factor VN ) embedding ¢ : X — Sx such that
Hy((z)) > (ALG.® + e¢,p)N, Vz € X.

Here e¢, p > 0 is a constant depending only on £ and D, and in particular is independent of the size
of the ultrametric X. In other words, to rule out algorithms achieving better than ALGS’p + € using
forbidden ultrametrics, as € — 0 it is necessary to take D — oo, in effect using the full power of

Proposition 5.3.2.

The full statement of Theorem 27 shows that in fact a super-constant amount of branching must
occur at all “depths” in [0, 1] where &”(t)~'/? is strictly convex. We also show in Theorem 28 that

there exists an embedding ¢ as above with large average energy

1
X > Hy(i(x)) > (ALGE + ¢ p)N
rzeX

unless “almost all of” X branches a super-constant amount at “almost all such depths”. Note that
this average energy is what the Guerra-Talagrand interpolation actually allows one to upper bound.
Throughout this section we always consider just a single Hamiltonian Hp. This corresponds to the
case p ~ (1,1,...,1), i.e. a correlation function x(p) which sharply increases near p = 1 such as
x(p) = p'®.

Our plan to prove Theorem 27 is as follows. If ALG?p < OPTSP7 there exists an interval [a, b] C
[0,1] on which (¢)71/2 is strictly convex. Let T be the finite rooted tree with leaf set corresponding
to the ultrametric space X. Let ¢ > 0 be a small constant depending only on £ and D. We

use the algorithm of [Sub21] to find embeddings of ancestor points ¢(z,) for each z € X of norm
lle(za)ll, = VaN which satisfy

Hvloan)) = [ €/ at-2)
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Next we embed the depth [a, b] parts of T so that the resulting depth b ancestor embeddings ¢(z)
satisfy

b
Hy(u(zp)) > (/0 " (t)1/? dt+25> N.

In other words, from radius vaN to VBN, the embedded points’ energy grows by f: &’ (t)l/ 2dt+
3e, which exceeds the maximum possible growth of an overlap concentrated algorithm by a small
constant 3. This is the main step of our procedure, and it succeeds whenever the portion of T
at depths in [a,b] does not contain a full binary tree of depth D. The proof uses induction on D,
and the D =1 case is described in Figure 5.2. We remark that our proof is essentially constructive
assuming access to an oracle to find many orthogonal near-maximizers of Hy on arbitrary bands as

guaranteed by Lemma 5.7.4.

Finally we again use the algorithm of [Sub21] to define embeddings of the leaves ¢(z) € Sy for
x € X with

Hy((z)) > (/015"(15)1/2 dt +g> N.

We remark that in previous multi-OGP arguments, ultrametricity of the forbidden configuration
does not explicitly enter. However in these arguments, it is always possible that the structure of
replicas identified is an ultrametric. Specifically, in a “star” multi-OGP [RV17a, GS17, GK21a] all
the replicas are pairwise equidistant. For the “ladder” OGP implementations of [Wei22, BH21], the
forbidden structure is defined by applying some stopping rule to choose a finite number of solutions
from a “stably evolving” sequence of algorithmic outputs. In both settings it is possible that the
resulting configuration is a star ultrametric with all pairwise nonzero distances equal. However, the
rooted tree corresponding to such an ultrametric does not contain even a full binary tree of depth
D = 2. Therefore Theorem 27 strongly suggests that existing OGP arguments are incapable of
ruling out Lipschitz A from achieving energies down to the algorithmic threshold ALG?p.

5.7.1 Preparation

For given £ and ¢ € [0, 1], define
t
ALGP(t) = / " (s)"/%ds
0

so that ALG?p(l) = ALG?p. Define also
ALGZP([a,b]) = ALGP(b) — ALG;P(a).

Define
alt) = E(t) — &(a) — (t — a)€/(a).
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Note that &, (a) = &, (a) =0, and &/(t) = £’ (¢) for all t. Define the rescaled mixture function

lap)(t) = &a (a+ (b—a)t).

We derive
1 b b
ALG;{’M = /0 Ly (Bt = / VE! (s)ds = /a V€' (s)ds = ALGZP([a, b]).

Correspondingly, define
OPTZ"(la,b]) = OPTZ® .

Proposition 5.7.1. Suppose %({”(t)_lp) >0 fort € [a,b] C[0,1]. Then
OPTEP([a, b]) > ALG([a, b)). (5.7.1)
Proof. The result follows from Proposition 5.2.2 applied to §[, p- O

The next proposition follows from the work [Sub18] and ensures the existence of many approx-
imately orthogonal replicas which each approximately achieve the ground state energy in spherical
spin glasses without external field. In Lemma 5.7.4 we make several simple modifications to this

result, for instance requiring that the replicas be exactly orthogonal.

Proposition 5.7.2. Suppose (f—;(ﬁ”(t)’lﬂ) >0 fort €[0,1]. Then for any C,e >0 and k € N, for
N > Ny = No(&,C, e, k), with probability at least 1—e~ N either Hy ¢ Ky (recall Proposition 5.2.3)

or the following holds. There exist k points o1, ...,0, € Sy with
IR(O’i,O'j)|S€, 1§Z<]Sk

and

Hy(o;) > N(OPTE? —¢), i€ [k].

Proof. With the absence of external field, it follows from [Subl8, Lemma 42] that 0 is multi-
samplable. Let Qy(c) C B(m, &)k N Sk denote the set of & with |R(o;, ;)| < & for i # j. Let u be

the uniform measure on SN Define
Fngpg = L log/ exp BHy (o) du(o)
NG = By o N

to be the quenched free energy of Hy on Sy at inverse temperature 5 and

kn
~ ~ 1 o
Fng(m) = Fng(m,ky,c) = NI~ log/Q ( )expﬁ E Hn (o) du’“(a).
Ky (€

i=1
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Here kx grows to oo with N at a suitably slow rate. By [Sub18, Proposition 1 and Theorem 3]* it
follows that for N > Ny sufficiently large,

P {Ef‘Nﬁ(m) 7EFN7[3 Z —& Z 1 7670N.

Therefore there exists some & € 9y, (¢) satistying

kN

> Hy(o:) > Nky(OPTE? — e — 0(1)).
i=1

Here 0g(1) is a value tending to 0 as 8 — oo, uniformly in everything else. Assuming Hy € Ky,
the values +|Hy(o;)| are uniformly bounded by a constant Cy (because Hy (0) = 0). It follows by

Markov’s inequality that at least ky (ﬁcl —&— 05(1)) of the o; satisfy Hy(o;) > N(OPT?p -5

0s(1)). Since ky — oo, eventually

k< {kN (10501 —¢ —05(1)>J

for suitably large 3, which completes the proof. O

For fixed m, define the first-order Taylor expansion

——m

Hy (o) =Hy(m)+ (VHy(m), o —m).
of Hy and write
Hy =Hy + HY.

For 0 < a < b <1 with m € a- Sy, define B(m,0,b) = B(m,0)N+/b- Sy and its convex hull
B(m,0, [a, b]).

Lemma 5.7.3. For any fized m, the law of I;T}Z} restricted to B(m,0) is a Gaussian process with

covariance

~

E[HJ (o) HT (0?)] = N&(R(a', 0?)). (5.7.2)
Moreover the restrictions of I?If\'," and FX; to B(m,0) are independent.
Proof. Note that for all o', 02 € B(m,0),

R(e' —m,0* —m) = R(c',0?%) —a.

4In the statement of [Sub18, Theorem 3], there are values d 5, py which also shrink with N. We are taking € = pn
a small constant and ignoring the constraint from 4, so our value of Fiy g(m) is larger than that of [Sub18]. Therefore
the lower bound on Fiy g(m) we use is somewhat weaker than in the results cited.
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Since &,(t) has all derivatives non-negative for ¢ > a, we may sample a centered Gaussian process

Hy on B(m,0,[a, 1]) with covariance given by

E[Hy (o' ) Hy(0?)] = Néo(R(o! —m, 0> —m) +a)
= N&o(R(at, a?)).

Next, generate the independent centered Gaussian process H by

E[H (0" )Hy(0?)] = N (&) +&'(a) (R(a', 0%) —a)).

It follows by adding covariances (with x = R(o!,0?) in the definition of £,) that

IA'{[N+EN2HN

when restricted to B(m,0). Since &,(a) = £, (a) = 0, it follows that Hy(m) = 0 and VHy(m) = 0
hold almost surely. Therefore H ;, = F;,n is the first-order Taylor expansion of Hy around m, and
then also H N = H N Moreover H ~ and H y are independent by construction. This concludes the

proof. O

In the following Lemma 5.7.4, we refine Proposition 5.7.2 in several simple but convenient ways.
In particular, Lemma 5.7.3 implies the same result uniformly over all bands B(m,0,b); it also guar-
antees exact orthogonality. Lemma 5.7.4 will serve as a useful tool for embedding more complicated
ultrametric trees. Roughly speaking, it gives a way to gain on the embedding algorithm of [Sub21]
(stated later as Proposition 5.7.10).

Lemma 5.7.4. Suppose %(f"(t)*l/z) >0 fort € [a,b] C[0,1]. Then there exists € > 0 depending
only on &, a,b such that for any k, for N > No(&, a,b, k) sufficiently large and some ¢ = c(&, a,b, k),
with probability 1 — e~ °N the following holds.

For any m with ||m||3, = a < 1 and any linear subspace W C RN with diim(W) > N — k, there

exist k points o1,...,0, € W +m such that

Rlc;—m,o; —m)=(b—a)-I(i=j) Vi, jelk] (5.7.3)
and

Hy(o;) > Hy(m) + N(ALGEP ([a,b]) +¢) Vi € [K]. (5.7.4)

Proof. Consider a (non-random) 7v/N-net N;, on y/a - Sy of size at most (10/5)". For any m €
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Vva - Sy, the Hamiltonian ﬁ]’\’,’(a) restricted to B(m, 0,b) has covariance

~

EHT (01)HY (02) = N&(R(o1,02))

- o1 —MM 02— M
- e (725 T=8))

Since
o —ml|z = /N(b—a)

for o € B(m,0,b), we conclude that ﬁ]’\,” is exactly an N — 1 dimensional spin glass with mixture
§a,p) 00 B(m,0,b) up to rescaling the input.

Fix a large constant M, and choose ¢ sufficiently small depending on M. We apply Proposi-
tion 5.7.2 to H ~ with mixture [, 5 (¢) based on the observation just above. Recall that the constant
C in Proposition 5.7.2 can be arbitrarily large. It follows by a union bound that with probability

1 — e~ N for all n € N, there exist a1(n), ...,y (n) satisfying
|R(c;(n) —n,o;(n)—n)—(b—a) - I(i=j)|<e VI<i<j<M
and
Hy(5:(n)) > N(OPTZ"([a,b]) —¢) Vi€ [M]. (5.7.5)
For any m € \/a - Sy, there exists by definition n € N, with ||m — n|| < nv/N. Then with
o; = o;(n) as above,

|[R(c; —m,o;, —m)—(b—a) - Ii=j)|<e VI<i<j<M

for some €1 = 0., (1) tending to 0 as £, — 0. Define the linear subspace W C W by

W=Wnm'n(VHy)*

where (-)* denotes orthogonal complement. Let Py, be the orthogonal projection matrix onto W

It is easy to see that
2

<1+ Me)N <2N
2

M

> (@ —m)e

=1
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for € sufficiently small. Then

M M
> I1Pw. (@)l = <PWL,Z(&Z. - m>®2>

=1 i=1
M 2
< 1Pgell3 - |[D (0 —m)®?
i=1 2
< 2(k+2)N.

By the pigeonhole principle, at most M — k values i € [M] can satisfy

2(k +2)N

1Py (s —m)l3 = ==

It follows that there exist a subset ;,,...,0;, with

1k

[P (63, —m)||3 <nN, j € [k]

where 1 < % is arbitrarily small (by choosing M large depending on k). Defining o7 ,..., 07,
by
0'2], —m = Py (6, —m),
we have
. eEm+W
satisfying
|R(o;, —m,o;, —m)—(b—a) - 1(j =] <e j, LK
and

’
|los.
2j

—ayllz<aN, jelk.

Here g3 = 0., (1) tends to 0 as ¢; and 7 tend to 0. Using Gram-Schmidt orthonormalization inside

the affine subspace B(m,0), for €3 = o,(1) we may find &1,...,6 € B(m,[a,b]) N W satisfying
R(6;—m,6;,—m)=(b—a) - I(i=j) VI<i<j<k

and
165 — oI5 <esN  Vj € [K].

Assuming Hy is C;v/N-Lipschitz with respect to the ||-||, norm (recall Proposition 5.2.3), this
implies based on (5.7.5) that for some g4 = 0.,(Cy + 1),

Hy(6;) > N(OPTP —&4) Vi € [K]



CHAPTER 5. LIPSCHITZ HARDNESS FOR OPTIMIZING SPIN GLASSES 241

and
|6 —o4,||5 < 2(es+n)N Vj € [k].

Recalling Proposition 5.7.1, this completes the proof. O

5.7.2 Trees and Ultrametrics

We recall the well known connection between trees and ultrametric spaces. Here and throughout
given a rooted tree T with root 7(T) we denote by pa(v) the parent of v € V(T)\{r(T)}

Definition 5.7.5. [BD98a] A dated, rooted tree T with range [a,b] C [0,1] is a finite tree rooted at
r(T) € V(T) together with a height function

|1 V(T) = [a, ]
satisfying the following properties.
e |7(T)| = a.
o |v| =b for all leaves v € L(T).
e |pa(v)| < |[v]| for all v € V(T)\{r(T)}.
We say T is reduced if no v € V(T) except possibly r(T) has exactly 1 child.

In a rooted tree, let u Av € V(T) denote the least common ancestor of vertices v and v. To any
dated rooted tree T, we associate a metric dr : V(T) x V(T) — [0,/2] characterized by

|u| — dr(u,v)* + |v]
2 3

u,v € V(T). (5.7.6)

lu Av| =
When u,v € L(T) are leaves and T has range [a, b], this becomes

dT( ) )2
|lu Av|=b— —5 u,v € L(T). (5.7.7)
Crucially, observe that for u,v € L(T), the value dr(u,v) is a strictly decreasing function of |u A v|.
Therefore dp defines an ultrametric on L(T), or in fact the set of vertices at any fixed height. The
specific decreasing bijection between |u A v| € [0,1] and dr(u,v) € [0,v/2] for u,v € L(T) can in
general be arbitrary; the one above is suited for embeddings into Euclidean space since
R(o!,0) — |lo' — o?||} + R(o? 0?)

R(c',0%) = 5 , ol,0? c RV, (5.7.8)

The following type of result is well known and seems to be folklore.
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Proposition 5.7.6. [RTVS86, Section 6],[BD98a] For any finite set X, (5.7.6) defines a bijection

between the following two isomorphism classes.

1. Dated, rooted reduced trees with range [0,1] and leaf set X.

2. Ultrametric structures on X with diameter at most /2.

Any dated, rooted tree can be naturally reduced by removing vertices with a single child and
connecting their parent and child. Hence we will consider general dated, rooted trees to give ourselves
more flexibility. We are interested in embeddings of the leaves L(T) into level sets {o € RV :
Hy (o) > (ALG + )N} which are isometries up to the scaling factor v/ N. Tt will be convenient to

embed the entire vertex set V(T).

Definition 5.7.7. A Euclidean embedding of a dated, rooted tree T to is a function ¢ : V(T) — RN
satisfying
R(e(u),t(v)) = Ju Av| Yu,v € V(T).

or equivalently (by (5.7.8)),

[|e(u) — c(v)||n = dr(u,v) Yu,v € V(T).

The next lemma gives an alternate characterization of Euclidean embeddings. .

Lemma 5.7.8. ¢ : V(T) — R¥ is a Euclidean embedding if and only if the following properties hold.
Below we implicitly define |pa(r(T))] =0 and ¢(pa(r(T)) = 0.

1. ¢(r(T)) = a.

2. For allv € V(T),
[le(v) = v(pa(v))l|n = [v] = |pa(v)].

3. For all distinct u,v € V(T),

R(u(u) = v(pa(u)), v(v) — ¢(pa(v))) = 0.

Proof. First if ¢ is a Euclidean embedding, then clearly the first property holds. The second holds

because
[|e(v) = v(pa(v))[|F = R(e(v) — (pa(v)),(v) = (pa(v)))

= [v Av] —[v Apa(v)] — [pa(v) Av| + [pa(v) A pa(v)|

= [o] = [pa(v)].
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For the third property, we compute
R(u(u) — u(pa(u)), ((v) — v(pa(v))) = [u Av| = [v Apa(v)] — [pa(u) A v] 4 [pa(u) A pa(v)].

Since u # v, without loss of generality suppose v # (u A v). Then v is an ancestor of neither u nor

pa(u). The third property then follows because

uAv=uApa(v) and pa(u) A v = pa(u) A pa(v).

In the other direction, let us assume the three properties hold and show ¢ is a Euclidean embed-

ding. Consider vertices u = u,, and v = v, with ancestor paths
(’I"(T) = Ug, ULy - -, un_l), (T(T) =Vo,V1y.--, Um_l).
Suppose that v A v = ug = vgq, so that u; = v; if and only if j < d. Then we expand

R(u(u), 1(v)) = a+ Z R(v(ui) = e(uiz1), ¢(vj) — 1(vj-1))

=a-+ Z R(e(us) — tui—1), t(us) — t(ui—1))

1<i<d

=a+ Y Juil —|ui]

1<i<d
= a+ |ug| — |r(T)|

= |uAvl.

Next, define the depth D rooted binary tree T% on vertex set
V(T%) =0U2]U2?uU---U[2”.

As usual, a vertex v € [2)9 is the parent of u € [2J7*! if and only if v is an initial substring of u. We

say the rooted tree T contains T% if there exists an ancestry-preserving injection
¢:V(T%) — V(T)

(which need not preserve the root). Define the branching depth D(T) to be the largest D such that
T contains T%,. For v € V(T), define D(v) = D(T,) where T, C T is the subtree rooted at v.
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Proposition 5.7.9. For any rooted tree T, the set
Vp ={veV(T): D(v) =D(T)} (5.7.9)
is a simple path graph with one endpoint at r(T).

Proof. Let D = D(T). Clearly Vp is closed under ancestry and contains r(T). Suppose for sake of
contradiction that Vp is not a path with r(T) as an endpoint. Then Vp contains vertices v and w
neither of which is an ancestor of the other. But if the disjoint subtrees rooted at v and w each

contain T%, then T contains T3, , a contradiction. O

We will use the following slight generalization of the main result of [Sub21]. It can be seen as
the “default” embedding procedure which ensures energy ALG?p at the leaves, while Lemma 5.7.4

—1/2

gives a tool to improve over this embedding on intervals [a, b] where £ (t) is convex.

Proposition 5.7.10. For any e > 0 and k € 7™, there exist ¢ and Noy depending on &, €,k such
that with probability 1 — e=°N the following holds for all N > Nj.

For any m with ||m||% = q < 1, any dated, rooted tree T of order |V (T)| < k with range [q, 1],
and any linear subspace W C RN with dim(W) > N — k, there is an embedding v of X into W +m
such that

[lt(u) — c(v)||n = d(u,v) Yu,v € V(T) (5.7.10)

and
Hy((x)) > Hy(m) + N - (ALG® (||o(u) ||} — ALGLP(ml[3y) — ) Vv € V(T). (5.7.11)

Proof. The proof is essentially contained in [Sub21, Theorem 4 and Remark 6]. The restriction to
W +m has no effect on the proof whenever & < o(N). Indeed, a GOE matrix has .(N) eigenvalues

at least 2 — e with probability 1 — e~ (V?)

. This property implies existence of an eigenvalue at least
2 — ¢ when a GOE matrix is restricted to any subspace of dimension at least N — Q.(NN) by the
Courant-Fisher theorem. Repeating the proof of [Sub21, Theorem 4] with this minor modification

establishes the result. O

The following simple lemma is a slightly more general statement of Proposition 5.7.10. It will be

used to extend partial embeddings of ancestor-closed subsets of V(T) to all of V(T).
Lemma 5.7.11. For any € > 0 and finite dated rooted tree T, there exist ¢ and Ny depending on
€,e,T such that with probability 1 — e=°N the following holds for all N > Ny.

For any ancestor-closed subset U C V(T), let vy : U — RN be a Euclidean embedding. Then
there is a Buclidean embedding v : V(T) — RY extending vy such that for any v € V(T) with lowest
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U-ancestor u € U,
Hy((v)) > Hy (1(u)) + N - (ALGZP(Jv]) — ALG(fu]) — &) (5.7.12)

Proof. The result follows by repeated application of Proposition 5.7.10. Indeed, V(T)\U consists of
a disjoint union of subtrees T; rooted at vertices uy,...,u in U. For each j € [k], given a Euclidean
embedding L?fl of

UjfleU U Tl )

1<i<j—1

we extend it to T; as follows. Let
Wi =s 1
J = bpan(L(u)uer71)

be the orthogonal complement of the span of the already-embedded vertices. Then applying Propo-
sition 5.7.10 with W = W and m = ¢(u;), we obtain a Euclidean embedding of T; into W; + ¢(u; ),
which joins with L{fl to form an embedding ij on Uj. It follows from Lemma 5.7.8 that L{] is again
a Euclidean embedding of U;. Moreover (5.7.11) ensures that (5.7.12) is satisfied for each v € Tj.
Repeating this inductively for each j € [k] completes the proof. O

5.7.3 Proof of Theorems 27 and 28

We now show that full binary trees are necessary for our results, in the sense that trees T not
containing T% fail as obstructions to energy (/—\LG?p + e¢,p)N for some e¢p > 0 independent of
|[V(T)|. The main arguments are devoted to proving Lemma 5.7.12, which implies the two main
theorems. Lemma 5.7.12 is proved by induction on D, and a representative case for D = 1 is

depicted in Figure 5.2.
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Figure 5.2: A stylized instance of Lemma 5.7.12 in the case D = 1 and [a, b] = [0, 1] is displayed.
By definition of branching depth, when D = 1 the non-leaves of T consist of a single path. We
choose a vertex v, along this path with small depth |v.| = a2, and embed v, to have energy at
least (ALG(a3) + 2¢)N using Lemma 5.7.4. The leaves with parent on the segment connecting
v, to 7(T) (shown in red) can be embedded one at a time using Lemma 5.7.4. The remaining
subtree under v, is embedded all at once using Proposition 5.7.10. This results in a Euclidean
embedding ¢ : V(T) — RY satisfying Hy(:(v)) > (ALG + ¢)N for all v € L(T). For D > 1, we
repeat this idea recursively.

In the proofs below, we will repeatedly use the principle that T can be subdivided by placing
additional vertices on the edges of T. This only makes constructing an Euclidean embedding more
difficult. In particular, we may assume that all leaves have an ancestor of any given height. We
sometimes make this explicit by considering the subgraph Tj, 4 of a tree T with range [a,b], for
a < a’ < b. Precisely, T}, o is the subgraph of vertices with heights in [a,a’], where we implicitly
assume via subdivision that each leaf in L(T) has ancestors at heights exactly a and a’. Note that
unless a = 0, T[4 4/ is not in general a tree but is a disjoint union of dated rooted trees each with
range [a,a’]. We similarly define Ty, to consist of the subset of V(T) at heights exactly a, which

without loss of generality contains exactly one ancestor of each leaf of T.

Lemma 5.7.12. Fix a mizture £, and suppose %(f”(t)_l/z) >0 fort € [a,b] C[0,1]. Fixr D eN
and sufficiently small constants c,e > 0 depending only on &, a,b and D. Then for any a; € [a, %H’] ,
any k € N, and any dated rooted tree T with range [a, b], with probability 1—O(e=°N) over the random

choice of Hy, the following holds.

For any m € /a1 - Sy and any linear subspace W C RY with dim(W) > N — k, there exists a
Fuclidean embedding
1:V(T) = W+m
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with o(r(T)) = m such that for all v € L(T),
Hy(1(v)) > Hy(m) + (ALGP(b) — ALG;P(a1)) + ) N. (5.7.13)

Proof. We proceed by induction on D.

Base Case In the base case D = 0, the tree T contains only a single leaf v. It then suffices to find

a single point o € W + m with H0'||?V = b such that
Hy(o) > Hy(m) + (ALGZP (b) — ALGZP(a) + ) N.

Indeed such a o exists by Lemma 5.7.4.

Inductive Step For D > 1, assume the result holds for branching depths up to D — 1. Our
strategy is to first embed the path Vp (recall (5.7.9)), and then apply the inductive hypothesis on
the remainder of T to complete the embedding. We will assume in the remainder of the proof that

Hy is C1v N-Lipschitz with respect to the ||-||, norm for some constant C; as in Proposition 5.2.3.

Define as, a3 € [al, 3a H’] such that

\/a3—a2—\/a2—a17401

Let t = maxycy, |v| denote the maximum height of any v € Vp. (Note that ¢ is not affected by

adding extraneous vertices to T.)

Case 1: t <as Let vy € Vp satisty |v;| =t. Take
:Vp i =>W+m

to be an arbitrary Euclidean embedding with codomain W +m. Without loss of generality, we may
assume that the children of each v € Vp have height at most as. Next, extend ¢ to a still arbitrary

Euclidean embedding on @) p, which consists of Vp together with all children of vertices in Vp.

For each vertex v € Qp, the Lipschitz property implies

Hy(t(v)) > Hy(m) — Cy a% —a?N

> HN(’I’TL> —ElN.

Observe that any v € Qp\Vp satisfies D(v) < D—1. Because of this, we can now apply the inductive

hypothesis to each subtree T, rooted at some v € @p\Vp in an arbitrary order over the v’s. More
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precisely, suppose a Euclidean embedding mapping a subset U C V(T) to W + m is given, and that
U contains no strict descendants of v € @p\Vp. Then we know that |v| < az < %. Define the

affine subspace

W, = Span(L(u)ueU)J‘.

Then by the inductive hypothesis (using the same values a,b), there exists €5 depending only on
&,a,b, D — 1 such that ¢ extends to a Euclidean embedding

1 VUT, >W+m
such that ¢(u) € W, for all u € T,,, and which satisfies
Hy () = Hy((0) + (ALGE (6) = ALGEP(Jo] +22) ) N, Vuu € L(T,).

In particular, the above procedure can be repeated for each v, resulting in an embedding ¢ defined

on all of V(T). Finally for any u € L(T), we must have u € L(T,) for some v as above, and so

Hy (1)) > Hy(1(v)) + (ALGEP (b) — ALGE([v] + &2)) N
> Hy(m) + (ALGZP(b) — ALGZP(Ju]) + 22 — £1)N

> HN(m) + (ALG?p(b) — ALG?p(a?,) + El)N + (5‘2 — 251 — 5/(1) ag — a%) N.

Note that )
2e1 + &' (1)y/a3 — a3 < ey - (2+ C’1> .

Since €5 depended only on &, a,b, D and €1 was chosen sufficiently small depending on the same

parameters, we may assume that
g9 — 261 — &' (1)y/a% — a2 > 0.

Choosing € = ¢; finishes Case 1 of the inductive step.

Case 2: t > as Let v, € V(T) denote the unique vertex on Vp at height as — such a v, exists
without loss of generality. Then applying Lemma 5.7.4 on T, 4,), it follows that there exists
o € W + m with ||o||% = az such that

Hy(o) > Hy(m) + (ALG;P(az) — ALGP(a1) + £2) N
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for some &2 depending only on &, a,b. Set ¢(v,) = 0. Next we apply Proposition 5.7.10 to the subtree

T,, rooted at v, obtaining a Euclidean embedding
t:VpUT,, = W+m

such that
Hy(u(z)) > Hy(m) + (ALGZ® (az) — ALGZ® (ay) + 3) N

for €3 = £2/2. Extending to ¢ to the remainder of V(T) proceeds exactly as in Case 1. O

Below we use Lemma 5.7.12 to show that to rule out energies greater than ALG®P, T must have

—1/2

large branching depth when restricted to any height interval on which £”(¢) is convex.

Theorem 27. Fiz ¢ and suppose %(5//@)71/2) > 0 for all t € [a,b] C [0,1]. Fiz D € N and
sufficiently small constants c¢,e > 0 depending only on &,a,b and D. Then for any dated rooted tree
T with range [0,1] such that every connected component of T,y has branching depth at most D,

with probability 1 — O(e=N) over the random choice of Hy, there exists a Buclidean embedding
L V(T) — RY

such that for allv € L(T),
Hy((v)) > (ALGZ(Ju]) + £)N. (5.7.14)

Proof of Theorem 27. We let ¢ > 0 be sufficiently small throughout the argument. By Proposi-
tion 5.7.10, there exists a Euclidean embedding ¢ : Tjg 4 — RY such that for all v € Ty,

Hy (ta(v)) > (ALGEP(a) — ) N. (5.7.15)

Here as usual we assume without loss of generality that all leaves in T have an ancestor at height a.

Next we extend ¢ to a Euclidean embedding
t: Ty — RN
such that for all v € V(Tp,) with ancestor u at height a,
Hy(1(v)) > Hy(1(u)) + (ALGZP(b) — ALGE(a) + 32)N. (5.7.16)

In fact the existence of such an extension follows directly from Lemma 5.7.12 for ¢ sufficiently small.
Here as before we repeatedly apply Lemma 5.7.12 to individual subtrees in T, 3}, using the subspace

W in the statement to ensure the orthogonality constraints are satisfied.
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Finally extend ¢ to T, ;) using Lemma 5.7.11 on each component. The result is that for any
x € L(T) with ancestor v at height b,

Hy(u(z)) > Hy(1(v)) + (ALGEP(1) — ALGEP(b) — €)N. (5.7.17)
Combining (5.7.15), (5.7.16), and (5.7.17) completes the proof. O

In the Guerra-Talagrand interpolation used for our main argument, it was only possible to directly
estimate the average energy of the replicas instead of the minimum. In the following final result,
we show that to force the average of Hx(v) over the leaves v € L(T) to be small, it is necessary to
use a tree which branches a superconstant amount in any height interval [a,b] as above, on a set of

components of T,y ancestral to almost all leaves.

Let us illustrate the difference between Theorems 27 and 28 by an example. Form T by starting
with a full symmetric tree as in Proposition 5.3.2 and adding many children of the root as addi-
tional leaves. Then by construction (recall also Proposition 5.3.8), with probability 1 — e~ N) any

Euclidean embedding ¢ : T — RY satisfies

vrenLl(rqu) Hy(t(v)) < (ALG+e)N
for € > 0 as in Proposition 5.3.2 arbitrarily small given £&. However the same is not true for the
average energy. Indeed, Theorem 27 with D = 1 implies that the additional leaves in T can be
embedded to each have energy at least (ALG + 2¢’)N where ¢/ > 0 depends only on £. If the
additional leaves form a sufficiently large fraction of L(T), then any Euclidean extension ¢ to all of
T satisfies )

D] > Hy(u(v)) > (ALG +&")N
veL(T)

assuming Hy € Ky.

Theorem 28. Fiz a mizture & and § > 0, and suppose f—;(f"(t)’l/z) >0 fort € [a,b] C[0,1]. Fiz
D € N and sufficiently small constants c,e > 0 depending only on &, a,b, D and 6. Consider any tree
T with range [0,1] and |L(T)| = n leaves such that for at least on of the leaves v € |L(T)|, the subtree
of T,y consisting of ancestors of v has branching depth at most D. With probability 1 — O(e=cN)

over the random choice of Hy, there exists a Euclidean embedding
L:V(T) - RN

such that )
Sp
> . .
() EL(T) Hy(1(v)) > (ALGP +¢)N (5.7.18)
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Proof. Take g9 > 0 sufficiently small. For v € L(T) and ¢t € [0,1], let v' denote the ancestor
of v at height v. As before, Proposition 5.7.10 shows that there exists a Euclidean embedding
t:To,q = RY such that for all v* € T(a]s

Hy (ta(v")) > (ALGE(a) — deg)N. (5.7.19)

Let ']Af[a’b] C T4, consist of all connected components in T, ;) of branching depth at most D. Next

we extend ¢ to a Euclidean embedding
L: Tjo,q) U T — RY
such that for all v € L('f[a’b]) with ancestor v* at height a,
Hy (")) > Hy(e(v")) + (ALGZP (b) — ALGEP (a) + 420)N. (5.7.20)
Lemma 5.7.12 allows ¢ to extend to the remainder of V(T, ) such that
Hy (")) > Hy(e(v")) + (ALGEP (b) — ALG;(a) — dzo)N. (5.7.21)

holds for all v € V(T[,4)). Since at least 0| L(T)| leaves v satisfy v € ']Af[ayb], (5.7.20) and (5.7.21)
imply
1

1L(T)| > Hy((v") — Hy((v?)) > (ALGEP(b) — ALGEP(a) + 3d20) N (5.7.22)
veL(T)

As before we finish by extending ¢ to Ty, 1}, using Lemma 5.7.11 one component at a time. Then for
any v € L(T),
Hy((v)) > Hy (")) + (ALGEP (1) — ALGP (b) — d2o) N. (5.7.23)

By combining (5.7.19), (5.7.22) and (5.7.23), it follows that the total of Hx(t(v)) over v € L(T) is

Y HN(@)] = Y (HN(L(U))—HN(L(vb))+HN(L(vb))—HN(L(U")HHN(L(U“)))

veL(T) veL(T)

> |L(T)| - (ALG?p(l) + 650) .

Taking € = dg¢ completes the proof. O
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Chapter 6

Chasing Convex Bodies and

Functions

6.1 Introduction

Let X be a d-dimensional normed space and K1, Ko, ..., Ky C X a finite sequence of convex bodies.
In the chasing convex bodies problem, a player starting at xp = 0 € X learns the sets K,, one at a

time, and after observing K, moves to a point z,, € K,. The player’s cost is the total path length

N
COSt(mla"'awN) = Z ||(En _xnle'

n=1

Denote the smallest cost (in hind-sight) among all such sequences by

cost(Ky,...,Kn) = min ZH% Yn—1][-

(yn€Kn) n<N

The player’s goal is to ensure that

cost(x1,...,2n) < ag-cost(Ky, ..., Ky) (6.1.1)
holds for any sequence K, ..., Ky, where a4 is as small as possible and is independent of N. The
challenge is that the points z, = z, (K3, ..., K,) must depend only on the sets revealed so far. To

encapsulate this requirement we say the player’s path must be online, as opposed to the optimal
offline path which can depend on future information. An online algorithm achieving (6.1.1) for some

finite oy is said to be ag4-competitive, and the smallest possible oy among all online algorithms is

253
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the competitive ratio of chasing convex bodies.

In the most general sense, the problem of asking a player to choose an online path z1,...,zN
through a sequence of subsets Sy, ..., Sy in a metric space X is known as metrical service systems.
These sets are typically called “requests”. When arbitrary subsets S; C X can be requested, the
competitive ratio possible is |X'|—1 in any metric space [MMS90]. One also considers the slightly more
general metrical task systems problem in which requests are non-negative cost functions f,, : X — R*

rather than sets and the cost takes the form
N
cost(zy,...,zN) = Z dx(Tn, Tp—1) + ful(xn)
n=1

where 25:1 dx(Zpn,Tn—1) is called the movement cost while 25:1 fn(xy) is the service cost. As

in (6.1.1), one aims to ensure

cost(x1,...,xn) < a-cost(fi,...,fn) =a- inf  cost(yi,...,yn). (6.1.2)
(Yn€X)n<n

The competitive ratio of metrical task systems is always 2|X'| —1 [BLS92]. Actually both competitive
ratios just stated are for deterministic algorithms; one may also allow external randomness, so that
one chooses z,, = z,(S51,. .., S,,w) for some random variable w independent of the sets S;. One then
aims for the same guarantee as in (6.1.1), (6.1.2) with the expected cost of the player on the left-hand
side, for any fixed sequence (51, ..., Sy). With randomization the competitive ratio of metrical task
or service systems sharply drops and is known to be in the range [%, co (log | X |)2} , and to be
O(log |X|) in some specific cases [BLMNO05, BBM06, FM03, BCLL19]. However this is not the end of
the story as a wide range of problems, including chasing convex bodies, result from restricting which
subsets are allowed as requests. The literature on such problems is vast and includes scheduling
[Gra66], self-organizing lists [ST85], efficient covering [AAAO03], safely using machine-learned advice
[BB00, KPS18, LV18b, WZ20], and the famous k-server problem [MMS90, Gro91, KP95, BBMN15].

Chasing convex bodies was proposed in [FL93] to study the interaction between convexity and
metrical task systems. Of course the general upper bounds above are of no use as |X| = oo, while
the lower bounds also do not apply due to the convexity constraint. [FL93] gave an algorithm with
finite competitive ratio for the already non-trivial d = 2 case and conjectured that the competitive
ratio is finite for any d € N. The best known asymptotic lower bounds come from requesting the
faces of a hypercube by taking K,, = (¢1,€2,...,e,) X [=1,1]¢7" for ¢; € {—1, 1} uniformly random
and n < d. This construction implies that the competitive ratio is at least v/d in Euclidean space
and at least d for X = ¢>° - see [BKL'20, Lemma 5.4] for more on lower bounds. Unlike in many
competitive analysis problems, randomization is useless for chasing convex bodies and we may freely
restrict attention to deterministic algorithms. This is because cost(xy,...,2y) is convex on X,

and so randomized paths are no better than their (deterministic) pointwise expectations.
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Following a lack of progress on the full conjecture, restricted cases such as chasing subspaces were
studied, e.g. [ABNT16]. A notable restriction is chasing nested convex bodies, where the convex
sets K1 2 Ko D ... are required to decrease. Nested chasing was introduced in [BBE'18] and
solved rather comprehensively in [ABC*19] and then [BKL*20]. The latter work gave an algorithm
with optimal competitive ratio up to O(logd) factors for all ¢? spaces based on Gaussian-weighted
centroids. Moreover it gave a d-competitive memoryless algorithm based on the Steiner point which

we discuss later.

Some time after chasing convex bodies was posed, an equivalent problem called chasing convex
functions emerged. This is a metrical task systems problem in which requests are convex functions

fn : X — RT instead of convex sets. As described above the total cost

N
cost(z1,...,xN) = Z lzn — Tno1l| + fr(zn)
n=1

decomposes as a movement cost plus a service cost. Chasing convex functions subsumes chasing
convex bodies by replacing the body K, with the function f, = 2 -d(z,K,). This is because
an arbitrary algorithm for the requests f, is improved by projecting x, onto K, - actually the
same argument shows more generally that metrical task systems subsumes metrical service systems.
Conversely as observed in [BLLS19], convex function chasing in X can be reduced to convex body
chasing in X @ R up to a constant factor by alternating requests of the epigraphs {(z,y) € X x R :
y > fo(x)} with the hyperplane X x {0}. As with chasing convex bodies, randomized algorithms

are no better than deterministic algorithms since cost(z1,. ..,z y) remains convex on X,

Convex function requests allow one to model many practical problems. Indeed chasing convex
functions was originally considered as a model for efficient power management in cooling data centers
[LWAT13]. In light of this, restricted or modified versions of chasing convex function have also been
studied. For example, [BGK™15] determines the exact competitive ratio in 1 dimension, while works
such as [CGW18, GLSW19] show dimension-independent competitive ratios for similar problems

with further restrictions on the cost functions.

6.1.1 Main Result

In prior joint work with S. Bubeck, Y.T. Lee, and Y. Li [BLLS19] we gave the first algorithm
achieving a finite competitive ratio for convex body chasing. Unfortunately this algorithm used an
induction on dimension that led to a exponential competitive ratio 20(9). We give an upper bound
of d for the competitive ratio of chasing convex bodies in a general normed space, which is tight
for £°°. In Euclidean space, our algorithm has competitive ratio O(y/dlog N), nearly matching the
lower bound v/d when the number of requests N is sub-exponential in d. The statement following

combines Theorems 31 and 32.
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Theorem 29. In any d-dimensional normed space there is a d+1 competitive algorithm for chasing
conver functions and a d competitive algorithm for chasing convex bodies. Moreover in Fuclidean
space this algorithm is O(y/dlog N)-competitive.

The proof is inspired by our joint work with S. Bubeck, B. Klartag, Y.T. Lee, and Y. Li [BKL"20)
on chasing nested convex bodies. It is shown there that moving to the new body’s Steiner point, a
stable center point of any convex body defined in [Ste40], gives total movement at most d starting
from the unit ball in d dimensions. (The argument in [BKL*20] is restricted to Euclidean space but
the proof works in general as we will explain.) We extend their argument by defining the functional
Steiner point of a convex function. Our algorithm follows the functional Steiner point of the so-called

work function which encodes at any time the effective total cost of all requests so far.

We remark that given the form of (6.1.1), chasing convex bodies may be viewed as an online
version of a Lipschitz selection problem. In the broadest generality, for some family S C 2% of
subsets of a set X, a selector takes sets S € S to elements s € S. Of course the relevant comparison
for us is when S consists of all convex bodies in X. Continuity and Lipschitz properties of general
selectors have received significant attention [Shv84, Shv02, Kup05, FS18]. Taking the Hausdorff
metric on convex sets, the Steiner point is d-Lipschitz in any normed space. Moreover as explained
in [PY89, Section 4], it achieves the exact optimal Lipschitz constant (of order ©(v/d)) when X is
Euclidean due to a beautiful symmetrization argument. We find it appealing that this in some sense

optimal Hausdorff-Lipschitz selector also solves an online version of Lipschitz selection.

Concurrently with this work, C.J. Argue, A. Gupta, G. Guruganesh, and Z. Tang obtained
similar results for chasing convex bodies in Euclidean space [AGGT21]. Their algorithm is based
on Steiner points of level sets of the work function; these turn out to be almost the same as the

functional Steiner point as we show in Section 6.6.

6.2 Problem Setup

6.2.1 Notations and Conventions

The variables T,t,s denote real times while N,n denote integer times. che sf (z)dz denotes the
fxES f(z)dz

average value T e of f(x) on the set S. Denote by By C X the unit ball and Bf C X*
xz€S

the dual unit ball. The symbol @ denotes boundary, and (-,-) denotes the natural pairing between

X, X*.
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6.2.2 Continuous Time Formulation

Our proof is more natural in continuous time, so we first solve the problem in this setting and
then specialize to discrete time. In continuous time chasing convex functions, we receive a locally
bounded family of non-negative convex functions (f; : X — R")ico. ). We assume that f(z) is
piece-wise continuous in ¢ with a locally finite set of continuities. The player constructs a bounded
variation path (z;) online, so that z, depends only on (fi)i<s. We will assume f; and x; are cadlag
(right-continuous with left-limits) in the time variable t. The cost is again the sum of movement

and service costs given by

T
cost((wrleciom) = [ filz) +Jai]dt
0

Here and throughout, the integral of ||z}|| is understood to mean the total variation of the path ;.
As before the goal is to achieve a small competitive ratio against the optimal offline path. Given
a sequence f1, fa,..., fn of convex requests, one readily obtains a corresponding continuous-time
problem instance by choosing, for each ¢ € [0, N|, the function f; = f,, for t € (n — 1,n]. The next

proposition shows that solving this continuous problem suffices to solve the discrete problem.

Proposition 6.2.1. Any discrete-time instance of chasing convex function has the same offline
optimal cost as its continuous-time counterpart. Meanwhile for any continuous-time online algorithm
there exists a discrete-time online algorithm achieving both smaller movement and smaller service

cost on every sequence of functions fi,..., fn.

Proof. It is easy to see that the continuous and discrete time problems have the same offline optimum
value. Given a solution for continous-time convex function chasing, suppose the player sees a discrete
time request f,. The player then computes the continuous time path (Jct)te(n,l’n] and moves to

some x, with ¢, € (n — 1,n] and

fn(xtn) < /_1 fn(l‘t)dt

The discretized sequence (zy,,...,t,) has a smaller movement cost than the continuous path

(w¢)se[o,r) because the triangle inequality implies

N N tn
S o, =<3 [ ks
n=1 n=1"1tn-1

tN
:/Hmm
0
N
< [l
0
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The discretized path also has smaller service cost by construction, hence the result.

6.3 Functional Steiner Point and Work Function

We begin by recalling the definition of the Steiner point in a d-dimensional normed space X. For a
convex body K C X and v € X*, define

fx(v) = argmax(v, z),

hac(v) = mas(v, @) = (frc(v), 7).

hk is commonly known as the support function of K. Let u denote the cone measure on 0Bj, which

can be sampled from by choosing a uniformly random z € Bf and normalizing to 6§ = Hzll' For
0 € 0B7 define n(d) € X to be the outward unit normal defined (for p-almost all #) by ||n(0)|| =1
and (n(6),0) = 1.

Definition 6.3.1 ([PY89, Chapter 6]). The Steiner point s(K) € X is

s(K) ][63* fr(v)dv. (6.3.1)

=d ][ hic (0)n(0) du(6). (6.3.2)
0€dB;

The equivalence of the two definitions follows from the divergence theorem and the identity
Vhik = fik. The factor d comes from the discrepancy in total measure of the ball and the sphere.
See [PY89, Chapter 6] for a careful derivation.

Using Definition 6.3.1, the upper bound d for nested chasing in [BKL*20] immediately extends
to any normed space. We recall the main result here. It is not phrased as a competitive ratio
because some apriori reductions are possible in nested chasing — roughly speaking we stay inside
the unit ball By and treat the offline optimum cost as being 1. Note that both (6.3.1) and (6.3.2)

are essential in the argument below.

Theorem 30. /[BKL' 20, Theorem 2.1] Let By D K1 2 K3 2 -+ 2 Ky be convex bodies in X , with
xn = s(K,,) for each n. Then x,, € K,, for each n and

N
Z ||'Tn - 1‘71—1” S d
n=1

Proof. It follows from (6.3.1) that s(K) € K, so it remains to estimate the total movement. For
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convenience take Ky = Bj the unit ball so that o = (0,0,...,0) = s(Kp). From K,, C K,,_1 it
follows that hx, (0) < hk,_,(0) for each n < N and 6 € 9Bf. Combining with (6.3.2) yields:

Zns ) — (K 1|<d]10€83 S e, (6) — e, (6)1d1(0)

1 n=1

Caf S b 8) b (O)a00)

9€oB; 11

—d ]éeaB* 1= iy (0)dp(0)

<d.

Here the last inequality follows from hg (0) + hx, (—6) > 0.
O

We now extend the definition of Steiner point to convex functions. The idea is to replace the
support function by the concave conjugate (also known as the Fenchel-Legendre transform). Recall
that for a convex function W : X — R™, the concave conjugate W* : X* — RU{—oo} is defined by

W*(v) = inf (W(w) — (v,w)) (6.3.3)
weX
Let us assume W is not only convex but also 1-Lipschitz, and that W (w)—||w|| is uniformly bounded.
We will refer to such a W as an (abstract) work function. Note W*(v) is finite whenever ||v|| < 1 by
the last assumption, and moreover the infimum in (6.3.3) is attained. We denote this point attaining
this infimum by

v = arg min (W () = ().

the conjugate point to v with respect to W. It satisfies VIV (v*) = v and is well-defined for almost
every v € B} by Alexandrov’s theorem. Moreover we have VIW*(v) = —v*. Combining this latter
relation with the divergence theorem yields another identity, from which the functional Steiner point
is defined.

Definition 6.3.2. Let X be an arbitrary d-dimensional normed space, and W : X — RT a work
function as defined above. The functional Steiner point s(W) € X is:

s(W) ][EB* v*dv. (6.3.4)

— ][ W*(0)n(6) du(8). (6.3.5)
6eoB*

We remark that if a convex body K is identified with the function f(z) = d(z, K), then the
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definitions above agree. We call (6.3.1), (6.3.4) the primal definitions and (6.3.2), (6.3.5) the dual

definitions.

6.3.1 The Work Function

The work function is a central object in online algorithms; in general it records the smallest cost
required to satisfy an initial sequence of requests while ending in a given state. Work function based
algorithms are essentially optimal among deterministic algorithms for general metrical task systems
[BLS92] as well as the k-server problem [KP95].

Definition 6.3.3. Given requests (fs)s<t, the work function Wy (x) is the offline-optimal cost among

paths satisfying xy = x:

Wt(l‘)

t
inf s(Ts <lld 6.3.6
I R R ACSEA A 38

T¢=xT

inf . 3.
zs:[(l)g]ex costy(x) (6.3.7)

Ti=x

Here we allow x4 : [0,t] = X to be any path of bounded variation, and as before interpret
fg [|z%||ds to mean the total variation of the path. Likewise for a discrete-time request sequence
(f1,---, fn), the work function W, (x) is defined as above with f; = f, fort € (n — 1,n] or more

simply by
N
Wi (z) = whn}g} < ||z — 2| + Zl [2n = 1] + falzn).
n—
For a sequence (K1, ..., K,) of convex set requests the work function W, is defined analogously.

In the case that fs(z) is piecewise constant in s (which is all we need for the original discrete-time
problem), the best offline continuous time strategy clearly coincides with the best offline discrete
time strategy. The infimum is attained in (6.3.7) in general because the paths (x4)s<; of variation
at most C satisfying x; = T are compact in the usual topology on cadlag functions for any C, and

cost; is lower semicontinuous.

Denote by W;*(-) the concave conjugate of Wy, and vy the point with VW, (vy) = v. We record

the following proposition summarizing the properties of the work function and its dual.
Proposition 6.3.4. In either discrete or continuous time, Wy and W} satisfy:
1. Wo(x) = ||z||.

2. Wi(v) =0 whenever ||v|| < 1.
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3. Wi(x) is increasing in t and is convex for all fized t.
4. Wi (x) is increasing in t and concave in .

5. Wi(x) is an abstract work function.

6. Wi (v) is non-negative and finite whenever ||v|| < 1.

7. COSt((fs)sE[O,t]) = minwEX Wt(x)

Proof. Tt is clear that Wy(x) = ||z||, and that W;(z) is increasing in ¢. The computation of W
is clear. Convexity of W;(-) holds by convexity of cost,(-) — given paths 20 : [0,#] — X and
2l :[0,4] — X the path 2¢: [0,¢] — X given by

zd =g, + (1 - q)ag
satisfies for any ¢ € [0, 1],
costy(29) < q - costy(z!) + (1 — q) - costy (x2).

Convexity of Wy implies that W} is concave by general properties of the Fenchel-Legendre transform.
Because W; is increasing in ¢, the definition (6.3.3) implies that W is increasing in ¢ as well. It is

easy to see that W, is 1-Lipschitz; to show
Wi(z) < Wily) + llz — yl|

it suffices to take the lowest cost path to y and then move from y to z. Similarly Wi(z) — ||z||
is bounded, making W; an abstract work function. It follows from this that W;*(v) is finite when
o]l < 1.

O

Lemma 6.3.5. For all t,

Wi (6) < 2-min W,
max, ¢ (0) <2-min Wi (),

][ W (0)du(8) < min Wi(z),
0cdB; z

Wi (v)dv < min Wy(z).
vE By *

Proof. Set
OPT; = argmin Wy(z).
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The definition (6.3.3) of W} implies
Wy (6) < Wp(OPT;) — 6 - OPT,.
Finally

t
[Wi(OPTy)| = inf ||330||+/ fa(@s) + [ lds
z5:[0,t] > X 0

z,=0OPT,

t

> inf “11d

_Isz[g)gmnmu/o ) |ds
zy=0OPT}

> |OPT|

holds where the triangle inequality was used in the last line. All assertions now follow.

O

We next compute the time derivative of W;*(v) for fixed v with |v| < 1. The proof, a simple

exercise, is left to the appendix.

Lemma 6.3.6. For any ¢ > 0 suppose fs(x) is jointly continuous in (s,x) and conver in x for
(s,x) € [t,t +¢) x X. Then for almost all v with ||v]|] < 1,

d

W7 (0) = fulo}).

6.4 Linear Competitive Ratio

Our algorithm for continuous-time convex function chasing is defined by setting x; = s(W;). In
its analysis, the primal definition (6.3.4) controls the service cost while the dual definition (6.3.5)

controls the movement cost.

Theorem 31. z; = s(W;) is d + 1 competitive for continuous-time convex function chasing in any

d-dimensional normed space X. In particular:

1. The movement cost of x; is d-competitive:

T
/ [|lz}||dt < d - min Wy(z).
0 xr

2. The service cost of xy is 1-competitive:
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/T fi(zy)dt < min Wy(z).
0 T

Proposition 6.2.1 yields an induced algorithm for chasing bodies/functions in discrete time which

we call the discrete-time functional Steiner point.

Corollary 6.4.1. The discrete-time functional Steiner point is d+1 competitive for chasing convex

functions and d competitive for chasing convex bodies.

Proof of Corollary 6.4.1. This follows from Proposition 6.2.1 and the fact that chasing convex bodies

has 0 service cost.

O

Proof of Theorem 31. We begin with part 1. From the dual definition (6.3.5) of s(W;) and the fact
that W} increases with ¢ from W =0,
d

T T
zi||dt = d - — W (0)0du(0
t t
0 o ||dtJecon;

T
<o)
0 Jocopy

=d- ]leean Wi (0)du(6).

G| a)

Lemma 6.3.5 implies
d ][ Wi (0)dp(8) < dmin Wr(z).
0€dB; z

This completes the proof of part 1 and we turn to part 2. From the primal definition (6.3.4) and

convexity of f; it follows that

Fi(s(W0) < ][ £, (v1)dv.

vEBY
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Integrating in time and using Lemmas 6.3.6 and 6.3.5 yields:

/ C (W <f N / " peatdu(o)

q
= — W, (v)dtdv
]£er /0 e (

= Wi(v) — Wi (v)dv
vEBY

= Wi (v)dv
vEBY

< min Wr(z).

O

Remark 6.4.1. In the continuous time setting, only fi(z;) and V fi(z;) are actually necessary to

solve convex function chasing. This is because the player can always lower bound f; by

filw) = fi(w) = max (fy(xe) + (V fe(xe), @ — 20),0).

As ft(:rt) = fi(x;), by simply pretending the requests are f;, any competitive algorithm can
be transformed into one which only uses the values fi(x:) and V fi(x;) and which obeys the same

guarantees.

In the discrete time setting, if we are given f,(z,—1) and V f,(z,—1) before choosing x,, there
is another source of error because f,,(x,) is totally unknown. However this error is easily controlled
when the f, are uniformly Lipschitz. Let (x,),<ny be the discrete-time functional Steiner point

sequence for the functions recursively defined by

fn(x) = mmax (fn(xnfl) + <vfn(xn71)a1' - xn71>,0)

and let Wi be the discrete-time work function. We obtain:

N

N N

n=1

(dJr 1) mmWN <Z fn xn fn xn)) .

Suppose now that each f, is L-lipschitz. Then the equality fn(zn—1) = fo(zn—1) implies
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|fr(zn) — fn(xn)| < 2L||2, — 2,,_1||. Because Theorem 31 and Proposition 6.2.1 imply
N
> len — 2o |] < dmin W (z),

n=1

it follows that the resulting competitive ratio is at most (2L + 1)d + 1. Similar remarks apply to the

result of Theorem 32.

6.5 Competitive Ratio O(y/dlog N) in Euclidean Space

In this section we prove the discrete-time functional Steiner point has competitive ratio O(v/dlog N)
in Euclidean space (whose norm is denoted by || - ||2). The same technique applies in any normed
space given a suitable concentration result, however we restrict to the Euclidean case for convenience.

The idea is as follows. Suppose that the average dual work function increase
F o wie) - @)dute)
0€dB}

at time-step n is significant. Then by (6.3.5) the movement from s(W,,_1) — s(WW,,) is an integral
of pushes by different vectors #. By concentration of measure, these pushes decorrelate unless the

total amount of pushing is exponentially small.

Lemma 6.5.1 ([Bal97, Lemma 2.2]). For any 0 <e < 1 and |w| <1 in Euclidean space, the set
{6 € 0B; : (w,0) > ¢}

occupies at most e—ds*/2 fraction of 0B;.

Lemma 6.5.2. Suppose that [W;(0) — W} _,(8)] < C for all 0 € By, and set

A=f W) - W ).
vEB;

Then the functional Steiner point movement is at most

15(Wn) — $(W_1)|]2 = O (A\/d (1 +log (f))) .

Proof. Observe that

[s(Wn) = s(Wna)ll2 = max {w,s(Wn) = s(Wn-1)).
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Fixing a unit vector w, we estimate the inner product on the right-hand side. Set

gn(0) = W5 (0) = Wy _1(0) >0,

0€oBy

Then g, (0) € [0,C] for all § and f,_, . gndpu(8) = A. Consequently by Lemma 6.5.1,
1

I, < min ()\, Ce—dz2/2) . (6.5.1)
We thus find
(w, (W) — s(Wo_1)) = d ][ 0 (6) (10, 6)du(6)
0€dB:
<A, 90(6)(w.0)u(0)
(w,0)>0
1
= d/ I.dz
0
1 2
< d/ min (/\,Ce_dz /2) dz. (6.5.2)
0

Here the second equality is the tail-sum integral formula. To estimate the resulting integral, set

_[2log(C/N)
A=\

so that Ce=94%/2 = X\, We will assume A < 1; if A > 1 then the expression (6.5.2) is at most

d) < dA)X and it suffices to mimic the below without the second term. We estimate
1 2 1 2
/ min (A, Ce™% /2) dz = A\ + C/ e /242,
0 A
and use the simple bounds

1 1
/ 67dz2/2d2 S/ eidZQ/de < O(d71/2)’
A 0

e—dA%/2

1 e}
—dz%/2 —dA2/2/ —dA(z—A) 7. _
e dz <e e dz =
/A A dA
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Combining,

1
(w, 5(Wy) — $(Wn_1)) < d/ min (A7Ce_dzz/2) "
0

Cle—dA/2
A

/ c , d
:O<)\ dlog()\>>+m1n<0\/ﬁ,/\ 2log(C/A)>'

With u = A/C € [0, 1], the last term is

CVd - min (17 u)
2log(1/u)

For uw < [0,1/2], we have \/ﬁ < O(u) giving the bound O(A/d). For u > 1/2 we have

cVd < 2)\v/d. Hence in both cases,

<wﬁUMJ—S@%1ﬂ><O<A¢d<L+bg<§>>>

< dA) + min (Cf

as desired.

O

Theorem 32. The discrete time functional Steiner point algorithm is O(v/dlog N) competitive for

chasing convex functions in Fuclidean space.

Proof. Call (¢)e[0,n] the continuous path and (xy,),<n the discrete path for ¢, € (n —1,n] as in
Proposition 6.2.1. Since the service cost for the discrete path is at most that of the continuous path,
we only need to establish the O(y/dlog N) competitive ratio on the movement of the discrete path.
By Lemma 6.3.5,

<2-mi .
max Wy (6) min Wy (z)

Set
M= [ WO - WL, (0)au6),
0coB*

Applying Lemma 6.5.2 with C' = 2-min, Wy (x) to the movement ||x:, —x: _,||2 at each step yields:

C
Z |z, — 20, |]2 < O(CdY?) - Z 1+ log ()\n> (6.5.3)

n=1 n<N
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Here the values ), are all non-negative and sum to f,_,p5. Wi (0)du(d) < C. Letting h(u) =
1

uy/1 + log(1/u), one readily computes that for u € (0,1),

2log(1/u) +1

—2log(1/u) — 3
(1 + log (1/u)) 172 =0

4u(1 + log(1/u))3/2 —

W (u) = 5 >0,  h'(u)=

Jensen’s inequality therefore implies that setting A, = % for all n < N in (6.5.3) gives an upper
bound. It follows that the movement cost is at most O(Cy/dlog(N + 1)). O

6.6 Steiner Points of Level Sets

6.6.1 A Simplification for Chasing Convex Bodies

Here we show that for chasing convex bodies in discrete time, it suffices to simply set z, = s(W,,)
instead of reducing from a continuous-time problem via Proposition 6.2.1. This simplification does
not seem possible for chasing convex functions. The movement cost estimates continue to hold with
no changes in the proof, however establishing s(W,,) € K,, requires a short additional argument.
Define the support set Supp(W) C Ry of an abstract work function W to be the set of points z
possessing a subgradient v € VW (z) with |v| < 1. For a work function W and convex body K, set

K — i _
W (@) = min W(y) +[ly — =l

If W is the work function for some sequence of requests, then making an additional request of K

results in the new work function W¥X.

Proposition 6.6.1. Supp(WX) C K holds for any work function W and convex body K.

Proof. Suppose = ¢ K and set
y € arg min (W(yo) + [|yo — z|]).-
yoEK

For any z on the segment 7z, it follows that W (x) — W (z) = ||z — z||. This implies that no v with
|[v| <1 can be a subgradient in VIV, (x). O

Corollary 6.6.2. The algorithm xz, = s(W,) is d competitive for chasing convex bodies, and
O(v/dlog N) competitive in Fuclidean space.

Proof. Proposition 6.6.1 and the primal definition (6.3.4) together imply s(W,,) € K, i.e. the
algorithm is valid. The d-competitiveness follows from Theorem 31 and the argument of Proposi-
tion 6.2.1 while the O(y/dlog N) competitive ratio in Euclidean space follows from the argument of
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Theorem 32. O

6.6.2 Steiner Points of Level Sets

This final subsection has two main objectives. Theorem 33 states that the functional Steiner point
of any work function can be expressed as the Steiner point of large level sets. Corollary 6.6.5 states
that the Steiner point of any level set of the work function W,, is inside K,, for convex body chasing.
As we discuss at the end, Corollary 6.6.5 is related to the algorithm for chasing convex bodies given
by [AGGT21]. Denote level sets by

Qw,r ={z: W(z) <R}

It is easy to see that for any work function W and R > min, W (zx),

W (z), for x € Qw.r

WOWR (z) =
d(l‘, QW,R) + R, forxz ¢ QW,R~

Theorem 33. For any work function W and R > min, W (z), it holds that s(Qw,r) = s (W?W-%)
and imp_, o $(Qw,r) = s(W). Moreover if Supp(W) C Qw.r then s(Qw.r) = s(W).

Proof. The dual definitions (6.3.2), (6.3.5) imply

s(Qw,r) —s(W) = d][

<W*(0) + hgwﬁR(0)>n(6)du(6). (6.6.1)
0€oB;

Also for any 0 € 0B7,

(o) (6) = inf, (W () - (w.0))

weX

= inf <WQW~R(w) — (w, 9>)

weEINwW, R

=R- h’QW,R(e)'
It follows from the symmetry 6 <> —@ that

][ n(0)du(6) = 0.
0cdB;

Combining the above yields
S(QWJ{) =S (WQW’R) .
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We proceed similarly for the second claim. For any 6 € 0B,

W*(0) = inf (W(w) - (6, w))

= lim inf (W(w)— (0,w))

R—oo weQw, R

— lim  inf  (W(w) — (6, w))

R—o0 wEaQWYR

— lim (R_hQW,R(e))

R—o0

Because W (x) — ||z|| is uniformly bounded it follows that the expression
W*(0) + hay r(0) — R

is uniformly bounded for (0, R) € (0B; x R™). As just shown it tends to 0 as R — oo. The bounded

convergence theorem therefore implies

lim |W*(6) + hay, . (0) — R| du(8) = 0.
R—ooJgcoB;

Combining with equation (6.6.1) shows that imp_, ||s(Qw,r) — s(W)|| = 0, proving the second

assertion. The last assertion is proved similarly after observing that Supp(W) C Qg implies

W*(0) = inf (W(w) — (6, w))
=1im inf (W(w) — (A0, w))

i B
i?fwelSW,R(W(w) (A0, w))

= R — hqy, (0).

Proposition 6.6.3. Supp(Ww.r) C Supp(W) holds for any R > min, W (x).
Proof. Because QR is a level set,

QWR( ) W (.’13), for x € QVV,R
W Bx) =
d(:l?, QV[/"R) + R, for x ¢ QW’,R

Proposition 6.6.1 combined with the fact that W and WW.r agree inside Q4 g imply that the only
possible new support points are on the boundary 0Qy, . Fix a boundary point y € 9Qw, g\Supp(W).
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Because y ¢ Supp(W), there exists a sequence (y;);eny — Yy satisfying
W(y) = W(y:) = (1 —o(1)[ly — yill.

Such a sequence of points y; must eventually satisfy W (y;) < W(y) and therefore y; € Q. g,
implying W (y;) = Wz (y,). Hence

WEWE (y) — WL (y;) > (1= o(1)ly — will-

This implies y ¢ Supp(W?w:#), completing the proof.
O

Corollary 6.6.4. Let W = WK for a work function W and conver body K. For any R >
min, W(x),

S(QW,R) =35 (WQW'R) e K.
Proof. Propositions 6.6.1 and 6.6.3 show that

Supp (W?"-1) C Supp(W) C K.

The primal definition (6.3.4) of the functional Steiner point now implies s(W@w.r) € K.

O
Corollary 6.6.5. Let W,, be the work function for convex body requests (K1,...,K,). Then
Qw, .~
s(Wp ") e K,
for any R > min, W, (z).
Proof. Immediate from Corollary 6.6.4 with W= W,_1 and K = K,,.
O

Remark 6.6.1. [AGGT?21] solved chasing convex bodies in Euclidean space by using the algorithm
Tp = s(WszWR") with R, = 2Mleg2(mine Wn(@))T  This defines a selector by Corollary 6.6.5. Es-
timating the movement cost is not difficult because the sets Wan " decrease for fixed R. Note
that diam(Qw, r) < 2R because of the inequality Wy(x) > ||x|| (recall Proposition 6.3.4). Using
Theorem 30, the movement from each fixed R value is at most O(min(dR, Ry/dlogT)). Summing
over the geometric sequence of R values yields the same upper bound as in Theorems 31 and 32 up

to a constant factor.
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[AGGT21] prove that s( s Wnfin) € K, using reflectional symmetries that may not exist in

arbitrary normed spaces. Corollary 6.6.5 implies that their algorithm also works for general norms.

6.7 Proof of Lemma 6.3.6

Proof. We prove the result for all v € Bf where VIW;*(v) exists. This includes almost all v by
Alexandrov’s theorem. Moreover it ensures the conjugate point vy = arg min,ex W(w) — (v, w) is
well-defined and that W; is strictly convex at v; [Roc70, Corollary 25.1.2]. We write:

t+96
Wips(v) =~ min (/O (fs(zs) + |25 |ds — <U’$t+6>>

5:[0,t46)

zs:[t,t+6] =X

t+6
~ i (me+[ ﬁua+mmm—muwﬂ

For small § € (0,¢), we show W _s(v) = W (v) + 6 fi(vi) + o(d). For the upper bound,

t+9
Wt+5 (U;k) S Wt (Ur) =+ fs (v;")ds

t

= Wi(vy) + 8 fi(vy) + 0(9)

holds by taking x5 = vy constant for s € [t,t + ) and recalling the assumption that fs(x) is

continuous on s € [t,t + d). Since vj = argmin, (W;(x) — (x,v)), the upper bound follows from

s (V) < Wigs(vf) — (v, vf)
< Wi(vy) + 6 fi(vf) + o(d) — (v, vr)
= Wi (v) + dfi(vy) + o(6).

For the lower bound, the strict convexity of W; at v} implies
Wi(z) = Wi(vp) + (v, 2 —v7) +([|z —vf])

where v : R™ — RT is continuous and increasing with unique minimum F(0) = 0. Therefore any

path z, : [0,¢ 4 0] — X satisfies:

t+3
me+/ F(e) + Iz lds — (v, zrss)
t

t+0
> Wi(v) + (v, 20 — vp) +y((|lee = v []) +/ fs(@s) + [|2[lds = (v, 2e4).
t
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The observation j;Hé [|z%]|ds > ||zt4s — xt]| > (v, X446 — x¢) implies

t46

t+48
Wi(x) + ) fs(@s) +llwil|ds — (v, ze16) 2Wil2e) — (v, 07) + f(ll2e — vf]]) +/t fs(ws)ds

t+3
>Wi(07) — (0, 57) +(llae — vi]]) + / ful2)ds

t46
SWi () + Al — o7 ) + / fu(ws)ds.

Because Wiy s(v) = We(v) + O(5), we see that for & — 0 small we must have ||x; — vf|| = 0s—0(1)

for any optimal trajectory x, witnessing the correct value Wyys. Additionally,

t+5 t+6
[ elds oo = is) = (1= Jo) [ allids = (L= Jol) sup o ..
¢ ¢ sE[t,t40]
which similarly implies sup e, ¢4 [[2¢ — @s|| = o(1) for any optimal trajectory since |[v[| < 1. It

follows that all optimal trajectories satisfy f:+§ fs(zs)ds = 0 f(vf) +0(5). This concludes the proof.
O



Chapter 7

A Universal Law of Robustness via

Isoperimetry

7.1 Introduction

Solving n equations generically requires only n unknowns!. However, the revolutionary deep learning
methodology revolves around highly overparametrized models, with many more than n parameters
to learn from n training data points. We propose an explanation for this enigmatic phenomenon,
showing in great generality that finding a smooth function to fit d-dimensional data requires at
least nd parameters. In other words, overparametrization by a factor of d is necessary for smooth
interpolation, suggesting that perhaps the large size of the models used in deep learning is a necessity
rather than a weakness of the framework. Another way to phrase the result is as a tradeoff between
the size of a model (as measured by the number of parameters) and its “robustness” (as measured
by its Lipschitz constant): either one has a small model (with n parameters) which must then be
non-robust, or one has a robust model (constant Lipschitz) but then it must be very large (with
nd parameters). Such a tradeoff was conjectured for the specific case of two-layer neural networks
and Gaussian data in [BLN21]. Our result shows that in fact it is a universal phenomenon, which
applies to essentially any parametrized function class (including in particular deep neural networks)
as well as a much broader class of data distributions. As in [BLN21] we obtain an entire tradeoff
curve between size and robustness: our universal law of robustness states that, for any function
class smoothly parametrized by p parameters, and for any d-dimensional dataset satisfying mild

regularity conditions, any function in this class that fits the data below the noise level must have its

1As in, for instance, the inverse function theorem in analysis or Bézout’s theorem in algebraic geometry. See also
[YSJ19, BELM20] for versions of this claim with neural networks.
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(Euclidean) Lipschitz constant larger than %d.
Theorem 34 (Informal version of Theorem 37). Let F be a class of functions from R? — R and

let (z;,y:); be i.i.d. input-output pairs in R? x [—1,1]. Assume that:

1. F admits a Lipschitz parametrization by p real parameters, each of size at most poly(n,d).
2. The distribution pu of the covariates xz; satisfies isoperimetry (or is a mizture theoreof).

3. The expected conditional variance of the output (i.e., the “noise level”) is strictly positive,
denoted 0 = E*[Var[y|z]] > 0.

Then, with high probability over the sampling of the data, one has simultaneously for all f € F:

n

D (f@)—w)? <o’ —e = Lip(f)gﬁ(i ”d> _

1
i p

Remark 7.1.1. For the distributions g we have in mind, for instance uniform on the unit sphere,

there exists with high probability some O(1)-Lipschitz function f : R? — R satisfying f(x;) = v

for all i. Indeed, with probability 1 — ¢4 we have ||z; — x;|| > 1 for all 1 < i # j < n so long

as n < poly(d). In this case we may apply the Kirszbraun extension theorem to find a suitable f

regardless of the labels y;. More explicitly we may fix a smooth bump function g : R™ — R with

¢g(0) =1 and g(x) =0 for > 1, and then interpolate using the sum of radial basis functions

n

> a(lle — il )ys.

i=1

f ()

In fact this construction requires only p = n(d + 1) parameters to specify the values (i, ¥i)ic[n)
and thus determine the function f. Hence p = n(d + 1) parameters suffice for robust interpolation,
i.e. Theorem 37 is essentially best possible for L = O(1). A similar construction shows the same
conclusion for any p € [Q(n),nd], essentially tracing the entire tradeoff curve. This is because

one can first project onto a fixed subspace of dimension d= p/n, and the projected inputs x; now

have pairwise distances at least {2 ( d / d) with high probability. The analogous construction on the

projected points now requires only p = dn parameters and has Lipschitz constant L = O < d/ (i) =
e

).
7.1.1 Speculative implication for real data

To put Theorem 34 in context, we compare to the empirical results presented in [MMST18]. In the

latter work, they consider the MNIST dataset which consists of n = 6 x 10* images in dimension
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282 = 784. They trained robustly different architectures, and reported in Figure 4 the size of the
architecture versus the obtained robust test accuracy (third plot from the left). One can see a
sharp transition from roughly 10% accuracy to roughly 90% accuracy at around 2 x 10° parameters
(capacity scale 4 in their notation). Moreover the robust accuracy keeps climbing up with more

parameters, to roughly 95% accuracy at roughly 3 x 10° parameters.

How can we compare these numbers to the law of robustness? There are a number of difficulties
that we discuss below, and we emphasize that this discussion is highly speculative in nature, though
we find that, with a few leaps of faith, our universal law of robustness sheds light on the potential

parameter regimes of interest for robust deep learning.

The first difficulty is to evaluate the “correct” dimension of the problem. Certainly the number
of pixels per image gives an upper bound, however one expects that the data lies on something like a
lower dimensional sub-manifold. Optimistically, we hope that Theorem 34 will continue to apply for
an appropriate effective dimension which may be rather smaller than the literal number of pixels.
This hope is partially justified by the fact that isoperimetry holds in many less-than-picturesque

situations, some of which are stated in the next subsection.

Estimating the effective dimension of data manifolds is an interesting problem and has attracted
some study in its own right. For instance [FARL17, PZA*21] both predict that MNIST has effective
dimension slightly larger than 10, which is consistent with our numerical discussion at the end of this
subsection. The latter also predicts an effective dimension of about 40 for ImageNet. It is unclear
how accurate these estimates are for our setting. One concrete issue is that from the point of view
of isoperimetry, a “smaller” manifold (e.g. a sphere with radius » < 1) will behave as though it
has a larger effective dimension (e.g. d/r? instead of d). Thus we expect the “scale” of the mixture

components to also be relevant for studying real datasets through our result.

Another difficulty is to estimate/interpret the noise value o2. From a theoretical point of view,
this noise assumption is necessary for otherwise there could exist a smooth classifier with perfect
accuracy in F, defeating the point of any lower bound on the size of F. We tentatively would like to
think of 02 as capturing the contribution of the “difficult” part of the learning problem, that is o2
could be thought of as the non-robust generalization error of reasonably good models, so a couple
of % of error in the case of MNIST. With that interpretation, one gets “below the noise level” in
MNIST with a training error of a couple of %. We believe that versions of the law of robustness
might hold without noise; these would need to go beyond representational power and consider the

dynamics of learning algorithms.

Finally another subtlety to interpret the empirical results of [MMS™18] is that there is a mismatch
between what they measure and our quantities of interest. Namely the law of robustness talks about
two things: the training error, and the worst-case robustness (i.e., the Lipschitz constant). On

the other hand [MMS™" 18] measures the robust generalization error. Understanding the interplay



CHAPTER 7. LAW OF ROBUSTNESS 277

between those three quantities is a fantastic open problem. Here we take the perspective that a
small robust generalization error should imply a small training error and a small Lipschitz constant.
Another important mismatch is that we stated our universal law of robustness for Lipschitzness in
05, while the experiments in [MMS™18] are for robustness in o,. We believe that a variant of the
law of robustness remains true for ¢, a belief again partially justified by how broad isoperimetry

is (see next subsection).

With all the caveats described above, we can now look at the numbers as follows: in the [MMS*18]
experiments, smooth models with accuracy below the noise level are attained with a number of
parameters somewhere in the range 2 x 10° — 3 x 10® parameters (possibly even larger depending on
the interpretation of the noise level), while the law of robustness would predict any such model must
have at least nd parameters, and this latter quantity should be somewhere in the range 106 — 107
(corresponding to an effective dimension between 15 and 150). While far from perfect, the law
of robustness prediction is far more accurate than the classical rule of thumb # parameters ~ #

equations (which here would predict a number of parameters of the order 10%).

Perhaps more interestingly, one could apply a similar reasoning to the ImageNet dataset, which
consists of 1.4 x 107 images of size roughly 2 x 10°. Estimating that the effective dimension is a
couple of order of magnitudes smaller than this size, the law of robustness predicts that to obtain
good robust models on ImageNet one would need at least 10! — 10! parameters. This number is
larger than the size of current neural networks trained robustly for this task, which sports between
108 — 10° parameters. Thus, we arrive at the tantalizing possibility that robust models for ImageNet
do not exist yet simply because we are a couple orders of magnitude off in the current scale of neural

networks trained for this task.

7.1.2 Related work

Theorem 34 is a direct follow-up to the conjectured law of robustness in [BLN21] for (arbitrarily
weighted) two-layer neural networks with Gaussian data. Our result does not actually prove their
conjecture, because we assume here polynomially bounded weights. While this assumption is reason-
able from a practical perspective, it remains mathematically interesting to prove the full conjecture
for the two-layer case. We prove however in Section 7.6 that the polynomial weights assumption is
necessary as soon as one considers three-layer neural networks. Let us also mention the [GCL119,
Theorem 6.1] which showed a lower bound Q(nd) on the VC dimension of any function class which
can robustly interpolate arbitrary labels on all well-separated input sets (z1,...,2,). We also note
that a relation between high-dimensional phenomenon such as concentration and adversarial exam-

ples has been hypothesized before, such as in [GMF*18].

In addition to [MMS*18], several recent works have experimentally studied the relationship
between a neural network scale and its achieved robustness, see e.g., [NBAT18, XY20, GQU"20].
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It has been consistently reported that larger networks help tremendously for robustness, beyond
what is typically seen for classical non-robust accuracy. We view our universal law of robustness
as putting this empirical observation on a more solid footing: scale is actually necessary to achieve

robustness.

The law of robustness setting is closely related to the interpolation setting: in the former case one
considers models optimizing “beyond the noise level”, while in the latter case one studies models with
perfect fit on the training data. The study of generalization in this interpolation regime has been a
central focus of learning theory in the last few years (see e.g., [BHMM19, MM 19, BLLT20, NKB*20]),
as it seemingly contradicts classical theory about regularization. More broadly though, generaliza-
tion remains a mysterious phenomon in deep learning, and the exact interplay between the law of
robustness’ setting (interpolation regime/worst-case robustness) and (robust) generalization error is
a fantastic open problem. Interestingly, we note that one could potentially avoid the conclusion of
the law of robustness (that is, that large models are necessary for robustness), with early stopping
methods that could stop the optimization once the noise level is reached. In fact, this theoretically
motivated suggestion has already been empirically tested and confirmed in the recent work [RWK20],
showing again a close tie between the conclusions one can draw from the law of robustness and actual

practical settings.

Classical lower bounds on the gradient of a function include Poincaré type inequalities, but they
are of a qualitately different nature compared to the law of robustness lower bound. We recall that a
measure 1 on RY satisfies a Poincaré inequality if for any function f, one has E*[||V f||?] > C- Var(f)
(for some constant C' > 0). In our context, such a lower bound for an interpolating function f has
essentially no consequence since the variance f could be exponentially small. In fact this is tight, as
one easily use similar constructions to those in [BLN21] to show that one can interpolate with an
exponentially small expected norm squared of the gradient (in particular it is crucial in the law of
robustness to consider the Lipschitz constant, i.e., the supremum of the norm of the gradient). On
the other hand, our isoperimetry assumption is related to a certain strenghtening of the Poincaré
inequality known as log-Sobolov inequality (see e.g., [Led01]). If the covariate measure satisfies
only a Poincaré inequality, then we could prove a weaker law of robustness of the form Lip 2 "T*@
(using for example the concentration result obtained in [BL97]). For the case of two-layer neural
networks there is another natural notion of smoothness (different from ¢, norms of the gradient)
that can be considered, known as the Barron norm. In [BELM20] it is shown that for such a notion
of smoothness there is no tradeoff & la the law of robustness, namely one can simultaneously be
optimal both in terms of Barron norm and in terms of the network size. More generally, it is an

interesting challenge to understand for which notions of smoothness there is a tradeoff with size.
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7.1.3 Isoperimetry

Concentration of measure and isoperimetry are perhaps the most ubiquitous features of high-
dimensional geometry. In short, they assert in many cases that Lipschitz functions on high-dimensional
space concentrate tightly around their mean. Our result assumes that the distribution p of the co-

variates z; satisfies such an inequality in the following sense.

Definition 7.1.1. A probability measure . on RY satisfies c-isoperimetry if for any bounded L-
Lipschitz f : R — R, and any t >0,

2

P(|f(x) — E[f]] > ] < 2¢” 327, (7.1.1)

In general, if a scalar random variable X satisfies P[|X| > ¢] < 2¢="/C then we say X is C-
subgaussian. Hence isoperimetry states that the output of any Lipschitz function is O(1)-subgaussian
under suitable rescaling. Distributions satisfying O(1)-isoperimetry include high dimensional Gaus-
sians p = N (0 %d) and uniform distributions on spheres and hypercubes (normalized to have

diameter 1). Isoperimetry also holds for mild perturbations of these idealized scenarios, including?:

e The sum of a Gaussian and an independent random vector of small norm [CCNW21].
e Strongly log-concave measures in any normed space [BLO0O, Proposition 3.1].

e Manifolds with positive Ricci curvature [Gro86, Theorem 2.2].

Due to the last condition above, we believe our results are realistic even under the manifold hy-
pothesis that high-dimensional data tends to lie on a lower-dimensional submanifold. This viewpoint
on learning has been studied for decades, see e.g. [HS89, K193, RS00, TDSL00, NM10, FMN16].
We also note that our formal theorem (Theorem 37) actually applies to distributions that can be
written as a mixture of distributions satisfying isoperimetry. Let us also point out that from a
technical perspective, our proof is not tied to the Euclidean norm and applies essentially whenever
Definition 7.1.1 holds. The main difficulty in extending the law of robustness to e.g. the earth-mover

distance seems to be identifying realistic cases which satisfy isoperimetry.
Our proofs will repeatedly use the following simple fact:

Proposition 7.1.2. If Xi,..., X, are independent, C-subgaussian, with mean 0, then X,, =
ﬁ Sor X, is 18C-subgaussian.

Proof. By [vH14, Exercise 3.1 part d.],

E [eX?/i‘C} <2, ieln.

2The first two examples satisfy a logarithmic Sobolev inequality, which implies isoperimetry [Led99, Proposition
2.3).
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It is immediate by Holder that the same bound holds for X,, in place of X;, and using [vH14,
Exercise 3.1 parts e. and c.] now implies the first claim. The second claim follows similarly, since

by convexity we have
E[eYZ/BC] < E[eXf/3C] < 2.

7.2 A finite approach to the law of robustness

For the function class of two-layer neural networks, [BLN21] investigated several approaches to prove
the law of robustness. At a high level, the proof strategies there relied on various ways to measure
how “large” the set of two-layer neural networks can be (specifically, they tried a geometric approach
based on relating to multi-index models, a statistical approach based on the Rademacher complexity,

and an algebraic approach for the case of polynomial activations).

In this chapter we take here a different route: we shift the focus from the function class F to
an individual function f € F. Namely, our proof starts by asking the following question: for a
fixed function f, what is the probability that it would give a good approximate fit on the (random)
data? For simplicity, consider for a moment the case where we require f to actually interpolate the
data (i.e., perfect fit), and say that y; are random =+1 labels. The key insight is that isoperimetry
implies that either the 0-level set of f or the 1-level set of f must have probability smaller than
exp (—W). Thus, the probability that f fits all the n points is at most exp (—#‘;)2) so long
as both labels y; € {—1,1} actually appear a constant fraction of the time. In particular, using an
union bound?, for a finite function class F of size N with L-Lipschitz functions, the probability that

there exists a function f € F fitting the data is at most

N exp <zc21> = exp <1og(N) — ;fj) .

Thus we see that, if L < 4/ %, then the probability of finding a fitting function in F is very small.
This basically concludes the proof, since via a standard discretization argument, for a smoothly

parametrized family with p (bounded) parameters one expects log(N) = O(p).

We now give the formal proof, which applies in particular to approximate fit rather than exact
fit in the argument above. The only difference is that we will identify a well-chosen subgaussian

random variable in the problem. We start with the finite function class case:

Theorem 35. Let (z;,y;) be i.i.d. input-output pairs in R% x [—1,1] such that:

3In this informal argument we ignore the possibility that the labels y; are not well-balanced. Note that the
probability of this rare event is not amplified by a union bound over f € F.
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1. The distribution u of the covariates x; can be written as u = 25:1 auyfte, where each py satisfies

c-isoperimetry and oy > 0, le:l ap = 1.

2. The expected conditional variance o? = E*[Var[y|x]] > 0 of the output is strictly positive.

Then one has:
1 n
P4 L= P — i 2 < 2 _
( FEF 3 fa)) <o )

ne? e?nd

We start with a lemma showing that, to optimize beyond the noise level one must necessarily
correlate with the noise part of the labels. In what follows we denote g(x) = E[y|z] for the target
function, and z; = y; — g(z;) for the noise part of the observed labels (namely y; is the sum of the

target function g(x;) and the noise term z;).

Lemma 7.2.1. One has

1 & 9 9 ne? 1 & €
P<Hf€f:n§ (yi — f(z:))* <o —5>§26xp(—83)+]}1’<ﬂf6}‘:n§ f(xi)zi24> .
i=1 ;

2

Proof. The sequence (2?) is i.i.d., with mean o2, and such that |z;|?> < 4. Thus Hoeffding’s inequality

yields:
1< € ne?
2 2
P E;Zl <o ~ 5 < exp <_83> . (7.2.1)
On the other hand the sequence (z;g(z;)) is i.i.d., with mean 0 (since E[z;|z;] = 0), and such that
|z:g(x;)| < 2. Thus Hoeffding’s inequality yields:

P (i Zzig(:ci) < Z) < exp <;”> . (7.2.2)

Let us write Z = ﬁ(zl,...,zn),G = ﬁ(g(ml),...,g(xn)), and F = ﬁ(f(xl),,f(a;n)) We

claim that if | Z|* > 0® — £ and (Z,G) > —£, then for any f € F one has

IG+Z~F|?<0*—¢ = (FZ)>

= ™M

This claim together with (7.2.1) and (7.2.2) conclude the proof. On the other hand the claim itself

directly follows from:

02— e> |G+ Z-F|P=|Z+G-F|*>=|Z|*>+2(Z,G—F)+ |G- F|? zat%n(z,m.
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We can now proceed to the proof of Theorem 35:

Proof. First note that without loss of generality we can assume that the range of any function in
F is included in [—1,1] (indeed clipping the values improves both the fit to any y € [—1, 1] and the

Lipschitz constant). We also assume without loss of generality that all functions in F are L-Lipschitz.

For clarity let us start with the case K = 1. By the isoperimetry assumption we have that
\/g w is 2-subgaussian. Since |z;| < 2, we also have that \/g w is 8-subgaussian.
Moreover, the latter random variable has mean zero since E[z|z] = 0. Thus by Proposition 7.1.2
(and 8 x 18 = 122) we have:

P <\/HTL i;(f(xi) —E[f])z > t) < 2exp (= (t/12)°) -

Rewriting (and noting 12 x 8 < 10?), we find:

P (i S (@) — Elf)z > ;) < 2exp (—mj) . (7.2.3)
i=1

Since we assumed that the range of the functions is in [—1, 1] we have E[f] € [-1,1] and hence:

P(er]—‘:iiﬂi[f]ziz ;) gP(
=1

n
1
,E %
n

i=1

> ;) . (7.2.4)

(This step is the analog of requiring the labels y; to be well-balanced in the example of perfect
interpolation.) By Hoeffding’s inequality, the above quantity is smaller than 2 exp(—ne?/8%) (recall

that |z;| < 2). Thus we obtain with a union bound:

IN

i=1
2 2
e“nd ne
2|‘/.'.| + exXp <1040[,2> +2€Xp <3> .

Together with Lemma 7.2.1 this concludes the proof for k£ = 1.

P <3f EF TS Sl 2 i) 7P (i S (i)~ Elf))z: > ;) +P ( :

IN

We now turn to the case k > 1. We first sample the mixture component ¢; € [k] for each data
point ¢ € [n], and we now reason conditioned on these mixture components. Let S, C [n] be the
set of data points sampled from mixture component ¢ € [k], that is x;,i € Sy, is i.i.d. from py.
We now have that \/g M is 1-subgaussian (notice that the only difference is that now we

need to center by E#4 [f], which depends on the mixture component). In particular using the same
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reasoning as for (7.2.3) we obtain (crucially note that Proposition 7.1.2 does not require the random

variables to be identically distributed):

n He;

P (jl S (@) - E[f))z > ;) < 2exp (—Q”Ld) . (7.2.5)

i=1
Next we want to appropriately modify (7.2.4). To do so note that:
n

k
max E My, 2 = E
my,...,mp€[—1,1]

i=1 =1

>

1€Sy

)

so that we can rewrite (7.2.4) as

nooy, k
<3fef ZAE _8>gp<iz

Now note that Z?zl VI8¢ < Vnk and thus we have:

Zo=) = (2

P(ii S >z

_szm>siu»<

> £ rvisd) .

0=1 [i€Sy i€ES) =1 i€ESy
Finally by Hoeffding’s inequality, we have for any ¢ € | (}Zzesz zz| >t/ S| ) < 2exp (f—)
and thus the last display is bounded from above by 2k exp (—837 . The proof can now be concluded
as in the case k = 1. O

In fact the above result can be further improved for small o using the following Lemma 7.2.2.

The intuition is that the naive estimate in (7.2.5) of

i=1

was loose. Indeed E[22] < 2, but (7.2.5) did not take advantage of this and only used that |z;| < 2

almost surely. For instance, if the variables x; and z; were independent, then the sum

would have subgaussian constant proportional to + Z 2 after conditioning on (21, ...,2,). Since

117,

L ) 22 = O(0?) with high probability, the desnred improvement would follow.

However because the variables z; and z; are not independent, it is not obvious how to improve
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on the bound (7.2.5). Our strategy is to carefully construct noisy realizations w; of z; and then
argue that conditioning on w; can affect the distribution of x; by at most a constant factor (170)3.
Thus conditioning on (wq,...,w,) only changes the distribution of (z1,...,z,) by a factor (L—O)dn
The argument above for independent (z;, z;) now goes through up to this distortion factor, yielding
the result below. We defer details to the Appendix.

Lemma 7.2.2. In the setting of Theorem 35, we have

" £ 2 3n 2
P<3f€f122(f(xi)—%[f])zi2;) < exp (ﬁg)%’f) exp (log|f|_8GiandUz>.
=1

By using Lemma 7.2.2 in place of (7.2.5) when proving Theorem 35, one readily obtains the

following.

Theorem 36. In the setting of Theorem 35, we have

ne? 20 " e2nd
<3fef Z 2 < o? 5) (4k+1)exp< o k)+(0) exp (log]-"|W).

Proof. Using Lemma 7.2.2 in place of (7.2.5) when proving Theorem 35 immediately implies

ne? no?
<3f€.7: Z 2<0? —5) §4kexp( 83k>+exp (—4)
20\ " e2nd
+ <0> exp <log |F| — 86cL202> .

It remains to observe that z < since € < g2 < 1. O

O'
4

Finally we can now state and prove the formal version of the informal Theorem 34 from the
introduction. We remark that we now impose a mild lower bound on the dimension d depending
20)

only on € and o, which is used to account for the factor (7 It is not necessary if Theorem 35

is used in place of Theorem 36 (which would sacrifice a factor o in the resulting lower bound on

Lip(f))-

Theorem 37. Let F be a class of functions from R? — R and let (z;, ;)" be i.i.d. input-output
pairs in RY x [-1,1]. Fire,§ € (0,1). Assume that:

1. The function class can be written as F = { fu,,w € W} with W C RP, diam(W) < W and for
any wi,ws € W,
[fwr = fuwslloe < J|lwr —wsl].
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2. The distribution u of the covariates x; can be written as p = 25:1 auyfte, where each py satisfies
c-isoperimetry, ap > 0, 25:1 ag =1, and k is such that 9*klog(8k/5) < ne?.

3. The expected conditional variance of the output is strictly positive, denoted o? = E*[Var[y|z]] >
0.

4. The dimension d is large compared to € and o:

88cL?log(20/0)
d Z 6—2.

Then, with probability at least 1 — & with respect to the sampling of the data, one has simultaneously
forall f e F:

nd

1< €
> :
- 2110\ﬁ\/p10g(60WJ5—1) + log(4/9)

=Y (@) P S0t e = Lip())

(7.2.6)

Moreover if W consists only of k-sparse vectors with ||w||o < k, then the above inequality improves

to

nd

1< €
> .
- 2110\/5\/k10g(60WJp6—1) + log(4/9)

LS () —w? <o’ e = Lin())

(7.2.7)

Proof. Define Wy, CW by
Wi = {w € W : Lip(fw) < L}.

Denote Wy, . € Wy, for an g5-net of Wy. We have in particular [W| < (60W Je~H)P. We apply

Theorem 36 to Fr e = {fw,w € Wi . }:

P (if € Fre: i;(yz — f(xz:))* <o — Z)

ne? o . 2¢2nd
< (4k 4 1) exp (94k;> + (a) exp (plog(GOWJE ) — 870L%2> .

Observe that if || f — gllcc < § and [|y[loc, || flloo, |9]lec < 1, then

S = S S 5 > gl

=1

(We may again assume without loss of generality that all functions in F map to [—1,1].) Thus we
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obtain for any L > 0:

P <E|f e F: %z:(yZ — f(z4))? < 0? — ¢ and Lip(f) < L> (7.2.8)
i=1
ne? 20\ %" 1 2e%nd
< - — ) =] -
< (4k+ 1) exp ( 104k) + ( . ) exp (plog(6OWJ€ ) 87cL202>

The first assumption ensures that for any w € Wy, there is w' € W . with || fu, — fuw||ec < §. The

20\ *" e2nd
— — | < 1. 2.
( o ) P ( 87cL202) - (7.2:9)

Finally we use the second assumption to show the probability in (7.2.8) just above is at most 6 when

final assumption ensures that

_ d — .
L= gm,7 \/plog(60WJg‘,1)+log(4/5). The first term is estimated via

2
ne ) L (k15 36

- < ==
94k -

1 — .
(4k 4+ 1) exp ( ok 1

Using the inequality 222 > 87, we find

3n 2 2
20 4 2e?nd '\ (72.9) 1 e*nd
(a) exp (p log(60W Je™") — W) < exp | plog(60W Je™") — S elis?
P
- 4

Combining these estimates on (7.2.8) concludes the proof of (7.2.6).

To show (7.2.7), the proof proceeds identically after the improved estimate |W.| < (60W Jps~1)*.
To obtain this estimate, note that the number of k-subsets S C ([z]) is at most p*. Letting Wg consist
of those w € W with w; = 0 for all i ¢ S, the size of an e-net Wy . for Ws is [Ws.o| < (60W Je~1)*.
Therefore the union
U Ws e

sc()

is an e-net of W of size at most (60W Jpe~1)* as claimed above. O
7.3 Deep neural networks
We now specialize the law of robustness (Theorem 37) to multi-layer neural networks. We consider

a rather general class of depth D neural networks described as follows. First, we require that the

neurons are partitioned into layers L1, ..., Lp, and that all connections are from £; — L; for some
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1 < j. This includes the basic feed-forward case in which only connections £; — L;1 are used as
well as more general skip connections. We specify (in the natural way) a neural network by matrices
W of shape [L;] x 32,

scalar biases b; ¢ for each (j, £) satisfying £ € |£;|. We use fixed non-linearities o ; as well as a fixed

|£;| for each 1 < j < D, as well as 1-Lipschitz non-linearities o;, and

architecture, in the sense that each matrix entry W[k, ¢] is either always 0 or else it is variable (and

similarly for the bias terms).

To match the notation of Theorem 37, we identify the parametrization in terms of the matrices
(W;) and bias terms (b; /) to a single p-dimensional vector w as follows. A variable matrix entry
W[k, €] is set to wg(jk,) for some fixed index a(j, k,£) € [p], and a variable bias term b;, is set
to wq(; ¢ for some a(j,¢) € [p]. Thus we now have a parametrization w € R? — f,, where f,, is
the neural network represented by the parameter vector w. Importantly, note that our formulation
allows for weight sharing (in the sense that a shared weight is counted only as a single parameter). For
example, this is important to obtain an accurate count of the number of parameters in convolutional

architectures.

In order to apply Theorem 37 to this class of functions we need to estimate the Lipschitz constant
of the parametrization w — f,,. To do this we introduce three more quantities. First, we shall
assume that all the parameters are bounded in magnitude by W, that is we consider the set of
neural networks parametrized by w € [-W,W]P. Next, for the architecture under consideration,
denote @ for the maximum number of matrix entries/bias terms that are tied to a single parameter

w, for some a € [p]. Finally we define

B(w) = [ max(|[W;llop, 1).
J€(D]

Observe that B(w) is an upper bound on the Lipschitz constant of the network itself, i.e., the map
z — fw(x). It turns out that a uniform control on it also controls the Lipschitz constant of the

parametrization w — fo,. Namely we have the following lemma:

Lemma 7.3.1. Let z € R? such that ||z|| < R, and wy,ws € RP such that B(w;), B(ws) < B.

Then one has

| fuor (&) = fuoa (2)] < B'QRy/Bllw; — wo|.

Moreover for any w € [-W,W|? with W > 1, one has

B(w) < (W+/pQ)".

Proof. Fix an input = and define g, by g.(w) = fu(x). A standard gradient calculation for multi-
layer neural networks directly shows that || Vg, (w)| . < B(w)QR so that ||Vg,(w)|| < B(w)QR,/p.

Since the matrix operator norm is convex (and nonnegative) it follows that B(w) < B(w;)B(ws) <
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B’ on the entire segment [w1, ws] by multiplying over layers. Thus ||[Vg,(w)]|| < §2QR\/13 on that
segment, which concludes the proof of the first claimed inequality. The second claimed inequality
follows directly from ||[W;|lop < [|W;]l2 < WV/DQ. O

Lemma 7.3.1 shows that when applying Theorem 37 to our class of neural networks one can
always take J = R(WQp)P (assuming that the covariate measure y is supported on the ball of
radius R). Thus in this case the law of robustness (under the assumptions of Theorem 37) directly

states that with high probability, any neural network in our class that fits the training data well

Lip(f) > Q (@) : (7.3.1)

where € hides logarithmic factors in W, p, R, Q, and the probability of error 6. Thus we see that the

below the noise level must also have:

law of robustness, namely that the number of parameters should be at least nd for a smooth model
with low training error, remains intact for constant depth neural networks. If taken at face value,
the lower bound (7.3.1) suggests that it is better in practice to distribute the parameters towards
depth rather than width, since the lower bound is decreasing with D. On the other hand, we note
that (7.3.1) can be strengthened to:

Lip(f) > Q < ”d> , (7.3.2)

for the class of neural networks such that B(w) < B. In other words the dependence on the depth all
but disappears by simply assuming that the quantity B(w) (a natural upper bound on the Lipschitz
constant of the network) is polynomially controlled. Interestingly many works have suggested to
keep B(w) under control, either for regularization purpose (for example [BFT17] relates B(w) to
the Rademacher complexity of multi-layer neural networks) or to simply control gradient explosion
during training, see e.g., [ASB16, CBG*17, MHRB17, MKKY18, JCC"19, YM17]. Moreover, in
addition to being well-motivated in practice, the assumption that B is polynomially controlled
seems also somewhat unavoidable in theory, since B(w) is an upper bound on the Lipschitz constant
Lip(fw). Thus a theoretical construction showing that the lower bound in (7.3.1) is tight (at some
large depth D) would necessarily need to have an exponential gap between Lip(f,) and B(w). We
are not aware of any such example, and it would be interesting to fully elucidate the role of depth
in the law of robustness (particularly if it could give recommendation on how to best distribute

parameters in a neural network).
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7.4 Generalization Perspective

The law of robustness can be phrased in a slightly stronger way, as a generalization bound for
classes of Lipschitz functions based on data-dependent Rademacher complexity. In particular, this
perspective applies to any Lipschitz loss function, whereas our analysis in the main text was specific

to the squared loss. We define the data-dependent Rademacher complexity Rad,, ,,(F) by

Rad, ,(F) = — l ' sup

fer

Z sz xz

where the values (0;);e[,) are i.i.d. symmetric Rademacher variables in {—1,1} while the values

] (7.4.1)

(74)ie[m) are i.i.d. samples from pu.

Lemma 7.4.1. Suppose p = Ele ;b is a mizture of c-isoperimetric distributions. For finite F
consisting of L-Lipschitz f with |f(z)| <1 for all (f,x) € F x R, we have

Rad, ,(F) <O <max <\/§,L Cl@i@)) . (7.4.2)

The proof is identical to that of Theorem 35. Although we do not pursue it in detail, Lemma 7.2.2
easily extends to a sharpening of this result to general o; € [—1,1] when E[o?] is small, even if o;
and z; are not independent. We only require that the n pairs ((0y,%;))ie[n) are i.i.d. and that the
distribution of o; given x; is symmetric. To see that the latter symmetry condition is natural, recall
the quantity Rad,, , classically controls generalization due to the symmetrization trick, in which one
writes o; = y; — v, for y. a resampled label for z;. (In the modified proof, one would construct a
noisy copy w; of o; as in Lemma 7.5.1 and in a symmetric way, and then condition on (|w;|)ie[n) to

preserve the symmetry, to replace the fact that f is not explicitly centered as in Lemma 7.2.2.)

Note that Rad,, ,(F) simply measures the ability of functions in F to correlate with random

noise. Using standard machinery it implies the following generalization bound:

Corollary 7.4.2. For any loss function £(t,y) which is bounded and 1-Lipschitz in its first argument
and any § € [0,1], in the setting of Lemma 7.4.1 we have with probability at least 1 — & the uniform

convergence bound:

(zy)~p

sup | B [((2), )] - 1Z€(f(:cz) )

fer

<0 s (.2 T, I

Proof. Using McDiarmid’s concentration inequality it is enough to bound the left hand side in
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expectation over (x;,y;). Using the symmetrization trick, one reduces this task to upper bound

TiyYirTi 1 n
E  sup — > oil(f(xi), yi) -
feF ; h)
Fixing the pairs (z;,y;) and using the contraction lemma (see e.g., [SSBD14, Theorem 26.9]) the
above quantity is upper bounded by Rad,, ,,(F) which concludes the proof. O

Of course, one can again use an e-net to obtain an analogous result for continuously parametrized
function classes. The law of robustness, now for a general loss function, follows as a corollary (the
argument is similar to [Proposition 1, [BELM20]]). Let us point out that many works have studied
the Rademacher complexity of function classes such as neural networks — see e.g. [BFT17], or
[YKB19] in the context of adversarial examples. The new feature of our result is that isoperimetry

of the covariates yields improved generalization guarantees.

7.5 Proof of Lemma 7.2.2

We begin with a preliminary lemma.

Lemma 7.5.1. Let z be a random variable such that z € [—2,2] holds almost surely and E[z] = 0,
and fiv o € (0,1]. Let T = 10[log(1 + o~ 1)]. There exists a random variable w such that:

1. Elw|z] = 2.

2. |w| € {4,2,1,...,277,0} almost surely.
3. E[w?] < 16E[2?] + 402.

4. The inequality

Pz € Alw = a]

BLea < 10/9)

holds almost surely for all a € { £4,£2,£1,...,+27",0} and A C R such that P[z € A] > 0.

In the proof, we will say that (a,b) is a martingale coupling if E[bla] = a. Thus, the first

conclusion above states that (z,w) is a martingale coupling.

Proof of Lemma 7.5.1. For a > 0, let r(a) = 27 1°%2(®)] be the smallest power of 2 larger than a. Tt

is easy to see that there exists a martingale coupling (z, Z) such that both P[Z = 0[z] = 15 and

2] € {2r(]2]), 0}
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holds almost surely. For such Z, we have
E[#%|2] < 4r(]z])? < 1622
In the case 2r(|z|) < 27T, we may create a second martingale coupling (2, 2) such that
|2l € {277, 0}

where Z = 0 if and only if Z = 0. Moreover we require that Z and z are independent conditionally
on Z.
E[2? — 2%z < 272 < o2

Letting 2 = Z if 2r(|z|) > 27T, we conclude that (z,2) is a martingale coupling such that:

e 2 e {max (277, 2r(|2)) }.
o P[2=0]z] = 1/10.

o E[2?] < 16E[2?] + o2.

Finally we let (£,w) be a martingale coupling where 2 = w almost surely when 2 # 0. If Z = 0, then
we take
w=27¢e{+4,+£2,+1,...,+277 0}

independently of (z, Z) with

1 o2

ok [ — _ok]
PlZ =2 = PIZ = 2] = min (3 o

) , ke{2,1,0,-1,...,-T}.
The term ﬁ ensures these probabilities sum to at most 1, and we take 7 =0 with the remaining
probability. It is easy to see that (z,w) thus constructed is indeed a martingale coupling, verifying

the first desired statement.

The second statement to be proved, namely that |w| € {4, 2,1,...,27 T, O}, holds by construction.
For the third, we have

E[w’] < E[£°] + E[2?]

2 o?
2 2 2k
< 16E[z*] + 0° + 10 k_%F 22kF2

< 161[*3[,22] + 402,

Finally for the fourth, we observe that for any value a € { +4,42,41,..., 427, 0}, we have almost
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surely

P| 2] > 1 . 1 o? N o?
= — ImMin .
A=, 9T + 6’ (a2 + )T ) = 100T

(Here we write a? + 1 instead of a? simply to avoid division by 0 when a = 0.) Using Bayes’ rule,
we find

Pz € Alw=a] Plw=alze A]

Pzcd Pw=d
1
= E* [Plw = alz]]
100
S 2

forany a € { £4,+2,+1,...,427",0} and any set A C R such that P(z € A) > 0. Observing that
< 10—0 for 0 <1 implies the result. O

To prove Lemma 7.2.2, we will apply Lemma 7.5.1 to construct variables w; from each z;. These
can be viewed as noisy realizations of z; (with a delicate choice of noise). The last conclusion of

Lemma 7.5.1 ensures that (x1,...,x,) is independent of (wy,...,w,) up to a “likelihood distortion

O(n O(n)

factor” €2, Since we are in the end concerned with probabilities of order e=2("®  the factor e

can be absorbed. We then argue that

2.1\ n
cL”-~

2
is O ( =1 )-subgaussian “modulo” the likelihood distortion. Moreover the first conclusion

nd
of Lemma 7.5.1 ensures that this sum dominates the quantity of interest
1 & He;
~ > (i) = Ef)z
=1

Proof of Lemma 7.2.2. For each i € [n], apply Lemma 7.5.1 to z; conditionally on the component
e, (and independently of ;) to construct w;. In applying Lemma 7.5.1, we take the same value o
as in Lemma 7.2.2. Then by the first guarantee,

He; He;

E[(f(z:) — E [f])w; | 6] = (f(z:) — E[f])z

where G is the sigma algebra generated by (z;,w;);c[n). Hence the difference

D=3 (fla) - Ef)wi - =)

i€[n]
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is, conditionally on G, an independent sum of random variables 4, = (f(z;) — E*%[f])(w; — z)
satisfying:
e E[4; ] G]=0.

o |A;] <20 almost surely.

Applying the Berry-Esseen theorem conditionally on G and letting V; = Var[A; | G| be the conditional

variance of A;, we find

" ~1/2
P[Dzog];‘sm(zjvi) .

=1

With V =37, V;, we have

P[D > —400 | G] > P[D >0 | G]

—20V~1/2

Y

Y

1
2
1
4
whenever V' > 10%. On the other hand, the Chebyshev inequality implies

1
PID > 400 | G] > -

when V < 10%. Hence in either case, P[D > —400 | G] holds. For ¢ > Giﬁ we conclude:
1 & € 1_(1 ; e 400
E ) — > > P = § ) — >
P (n (f(z;) — E[fDw; > 16 ‘ g) = 4P (n Z (f(w;) — E[f])z > 16 + n ’ g)

i=1

(7.5.1)

Y

We now turn to upper-bounding the left hand side of (7.5.1). By the last guarantee in Lemma 7.5.1,
we find

n e,

1 : € 10\*" 1 : .
Pl— i)— E > — | < | = I t;) — E e 7.5.2
(n > (7w~ Eifhu > 16) <(¥) (n > (/) ~ E i 16) (752
where Z; ~ p, is an independent copy of x; in the same component. Indeed, the bound on the
Radon—Nikodym derivative transfers to the law of z; since z; and w; are conditionally independent
given z;. The final step is to apply subgaussian concentration results to the right side of (7.5.2).

This is very easy thanks to the independence between z; and w;.

First, for i € [n] we have w; € [—4,4] almost surely. Next, let 07 = E[2?|{; = £] be the average
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label noise level over & ~ py, so that Z§:1 aeo? = 0%, Then Lemma 7.5.1 ensures E[w?|(;] <

1607 4 402 and so E[w}] < 200°. It follows that the random variables B; = w} — E[w?] satisfy

|B;| <16

and

E[B}] < E[w}] + E[w}]?
< 2 x 2002 x 16
= 6400°.

Bernstein’s inequality implies

1 & 1 &
P|= 2> 4002 =P |-y B; > 200>
R R R

=1
< 4000*n?
exX —
= P T2 X (640n0?) + 32002
n

< exp (—f) . (7.5.3)

Assuming £ 3" | w? < 4002, the value

is %ﬁ—snbgamssian by Proposition 7.1.2. Therefore conditioned on (w;);e[n) such that % Y w? <

4002 holds, we have (using 8% > 162 x 720) that
1 . i € e?nd
P < ;(f(xz) - E[fhw; = 16) < 2exp <_86(:L%2> . (7.5.4)

Next for a finite function class F we write
1 & He, c
P <3f €F: ﬁZ(f(xz) - Ef)z > 8)
i=1

(7.5.3) 1 ; c no?
<Ay (n > ()~ Elfhz > | <wi>iem> o (-17)).
5w oo

We now estimate the main term on the right side above. For any f € F and any sequence w =



CHAPTER 7. LAW OF ROBUSTNESS 295

(w1, ..., wy,) such that 3" | w? < 4002, we have

p(il<ﬂ%»fﬁmngzﬂw>w§”4P<1§3ﬂ%%ﬁﬁﬂmﬂfézﬂ

=1 n
(752 /10\°" 1 tie €
<42 e - 2) — E [f)w; > — ‘ 7
<a(2) (n;;qw> [ﬂm;_16u>
(754 (20 an e2nd
= o) “P\s6cr202 )
Combining the final two displays completes the proof. O

7.6 Necessity of Polynomially Bounded Weights

In [BLN21] it was conjectured that the law of robustness should hold for the class of all two-layer
neural networks. In this chapter we prove that in fact it holds for arbitrary smoothly parametrized
function classes, as long as the parameters are of size at most polynomial in the dimension d. In this
section we demonstrate that this polynomial size restriction is necessary for bounded depth neural

networks.

First we note that some restriction on the size of the parameters is certainly necessary in the
most general case. Indeed one can build a single-parameter family, where the single real parameter
is used to approximately encode all Lipschitz functions from a compact set in R? to [—1, 1], simply
by brute-force enumeration. In particular no tradeoff between number of parameters and attainable

Lipschitz constant would exist for this function class.

Showing a counter-example to the law of robustness with unbounded parameters and “reason-
able” function classes is slightly harder. Here we build a three-layer neural network, with a single
fixed nonlinearity o : R — R, but the latter is rather complicated and we do not know how to
describe it explicitly (it is based on the Kolmogorov-Arnold theorem). It would be interesting to

give similar constructions using other function classes such as ReLU networks.

Theorem 38. For each d € 7% there is a continuous function o : R — R and a sequence (by)
such that the following holds. The function ®, defined by

0<22¢

22¢ 2d d
Ou(x) =D ola—0Y o b+ ol@j+b)|, o <2* (7.6.1)
=1 i=1 j=1
is always O(d3/2)-Lipschz'tz, and the parametrization a — @, is 1-Lipschitz. Moreover for n < %,

given i.i.d. uniform points x1,...,x, € ST™! and random labels y, . .. ,y, € {—1,1}, with probability
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. a n .
1 — e there exists { € [2%"] such that ®¢(x;) = y; for at least 32 of the values i € [n].

Proof. For each coordinate i € [d], define the slab slab; = {z € S*! : |z;| < 15577} and set

slab = [J;c(g slab;. Then it is not difficult to see that p(slab) < .. We partition S~ \slab

into its 2¢ connected components, which are characterized by their sign patterns in {—1,1}¢; this

defines a piece-wise constant function v : S¢"!\slab — {—1,1}%. If we sample the points z1, ..., x,
sequentially, each point has probability at least % to be in a new cell - this implies that with

probability 1 — e~2(") at least %" are in a unique cell. It therefore suffices to give a construction
that achieves ®(z;) = y; for all z; ¢ slab such that y(x;) # v(z;) for all j € [n]\{i}. We do this

now.

For each of the 22° functions g, : {—1,1}¢ — {—1,1}, we now obtain the partial function
he = geory : S~!\slab — {—1,1}. By the Kirszbraun extension theorem, h; extends to an O(d>/?)-
Lipschitz function h, : S9! — [~1,1] on the whole sphere. The Kolmogorov-Arnold theorem

guarantees the existence of an exact representation

2d d
y(x) = or [ > oula;) (7.6.2)
i=1 j=1

of hy by a two-layer neural network for some continuous function o, : R — R depending on £. It
d
suffices to give a single neural network capable of computing all functions (‘bg)%il. We extend the

definition of ®, to any a € R via:

227

Do(2) =Y ola—0)P(x) (7.6.3)

(=1

where o : R — R satisfies o(z) = (1 — |z|)4 for |z] < 22" This ensures that (7.6.3) extends (7.6.2).

To express @, using only a single non-linearity, we prescribe further values for o. Let

U=22"+4d. max |oe(z)]
ze[—1,1],6€[22%]

so that 27:1 ou(z;)| < U for all z € S™1. Define real numbers by = 100U + 22" for £ € [22'] and
for all x| < U set

o(x + by) = o).

Due to the separation of the values by, such a function ¢ certainly exists. Then we have
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2d d
Oy(x) = o b+ Y ola;+b)
i=1 j=1

Therefore with this choice of non-linearity o and (data-independent) constants by, some function
d, fits at least %" of the n data points with high probability, and the functions ®, are parametrized

in a 1-Lipschitz way by a single real number a < 227, O

Remark 7.6.1. The representation (7.6.1) is a three-layer neural network because the o(a — ¢)

terms are just matrix entries for the final layer.

Remark 7.6.2. The construction above can be made more efficient, using only O(n - 2™) uniformly
random functions gy : {—1,1}¢ — {—1,1} instead of all 22" Indeed by the coupon collector problem,
this results in all functions from {y(x;) : ¢ € [n]} — {—1,1} being expressable as the restriction of

some gy, with high probability.
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Appendix A

State evolution: Proof of

Proposition 3.6.1

In this and the following sections we prove Proposition 4.2.3. It will be more convenient to restate
things directly in terms of the Gaussian tensors defining the Hamiltonian Hy. Throughout, we

denote by W) e (RV)®F k> 2 a sequence of standard Gaussian tensors defined as follows.

Let W) ¢ (RM)Y®F k> 2, be a standard symmetric Gaussian tensor of order k with entries
wk) = (Wi(lk;?--77jk)1§7:1,'“77:k§N' Namely, if {Ggf)lk ck>2,1<dy, - ,ip < N} is a collection of
ii.d. standard normal N(0, 1) random variables, we set wh = y—(k-1)/2 ZTFESk G;’f) where the
sum is over the group of permutations of k objects, and G;’” is obtained by permuting the indices

of G according to 7.

We write A®) = ¢, W) for the rescaled tensors, and () = D k2 cit®. Recall the notation
APy} € RN, for a symmetric tensor A®) e (RV)®r:
1

A(p){u}l = ( . 1)| Z Agi)l, 7ip71ui1 e Uz'p_l- (AOI)
p T 1<iy, e yipo1 <N

Analogously, if T € (RN)®®-1 AP{T} ¢ RN is the vector with components

T, (A.0.2)

Teelp_1-

1
o (p—1)! 1<iy 42—1@\/ prbte

We will use the notation (v)y = N-13. v v; and (u,v)y = N1 3",y uv; when u,v € RY
are vectors. The corresponding norm is |ju||y = (u,u)}f. We will write ay ~ by to mean that

any — by converges in probability to 0. Analogously, for two vectors uy, vy, we write uy Ly N

321
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when ||ux —vy||n converges in probability to 0. When f : R¥+1 — R is a function of k+1 variables,

and v°,v', ..., v* € RN are k + 1, we define f(v°,v!,...,v*) € RN component-wise via
0,1 k 0 k
f v, .. 0%) = f(uy,...,v)). (A.0.3)
Finally, for a sequence of vectors %, z!, ..., we write <! = (20, 2!, ... x!).

To deduce the state evolution result for mixed tensors, we analyze a slightly more general iteration
where each homogenous p-tensor is tracked separately, while restricting ourselves to the case where
the mixture ¢ has finitely many components: ¢, = 0 for all k > D + 1 for some fixed D > 2. We

then proceed by an approximation argument to extend the convergence to the general case D = cc.

We begin by introducing the Gaussian process that captures the asymptotic behavior of AMP.
For each t € N, let f; : R®*! — R be a Lipschitz function. Let (Uk’O)QSkSD a collection of
random variables with bounded second moment, and (Uk’t) k<D,1<t<T a centered Gaussian process,

independent of (U*?)y<j<p, with covariance defined by:

1. Ukt U** are independent whenever k # k'

2. For each k, the covariance of (U k’t)tST is defined recursively via

E[UM UMY = ke B {fi (X°,.. XY) £ (X X)) (A-04)
D

Xt = Z Uk‘.,t . (AO5)
k=2

We are now in position to define the AMP algorithm. For each iteration ¢, the state of the
algorithm is given by vectors ! € RY, and 2! € RV, with k € {2,...,D}. (In the following we
will often omit mentioning explicitly that k starts from 2 and simply write £ < D.) We define the
AMP mapping via

AMP, (wo, e a:t)k = A(k){ft(wo, conxh) — Zdt,sykfs,l(aso, o xtTh), (A.0.6)
s<t
o= k(= DE{f (X, XY) foq (XO..., XY (a07)
Ot /v0 1 t
'E{ams(X X ,...,X)}.

The tensor AMP iteration then reads
D
zt = Z P 2Pt — AMP, (wo, cee :Bt)k . (A.0.8)
k=2

Theorem 39 (State Evolution for AMP). Let {W(k)}kZQ be independent standard Gaussian tensors
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with W®) ¢ (RM)®% and define AR = WR () = 21?:2 c2th. Let fo, f1,-.., be a sequence
of Lipschitz functions fj, : RFT1 — R. Let 220, ... 2P0 ¢ RN be deterministic vectors and x° =

2 D
,0 ,D:0

Zszg 280 Assume that, the empirical distribution of the vectors (z;°,---2;"), i < N converges

in Wy distance to the law of the vector (U*?)a<r<p.

Let xt,z"t, t > 1 be given by the tensor AMP iteration. Then, for any T > 1 and for any
pseudo-Lipschitz function 1 : RP*T — R, we have

p—lim i Z ’l,/)((zf’t)kgp7tST) =K {’(ﬂ((Uk’t)kSD7t§T)} . (AOQ)

where (Uk’t)kgp,tST 18 a centered Gaussian process, independent of (Uk70)2SkSD, with covariance
defined above.

In the above proposition, W5 refers to the Wasserstein, or optimal transport, distance between

probability measures on R” with quadratic cost c(x,y) = ||z — y||?.

Proposition 3.6.1 in the special case ¢ = 0 for all & > D + 1 follows immediately from this
theorem by considering 1((2**),<p +<7) only a function of (X k<p 2P1),<7. We extend Proposition

3.6.1 to the general case D = oo in Section A.8.

A.1 Further definitions

We define the notations

X; = [$0|331| |wt]a
Zy, = [256128%0] - 12541,

where we replaced superscripts by subscripts for notational convenience. Given a N X (¢4 1) matrix,
such as X, and a tensor A®) e (RV)®P, we write AP {X,} for the N x (£+1) matrix with columns
AP poy AP gy}

A(p){Xt} - [A(p){aco}‘A(p){acl}‘ ‘A(”){sct}} ]
When k£ =1 we omit k, e.g. Z;,yt = Zp,1. We will write f;(X;) = f:(x%,...,x"), and we also set
yp,t+1(Zp,t) = A, {ft(Zth)} =Py Z dt,s’pfsfl(wm cees ws_l) ) (A.1.1)

s<t

Y=ol - lupids 9(Zpt) =D ypi(Zps). (A12)
p
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For any positive integer k and p x T matrix max of length n vectors we define F¥(max) to be the

length t + 1 vector of k-tensors
F¥(max) = [fo(max)®*| f1 (max)®*| - |f,(max)®*]. (A.1.3)

We also define an associated (t + 1) x (t + 1) Gram matrix Gf = Gy(M) via (GF(M));; =
(f;(M), f;(M))%,. The matrix Gf can be represented by the following tensor network diagram:

N,

We recall that in tensor networks, tensors correspond to vertices, and edges joining them to indices

contracted between tensors. We use the convention of labeling vertices by the corresponding tensors,
and edges by the dimension of the corresponding index. Since we often have indices with dimension
N, we label the edges by Ny, No,... and so on. When two tensors are contracted along multiple
indices of the same dimension (say N), we draw a single line between them labelled Ng where S is
the set of contracted indices. For example, the middle edge in the above figure represents k edges
with labels Ny, --- | Nj.

Finally, we let F; denote the o-algebra generated by all iterates up to time ¢:

Fi =0({zpstp<ns<t) = 0({2ps: s, fsFp<p,s<t) - (A.1.4)

A.2 Preliminary lemmas

Lemma A.2.1. For any deterministic u,v € RN and standard Gaussian symmetric p-tensor
w® e (RN)®P we have:

1. Letting go ~ N(0, 1) independently of g ~ N(0,Iy), we have

_ _ u
WO u} L Jplluli g+ /e — 1) ullf 27Ngo. (A.2.1)

2. Letting go, g1 ~ N(0,1) independent, we have
d _ _
VR0, WO Luyy & plul oy g+ Vol — Dlull 2w vhvgo - (A22)

3. (WP {u}, WP {v}) v £ plu,v)2 "

4. For a deterministic symmetric tensor T € (RN)®P=1 the vector WP {T} is Gaussian, with
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zero mean and covariance

N
7|3+ P21 T, T
D DEE P P

i1,eeyip_2=1

(WO T} W P (T)) =

(A.2.3)

5. Let P € RVXN be the orthogonalprojection onto a d-dimensional subspace S C RN . |[PW ) {u}—
®){u}|o/||W P {u}]]2 £ 0,

6. Recall that the operator (injective) norm of a tensor is given by

w®|., = max WP uy @ @u),

llealI<T,. s flup I<1

or, equivalently for a symmetric tensor, by ||W(p)||op = max‘uHSl(W(p),u@p). If£(t) < oo for
somet > 1, then there exists a constant C' = C(£) such that, with probability at least 1 —2e~ N,

N’f/ ckN
Ao, = Z 1A™),, = Z ||W(k)H <CN. (A.2.4)
k=2 k=2
Proof. All of these statements are the elementary Gaussian calculations. The only exception is the

upper bound (A.2.4), which follows from the concentration bound

k!
P(N(k—2)/2 . HW(k)”Op 2 kl logk + 78) S e—NS2/2k VS Z 0
Vk
The above is a restatement of [RM14, Lemma 2]. We conclude by using the fact |cx| < c.a® for
some a < 1 and letting s = k. O

We next develop a formula for the conditional expectation of a Gaussian tensor AP given a
collection of linear observations. We set D to be the ¢ x ¢t x ¢ tensor with entries D;;;, = 1 if

it =j =k and D;;; = 0 otherwise.

Lemma A.2.2. Let IE{A(”)\}}} be the conditional expectation of AP given the o-algebra F, =
0({Zp.s, @5, £s }p<p.s<t) generated by observations up to time t. Equivalently E{ AP)|F,} is the con-

ditional expectation of AP given the t linear (in A(p)) observations

APEY =y, o forse{0,...,t—1}. (A.2.5)
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Then we have for iq,12,...,1, <0,

1< ’ _
]E[A(p)|ft:|i17i27"'7ip = ]; Z (Zp,t)ij,s ' (Gp_117t_1)s,r ' (fr,il e fr,ij_lfr,ij_'_l e fr,ip) .
(A.2.6)

Here, the matriz Zpyt € RY*t s defined as the solution of a system of linear equations as follows.
Define the linear operator T, : RN Xt — RN*t by letting, fori < N, 0<s<t—1:

Tot(Dis =D Y. (E)i(f);(Gply i) (Gpzt1)r 5(Z)jr, (A.2.7)

JE<N 0<r,r'<t—1

Then Zp,t is the unique solution of the following linear equation (with'Y p, ; defined as per Eq. (A.1.1))

Zpi+ (0= VTpt(Zps) = Y. (A.2.8)

(Here, Zpy = [2p0,- »2pu_1] and Y py = [Up1s > Ups) have dimensions N x t.)

The above formulas for E{ A®)| F,} and Tp.+ are somewhat difficult to parse. It is therefore useful

to draw the associated tensor networks

N; Nign
E[AP|F] = %Zj‘

The operator 7+ is represented by the following diagram, with input on the left and output on the
right.
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Proof of Lemma A.2.2. Let V, . be the affine space of symmetric tensors satisfying the constraint

(A.2.5). The conditional expectation E[AP|F,] is the tensor with minimum Frobenius norm in

the affine space V, ;. By Lagrange multipliers, there exist vectors mi,...,m; € RY such that
E[AP)|F] = A" takes the form
t—1 p
ZZ @f,om,0f,® - of, . (A.2.9)
s=0 j=1 M
I= g — 1 times p — j times
Further, again by duality, if a tensor A(p) of this form (i.e., a choice of vectors my, ..., m;) satisfies

the constraints A(p){fs} = Y, 541 for s < t, then such a tensor is unique, and corresponds to
E[A®)|F,]. Without loss of generality, we write
t—1
m, = Z(Ggfll,tfl)ns%s y Lpr = [21| |2t] : (A-2~10)

s=0

By direct calculation we obtain

t—1 t—1
2
Atp {fs} = (prl,tfl)s,rmr + Z p—2,t— 1 s,T fsamr>fr (A211)
r=0 r=0
t—1
=2,+—-1)> (Gp_gi—1)sr(fs, m)f,. (A.2.12)
r=0

We next stack these vectors as columns of an N x ¢ matrix. The first term obviously yields Zpyt.
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We claim that the second term coincides with (p — 1)7,.+(Z,.) so that overall we get

- (P) 4 (P) 5 5
(A o} A B0} = Zyo + (0= DTpi(Z) - (A.2.13)
This in turns implies that the equation determining Zp,t takes the form (A.2.8). The desired claim
is simply obtained by rearranging the order of sums in Eq. (A.2.12). O

A.3 Long AMP

As an intermediate step towards proving Theorem 39, we introduce a new iteration that we call
Long AMP (LAMP), following [BMN19]. This iteration is less compact but simpler to analyze. For
each p < D, let S, C (RN )®P be the linear subspace of tensors T that are symmetric and such
that T{f,} = 0 for all s < t. We denote by P(A®) be the projection of A® onto S, ;. We then
define the LAMP mapping

LAMP, (7=1) = PH(APH{£(d,. .00} + Y heo1,p0"", (A.3.1)
0<s<t
ht,sp = Z [G;—ll,t—l}s,r[prli]r,t’ ht,—1,p = 0. (A.3.2)
0<r<t—1

Here we use the same notations f; = f,(V;) and Gy = Gi (V) = ((£fs,£.)%)s »<; that we intro-

duced for the case of AMP, however, these quantities are now different: they are computed using

0 t

the vectors v", ..., v".

D
&= qu,t7 g"t*! = LAMP, ({,‘St)p . (A.3.3)

p=2
Our proof strategy will be similar to the one of [BMN19], and proceed along the following steps:

1. Prove state evolution for LAMP, under a non-degeneracy assumption.
2. Deduce state evolution for AMP, under the previous non-degeneracy assumption.

3. Deduce general state evolution for AMP, by perturbing the functions f; slightly to give a

non-degenerate instance.
We will use notations analogous to the ones introduced for AMP. In particular:

V= [0t |5 (A.3.4)

Qe =g 51a 5] g% (A.3.5)
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A.4 State Evolution for LAMP

Theorem 40. Under the assumptions of Theorem 39, let g*°,--- qP* € RN be deterministic vectors

and v° = 2522 q?°. Assume that, the empirical distribution of the vectors (qf’o, e ,qf) 0), 1 <N

converges in Wa distance to the law of the vector (UP?)a<p<p.

Further assume that there exist a constant C' < oo such that, for allt < T,

(i) The matrices Gyt = G (V) are well-conditioned, i.e., C™' < omin(Gpt) < Omax(Gpt) < C
forallp< D, t<T.

(ii) Let the linear operator T, : RN*t — RN*! be defined as per Eq. (A.2.7), with Gy = G, +(V),
and £, = fi(V), and define L,; =1+ (p— D)Tps. Then C71 < omin(Lpt) < Omax(Lpt) < C.

Then the following statements hold for any t <T and sufficiently large N :
(a) Correct conditional law:
"z, L Elg ) + PHAY) AV (A1)

where A(p) is a symmetric tensor distributed identically to AP gnd independent of everything

else, and Pj- is the projection onto the subspace S, defined in Section A.3. Further

Elg"""MF) = D hiso1,p9" (A4.2)

0<s<t
Moreover, the vectors (qP'™1),<p are conditionally independent given Fy.
(b) Approzimate isometry: we have
Pl gh N 2 pe (£, (V) f(VOVR (A.4.3)
<6r+15175+1>1\7 = E (<f7(V7)afé(Vb)>N) (A44)

(q

Moreover, both sides converge in probability to constants as N — oo, and for p # p/,
<qp,r+17 qp’,8+1>N L. (A.4.5)

(c) State evolution: for any pseudo-Lipschitz function 1 : RP*T — R, we have

Rggﬁzw & Vp<pi<r) = E{((UP")p<pi<r)} - (A.4.6)
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where (UPY),<p 1<t<T is a centered Gaussian process, independent of (UP9)s<,<p, as defined

in the statement of Theorem 39.

Note that the conditional expectation, as given by Egs. (A.3.2), (A.4.2) can be represented by

the following tensor network:

N
Elg"!|17) = @
¢

In the next section, we will prove these statements by induction on ¢. The crucial point we exploit

is the representation (a).

As a preliminary remark, we emphasize that the iteration number ¢ is bounded as N — oo,
and therefore all numerical quantities not depending on N (but possibly on ¢) will be treated as
constants. Further we will refer to the condition CQTI < Onmin(Gr.t) < Omax(Gr) < Cp simply by

saying that the matrices Gy, ; are ‘well conditioned’.

A.5 Proof of Theorem 40

The proof will be by induction over ¢. The base case is clear, so we focus on the inductive step. We

assume the statements above for ¢ — 1 and prove them for ¢.

A.5.1 Proof of (a)

Note that P#(A(p )) is by construction independent of F;, and therefore we can replace A" by a
fresh independent matrix in Eq. (A.3.1), whence we get the desired expression.

A.5.2 Proof of (b): Approximate isometry

We will repeatedly apply Lemma A.2.1. We start with Eq. (A.4.3). As we are inducting on t, we
may limit ourselves to considering inner products (gP'*1, gP“T1) v, for u < t. We first state a useful

lemma.
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Lemma A.5.1. For allv € RN F,-measurable,
p
<'v,73t (A ){ft}> 2 (A5.1)

Moreover,

~ () - P ~(p) -
PHATH{(EPP ) 2 AT {(EPP )1} (A5.2)
Using the first assertion,Eq. (A.5.1), of the above lemma, we get, for v < ¢ —1,
pit+1

(P, Pt v & (ElgPHYF, qP it v (A.5.3)

We next use the formula in (a) for E[gP'"!|F,] (together with the expression in Eq. (A.3.1)):

(Elg""| 7], g7 )y & < Yo @G s (B BN qp’““> (A.5.4)
0<r,s<t—1 N
= Z <qp’s+1, qp7u+1>N(G];—ll,t—l)s,r<fra ft>§)\7_1 (A-5-5)
0<r,s<t—1
g pcf, Z (prl,tfl)s,u(Gp__ll,f,_l)s,r<fr7 ft>Z])\[71 (A56)
0<r,s<t—1
= pc (£, £)5 " (A.5.7)

The third equality was obtained by the induction hypothesis. We next prove Eq. (A.4.3) when
u=t. We set (ft®p_1)“ to be the projection of £f2~! onto span(f&P~1),; and (£~ = £277! —

(ffz’p_l)”. We then have
PHAYY Y = PHAT) (P 1Y,

where the right-hand side is defined according to Eq. (A.0.2). Using the second assertion, Eq. (A.5.2),
of Lemma A.5.1 and Lemma A.2.1 (point 4), we have

IPEAPYENE 2 22 e, 2. (A5.8)

Np 1
Further, again using P;- (A (p)){(f®p Hi} £ A(p){(ffz’p_lh}, and Lemma A.2.1 (point 2) we obtain

(PH(AT) {8}, Elgh | F])n (A.5.9)
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We next claim that

2
2 p PC _
| Elg”" Ry = N1 ICEEP~H) 117 - (A.5.10)

In order to prove this, recall the expression for E[gP**!|F;] from part (a), and the corresponding

tensor network diagram which we reproduce here

t

Further, by the formula for simple linear regression, we have

(flé@p—l)”: Z (g FEP1 (A.5.11)
0<s<t—1
ace= Y (Gl DerlE R (A.5.12)
0<r<t—1

This can be represented by a tensor network as follows:

N, N,

However by part (b) of the inductive step, \/ﬁchf_p T ! and Q,,: are approximately unitarily
equivalent in that pcf)(fr, fs>§’v71 2 (@pr+1>9p s+1)n- Therefore the above expressions have approx-
imately the same norm up to the factor p'/ 2¢,, since they are linear combinations with the same

coefficients:

2
2 p PC _
| Elg"" Ry = N,,flll(ff@p Dl (A.5.13)
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Using together Egs. (A.5.8), (A.5.9), and (A.5.13), we get

2
» pc ®p—1
<qp,t+1’qpyt+l>N 2 E[qp7t+1|]:t]”?\[ + prl |(£°F )J_H?V
2
C
3 pey, <f®p 1 f®p 1>N

Np-1
= pCp<ft7 ftﬁ\/_l

finishing the proof of Eq. (A.4.3).

Next consider Eq. (A.4.5), i.e., approximate orthogonality of gP" and qp/”' for p # p’. This
follows easily from the representation in point (a) which, together with Lemma A.2.1, inductively
implies that the iterates g®? for different p are approximately orthogonal. Finally, Eq. (A.4.4)
follows directly from Eq. (A.4.3) and (A.4.5). We now prove Lemma A.5.1.

Proof of Lemma A.5.1. Since v is Fy-measurable, we can replace w.l.o.g. A with a fresh random
tensor A independent of everything else. By Lagrange multipliers, there exists (As)s<i—1 vectors in
N such that P (A) = A — Q, where

t 1 p
Q: Np - ZZf@ Rf, AN @f®- - @f,.
s=07= 1j—ltlmes p — j times

The vectors (As)s<¢—1 are determined by the set of equations Pi- (A){fs} =0 for all s <t—1 which

are equivalent to

Z(prl,tfl)sm)\r + (p - ]-) Z(Gp72,t71)s,r<f57 >\T>Nf = A{fs} .

r<t r<t

Multiplying these equations by G’;_lu_l (recall that we assume G,_1,—1 well conditioned with high
probability), we obtain

As + (p - 1) Z (G;—ll,t—l)s,r’(prltfl)r’,r <fr’7 )‘T>Nfr = Z(G;—ll,t—l)sw;‘{fr} . (A-5~14)

r’rlt r<t

This in particular implies that

As = AS + )‘Ll ) )‘2 = Z(G;—ll,t—l)s,rA{fr}7

r<t

where Al € span((£,),<;). We claim that | All|x L0, ie, A2 A, Indeed, letting A € RV** be the

matrix with columns (A;)s<¢, and A” the matrix with columns (A?),<; Eq. (A.5.14) can be written
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as
Ly (A)=A".

Here we recall £,; =1+ (p— 1)T,+ and T, € RV>*N is defined in Eq. (A.2.7). Substituting the

decomposition A = AY + Al'in the above, we obtain
[’;,t(A”) = —(p - 1)7;Tt(AO) .

Since by assumption L, is well conditioned, it is sufficient to prove that 7;Tt(A0) £ 0. Let
o, ,¢i—1 € RY be the columns of the matrix 7;T7t(AO)‘ Since ¢ € span((f,),<¢) for all s < ¢, and
the Gram matrix G ¢—1 = ({f,fs))r s<¢ is well conditioned, it is sufficient to check that (£, cs)n Lo

for each s,r < t. This is in turn equivalent to

_ p
Z (prll,t—l)sm’(Gp—Q,t—l)W,r<fr’v>‘2>N<frqu>N = O,

r’,r<t

0

7

for all s,q < t. Finally, this last claim follows by substituting the expression for A, and using the

fact that (f,, A{f,})n 20 for all r,q < t, by Lemma A.2.1.

We are now in position to prove the claim of this lemma. For the first assertion, we have

0, Q{f)y = > F B Acvdv + (0 —1) Y (E )R A f) v (fs,v)

s<t—1 s<t—1
2N EG R AL N+ (0= 1) Y (B RPN ) v (Fs ) v
s<t—1 s<t—1

Further, using Lemma A.2.1 (point 2), we have for any w € R which is F;-measurable,

<A87U>N = Z (G;—ll,t—1)57r<A{fr}au>N £ 0.

r<t—1

Whence (v, Q{f;}), 20, and, (v, P-(A){£:}), = (v, A{f}), — (v,Q{f:}), =0.

We next prove the second assertion of the lemma, Eq. (A.5.2).

Note that A{(fP™1) } — PL(A{(E2P 1)} = Q{(£?" ).} and

QU ) = LU S o w202 (1207 g = (- )Y e,

Np-1
s<t s<t

Since the Gram matrix G ;1 = ((fs, f.))s.< is well conditioned, in order to show || Q{(fZ*~") . }||nx 2

0, it is sufficient to check that each of the coeflicients ¢, £ 0 for each s. Notice that (ffz) (p 71)) L=
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ngt ﬁ,.ﬁ@(pfl), where the (s are bounded thanks to the fact that Gp_1 -1 is well conditioned.
Using A £ )\2, we get

cs = <)\9 ® £3(-2) (£2P-1Y |
N
B Np—1 Z ZBT Gp 1,t— 1) s,/ <A{fq} ® f‘?(p*Q)7 f§(p71)>N
r<t q<t
= ZZBT Gp 1,6— s, <A{fq},ft>N<fs7fr>;§>v—2 1 0,
r<t q<t
where in the last step we used <A{fq}, fi)n L 0, thanks to Lemma A.2.1. 0

A.5.3 Proof of (¢)

Recall that the process (UP!);>; is Gaussian by construction, and independent of UPY, Define
C,s =E{UP"UP*} and C<; = (C} 5)r s<- We then have

t
E[UP | UPO, ... UPY = Z G UP (A.5.15)
t
645 - Z(C;%)s,rcnt-i-l . (A516)
r=1

On the other hand, from point (a), we know that

Elg"" Rl = > a.q” (A.5.17)
1<s<t
t
Qs = Z(G;_lLt_l)sfl,rfl(prl,t)rfl,t . (A518)
r=1

Moreover, by the induction hypothesis we know that, for r,s <t

(Gp1.t)rs 2 E{fr(XO, ..., X")fu(XO,. .., X*)}P~ L,

where we recall that X* =7 _, UP*. Therefore, using the definition of the process (UP');>o we

obtain (Gp_1,)rs £ 41, s+1/(pc ) for r, s < t, whence ag >~ £ &5 (where we used the fact that Gp_1
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is well conditioned by assumption). Therefore we also have

t
H E[qp’t+1|]:t] _ Z asqh®
s=1

N

2 ¢ ) 2
N = H Z(as —a,)g"*
s=1
t

(A.5.19)

[
?
w
I
O
NI
8
B
|
jo)
N
Q
w
12
o

Moreover, Lemma A.2.1 (point 4) shows that P;- (A(p)){ft} £ A(p){(ffgp*lh} has entries which are
approximately independent Gaussian with variance o7 = pcZ|| (£2P~1) L ||2/NP~1, even conditionally
on F;. Therefore

t

s d Z Gsq"* + oyg + Pt (A.5.20)
s=1

where ||e||n 20and g~ N(0, Iy) is independent of everything else. From here on, the rest of the
argument for state evolution for pseudo-Lipschitz functions is exactly the same as in Lemma 5 (b)

in [BMN19]. As proved in the previous point, for any s < ¢,
(@ @) £ ped(f £ R EUPIUT
Therefore, in order to prove Eq. (A.4.6),it is sufficient to consider 1 : RP***+1 — R Lipschitz. Using
the representation (A.5.20), and focusing for simplicity on a single p, we get
N

1 <t pitly P
N @ &

=1 7

=

¢
P <Qf’<t, Z a,q”® + Ut9i>

s=1

t
By (z s ata) |
s=1

1

2=
2=

i=1

where the second equality follows by Gaussian concentration. At this point we apply the induction

hypothesis.

A.6 Asymptotic equivalence of Tensor AMP and Tensor LAMP

Here we show that tensor AMP and tensor LAMP produce approximately the same iterates.
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Lemma A.6.1. Let {W®}, ., be standard Gaussian tensors, and AP = ¢, W® for p > 2. Con-
sider the corresponding AMP iterates Z; = (2"°)p<p s<¢ and LAMP iterates Qi = (@7°)p<p,s<t,
from the same initialization initialization Zy = Qq satisfying the assumptions of Theorem 39 and
Theorem 40.

Let f, = fi(V'y), t > 0 be the nonlinearities applied to LAMP iterates and (Gp(V))r,s = (£, £5)P
be the corresponding Gram matrices. Further assume that there exist a constant C < co such that,
forallt <T,

(i) The LAMP Gram matrices G,y = Gp, are well-conditioned, i.e., C™' < omin(Gpt) <
Omax(Gpt) < C forallp<D,t<T.
(ii) Let the linear operator T, : RN*t — RN*t be defined as per Eq. (A.2.7), with G,y = G, +(V),
and £y = fi(V'), and define L, =1+ (p— 1)Tpt. Then C7 < omin(Lpt) < Omax(Lpt) < C.
Then, for any t < T, we have

1Z: - Qilln % 0. (A.6.1)

Proof. Throughout the proof we will write f;(X ) or f:(V) to distinguish AMP and LAMP iterates,
and analogously for G ;(X) or G, (V). The proof is by induction over the iteration number, so
we will assume it to hold at iteration ¢, and prove it for iteration ¢ + 1. We prove the induction step

by establishing the following two facts:

[AMP,1(Z4), — AMP4 1 (Q)p |y 20, (A6.2)
IAMP,1(Q)p — LAMP 1 (Qu)p |y 2 0. (A.6.3)

Let us first consider the claim (A.6.2), and note that

AMP 1 (Zy), — AMP 1 (Q1)p = AP {fi(X )} — AP {f(V 1)}
- Zdt,s,p(fs—l(Xs—l) - fs—l(Vs—l)) )

s<t

where we wrote d; s, for the coefficients of Eq. (A.0.7), with AMP iterates replaced by LAMP

iterates. We then have

|AMP,11(Z4), — AMP,1(Qe)p ||y < D1t + Dayt s (A.6.4)
Dy = HA(”){ft(Xt)} — AP (V) |N7 (A.6.5)
D2,t = Z |dt,s,p|Hfsfl(Xsfl) - fsfl(vsfl)HN . (A66)

s<t
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Notice that, by the induction assumption (and recalling that f; is Lipschitz continuous and acts

component-wise):

(X)) = £ (VOlly <Cr > [la™s — Py 0. (A.6.7)

s<t,p<D

Further, for any tensor T € (RY)®P and any vectors vy, bvy € RY,
—2
IT{v1} — T{va}v < (N7 | T|lop) (l0all v + [02]|5)P 2 w1 — 2]l x (A.6.8)

Using Lemma A.2.1, this implies that the following bound holds with high probability for a constant
C:

D1y < CUIAXD)n + ILVOINP 2N (X0 = f(V)In (A.6.9)
< CQIAVIN + 1£:(X2) = AV NP2 F(X) — £(V)llv 20 (A.6.10)

Where the last step follows from Eq. (A.6.7) and Theorem 40, which implies (using the fact that
fr is Lipschitz) ||f:(V¢)|I[v < C with high probability. Notice that the same argument implies

| £:(X:)||n < C with high probability.

Similarly, Dy, £ 0 follows since I fs—1(Xs—1) = fs—1(Vs—1)lln £ 0 and |de s.p| < Cr by con-
struction, thus yielding the desired claim (A.6.2).

We now turn to proving Eq. (A.6.3). Comparing Eq. (A.0.7) and (A.3.1), and letting PtH =1-Pt

we obtain

AMP 1 (Q1)p — LAMP,1(Q1)p = PUAP){fi(V)} —onspiin — Y. heapg?™ ™, (A6.11)
0<s<t—1

ons, i1 =Y dispfi1(Vi1) (A.6.12)

s<t

Note that P (A®) = E{A® Fi}, where F; is the o-algebra generated by {qP*}s<; ,<p- Equiva-
t <t,p<

lently, this is the conditional expectation of AW given the linear constraints
AP (V )} =Ypsr1, forsef{0,...,t—1}, (A.6.13)

Also notice that, by the induction hypothesis, and the definition of y,, ;, Eq. (A.1.1), we have for all
s <t,

Yp.s Lgrs 4 ons, ;. (A.6.14)

Lemma A.2.2 implies that PtH (A®)) takes the form of Eq. (A.2.6) for a suitable matrix Z,, € RNV *?,
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The key claim is that
Z, 2 Q. (A.6.15)
In order to establish this claim, we show that, under the inductive hypothesis,
L+ (- DT Q =Y

Since L,; = 1+ (p — 1)7,, is well-conditioned by assumption, Eq. (A.2.8) implies Zp,t L Q..
Notice that, by Eq. (A.6.14) in order to prove this claim, it is sufficient to show that (p — 1)7;Qq £
ONS, ; :=[ons, 1| ---|ons, .

In order to prove this claim, we use Theorem 40. Recall C; s = E{UP"UP*}, X" =3 UP" and
C<i = (Cr5)rs<t- By Theorem 40, Cpi1 541 £ (gPm+L, Pt £ P2 (Gp14(V))rs for r,s < t.
This implies for any 0 <r <t —1,

t—1 t—1
G )@ fmi(Vic))w 2 pe2 Y (O v B{UPTH £ (X0, X1}
j=0 j=0
Ofi_
= pc? E{8£j+11 (X9 ... ,Xt—l)} l,<i—a, (A.6.16)

where we used Stein’s lemma in the second equality Using this last expression and the definition

(A.0.7) allows to check we conclude (p — 1)7, tQt ONS,, ; as claimed. Indeed we have

t—1 t—1
(p—1) [Tp,tQt]t = Z(Gp—lt—l)ﬂt—lﬂ( Z (G;fll,tfl)r,r’@p’r ., ft_1>>
r=0 r’'=0
» t—2 8f
t—1 _
~p )e Zfr,ft D3, - E{axm(xo,...,xt 1)}
r=0
= ons ;.

Having established Eq. (A.6.15), we can use the representation of ’PtH (AP = E{AP)|F,} given
in Eq. (A.2.6) to get

PHADYEY LS ag +(p—1) > B, (A.6.17)
s<t s<t
= Y (Gl ) (B (V) RV, (A.6.18)
0<r<t—1
Bs=( > (G;_ll,t_l)s,r<q””,ft>N)<fS7ft>7€2. (A.6.19)

0<r<t—1
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On the other hand, using again Eq. (A.6.16), we obtain

(p—1) Bk = Y dispfes = ons, 1, (A.6.20)
s<t s<t—1
and Zasqp’s S Z hispq” st (A.6.21)
s<t 0<s<t—1

We therefore conclude, from Eq. (A.6.11), that [|AMP;4+1(Q¢)p — LAMP41(Q4)pllN £ 0, and this

finishes our proof. O

A.7 Reduction to the well-conditioned case

Theorem 40 and Lemma A.6.1 imply the conclusion of the main statement Theorem 39, under the
additional assumptions in points (i) and (i) of Lemma A.6.1. Here we show how to approximate an
arbitrary AMP algorithm with one satisfying those conditions, completing the proof of Theorem 39.
This strategy was already employed in [JM13, BMN19], and we refer to these references for further
background.

Lemma A.7.1. Let (fi)i>0, with f; : RIT1 — R, be any sequence of Lipschitz functions. Then
for any € > 0 there emwists a sequence of smooth functions ¢, : R — R, with |¢¢|p~ < 1,
IVoillLe < 1, such that the following holds. Defining f§ = fi + ept, the sequence of functions
(ff)e>0 satisfies conditions (i) and (i) of Lemma A.6.1.

The proof of this lemma is presented in the next two subsections, considering first condition (%),
and then condition (i7). Before presenting this proof, we show that this lemma indeed allows to

prove Theorem 39.

Proof of Theorem 39. Let (ff)ien be a sequence of functions as per Lemma A.7.1, and denote by
z&Pt the corresponding iterates, and Z; = (z°P*),<p s<¢. We instead use Z; = (2P°),<p <t
for the unperturbed AMP iteration. Using the same argument as in the proof of Lemma A.6.1 (in

particular, the argument to prove Eq. (A.6.2)) we obtain, for every fixed t,

p-limlimsup || Z; — Z} ||y = 0. (A.7.1)

e—=0 N—

On the other hand, for any € > 0, the iterates satisfy the non-degeneracy conditions (i) and (i%) of
Lemma A.6.1. We can therefore apply this lemma, and Theorem 40 to conclude that, for any test
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pseudo-Lipschitz function 9 : RP*T — R, we have

p-lim = Z G(( P Yp<pa<r) = E{(UP")p<pi<r) } - (A.7.2)

Here (UP'),<p >0 is the Gaussian process associated to the nonlinearities (ff):>0, namely with

covariance determined recursively via

E[U=PHpers ] = pe B{f7 (X50,..., X=) f2(X=0,... x=°) )" (A.7.3)
D
Xot=3 ekt (A.7.4)
k=2

Recalling that f; = f; + ep; with ¢, bounded, with bounded gradient, it is immediate to show
by induction that E[UPtUP5| — E[UP'UPS| as ¢ — 0. In particular, it is possible to couple
(U=PH) < pi>0 and (UP?),<p >0 so that E{(USP! — UP*)2} — 0 for any p,t. We thus conclude
that

N

, !
W) per) @ lim p-lim > (=P ) p<pa<r)
e=0 N 500 i—1

1
p-lim —
N— 00 N

M=

1

o
Il

2 tim B {((U)p<pasr) } C E{o (U ) pepicr) }

—~
=

where (a) follows from Eq. (A.7.1), (b) from Eq. (A.7.2), and (¢) from the remark that E{(U*?' —
Urt)2} — 0. O

A.7.1 Condition (i): Control of G,

We begin with condition (i) which requires C™1 < oyin(Gpt) < Omax(Gp.t) < C with high prob-
ability for some constant C' independent of N. Note that Lemma A.6.1 requires these bounds to
hold for a finite collections of values of p, t. Since this collection is fixed independently of N, it is

sufficient to consider a single pair (p,t). By Theorem 40, we know that

p-lim(Gpt)rs = (G25)rs = (E{fr(Xo, ..., X:) fs(Xo,..., Xo)})". (A.7.5)

N—o00

It is therefore sufficient to prove owmin(Gp;) > 0 for all p,t. Note that owin(Gp;) < oo is immediate

since G, has finite entries, and is a matrix of fixed dimensions ¢ +1 x ¢ + 1.

Recall that Hadamard product preserves positive-semidefinite (PSD) ordering: if Ay = By = 0
and As = By = 0, then A; ® Az = B; ® Bs. (This follows from decomposing any PSD matrices

as a sum of rank-one PSD matrices.) In particular, G7% = CI implies G5, = CPI. It is therefore
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sufficient to prove omin(G75) > 0, which we do in the next lemma

Lemma A.7.2. Under the assumptions of Lemma A.7.1, there exist functions ¢, : RtTt — R, with
@il < 1, [[Veil|ne < 1, and an g9 > 0 such that the following holds. Letting G77, denote the

Gram matrices associated to (ff)i>0 we have crmin(G(ff’t) >0 fore <egg.

Proof. We construct ¢; satisfying the claim inductively in ¢. The base case is clear: g5 =
E{fo(Xo)}? > 0 for fo non vanishing. Assuming we have constructed these functions up to ¢;_1,
we know that the vector (X§,X5,...,X?) defined by state evolution (for nonlinearities ff) is a

non-degenerate Gaussian.

In order to prove our claim, we need to construct ¢, so that the vector { fZ(X§, ..., X%)}s<; has
non-degenerate covariance. Since we know already that {fS(X§,..., X5)}s<¢—1 is non-degenerate,

it is sufficient to show that, for any coefficients (cs)s<¢,

E{(ff(Xg,...,Xf)— 3 asfg(xg,...,xg))g} > 0. (A.7.6)

s<t—1

It is always possible to choose (; so that this is the case. Indeed, the space of functions spanned
by f¢ for s <t has dimension at most t. Therefore, we can take any ¢ + 1 linearly independent
bounded smooth functions of x; only, and choose ¢; to be a linear combination of these that is
outside the span of (f%)s<;—1. Since non-degenerate Gaussians have full support, this implies the

non-degeneracy condition (A.7.6) and therefore the induction claim. O

In preparation for the next part, we argue that when the Gram matrices G, are non-degenerate,
we can perturb the nonlinearities (f;);>0 to induce any desired small change in G7%. (Below &,,

denotes the space of m x m symmetric matrices.)

Lemma A.7.3. Under the assumptions of Lemma A.7.1, assume the nonlinearities (ft)i>o are
such that G is non-degenerate. Then there exists finite sets of functions Ag = {@s 1+, Psn(s)}
of smooth functions ¢s; : R® = R, with ||¢s jllze < 1, Vs jllre <1, such that the following is
true. For € = (€s5)j<n(s),s<t € R™, na 1= > ., n(s), consider the nonlinearities (f$)s<: defined
by &= fs+ ngn(s) €s,jPs.j, and let GT5(€) to be the corresponding (asymptotic) Gram matriz. If
Gy : R™ — &, is the mapping Gy : € — G74(€), then its derivative DGy|e=o is surjective.

Proof. Note that &; = R x R? x --- x RY, by identifying M € &; which a list of columns My,
(M9, M), ..., (Mj)j<i Also R = R™M) x ... x R™®) by identifying € = (e1,...,&), €5 =
(€s.5)j<n(s)- The matrix DG{|c—o is block-triangular with respect to this decomposition. By an
induction argument, it is therefore sufficient to show that A; can be constructed so that the last

diagonal block DGy|c—o : R™*®) — R? is surjective.
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Note that G; is the map that takes as input &;, and outputs the last column of the asymptotic
Gram matrix corresponding to the nonlinearities fi,..., fi—1 and ff = f: + ngn(t) €¢,¥t,5- Since
by assumption Gy is non-degenerate, the functions fi,..., f; are linearly independent (viewed as
vectors in the L? space associated to the joint distribution of (Xs)s<;). We can therefore construct
functions (¢y,s)s<¢ such that E{p. s(Xo, ..., Xe) fr(Xo,..., X)) =0if r #s, and > 0 if r = 5. It is

then immediate to show that the resulting map DG¢|e=o is surjective. O

A.7.2 Condition (i7): Control of £,;

We are left with the task of showing that —after a small perturbation of the nonlinearities (f;)i>0—
condition (#4) of Lemma A.6.1 holds, namely C™' < oyin(Lpt) < omax(Lpe) < C for all p < D,
t < T, with high probability. Given the results of the previous section A.7.1, we can assume without
loss of generality that C~! < Tmin(Gp) < Omax(Gpy) < C for all p, . Indeed, if this is not the case,
we can modify the nonlinearities as described above, as to satisfy this condition. Also, as before, we
can consider a single pair (p, t) since we only are interested in a finite (independent of N) collection

of such pairs.
Recall that £,; =1+ (p — 1)7p4, and, by Eq. (A.2.7),

t—1

(Tot)issir = 3 Fin Fi(G 1 4 1)w (Gt s s (A7.7)

r’'=0

where Fjy = (Fy_1)is = (fs); for 0 < s <t—1, F;_; € RNX! (for consistency, we index the columns

of Fi_1 as0,...,¢t —1). This implies that 7, has rank at most 2 since

t—1
(Eﬁ.)is;jr = Z (up,t)as;brFir’Fjs 3 (A78)
a,b=0
Up t)aspr == (G;—ll,t—l)Ta(Gp—Q,t—l)sa(Sb,s; (A.7.9)
or, in matrix notation
7;7;t = (It Y thl)up,t(It ® F;F,I) . (A710)

It follows that the (N — t)¢ singular values of £, are equal to 1, and the other ¢* singular values

coincide with the ones of Zpi =1+ (p— 1)7:,715, where

Tpt = (L © G2y (I 0 G113 (A.7.11)

Indeed 7, is unitarily equivalent to 7, (when the latter is restricted to its range), using the fact
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that FtTlet_l/N =G

We now proceed by induction over the iteration number. Assuming the claim to hold up to

iteration t — 1, we need to to show that (for a suitable perturbation of the nonlinearities) C~1 <

Jmin(ﬁp,t) < Omax(Lp) < C with high probability. By using the induction hypothesis Theorem 40

and Lemma A.6.1 we know that G, ; converges in probability to the deterministic limit G, which

is non-degenerate. Therefore, it is sufficient to prove that (again, for a suitable perturbation of the
o) < Umax(ﬁgf’t) < C, where ﬁ;f’t =1lp2+(p-1) }fff, and 7;0‘5 is
obtained from 7, ; by replacing Gy s by its asymptotic version G~ everywhere. Since the resulting

nonlinearities) C~1 < amin(i

matrix [l;f’t is finite (and of dimension independent of N), it is sufficient to prove that Umin(/jgf’t) > 0.

Since Gcf,ot_l is non-degenerate, it is sufficient to prove amin(Wg,ot) > 0, where

Wy =T @G+ (p — DUy, (A.7.12)
(ug,ot)aS;bT = (( ;0)0_1775_1)71)“1( 120—2715_1)%5};,5- (A.7.13)

In order to prove the desired non-degeneracy bound for Wp5, it is useful to introduce a piece of

terminology.

Definition A.7.4. We say a subset S C R? is locally full if for any open set U C R* with UNS # ()
we have A(U N S) > 0 (with \ denoting the Lebesgue measure on R?).

For instance, a full-dimensional convex set is locally full.

Lemma A.7.5. Let K C R? be locally full and R : R* — R a rational function which is not
identically zero or infinity. For any ¢ > 0 and x € K there is €’ € K with ||x — z'|| < ¢ and
R(z') & {0, £o00}.

Proof. Simply recall that any nontrivial polynomial vanishes on a measure zero set. O

We are now in position to show that the nonlinearities (fs)o<s<: can be modified so that the

o0

resulting matrix WSS has opmin ( ;j‘;) > 0, thus completing the proof.

p,

Lemma A.7.6. Under the assumptions of Lemma A.7.1, further assume the nonlinearities (fs)s>o
to be such that omin(Gpy) > 0 for allp < D, t < T. Then, for any € > 0 there exist functions
st RETE 5 R with ||os|lne < 1, [[Vpsl|pe < 1, such that the following holds.

Let Wy (e) the matriz defined in Eqs. (A.7.12), (A.7.13), for nonlinearities f$ = fs+eps, s < t.

Then, for anyp < D and t < T, omin(Wy5(€)) > 0.

Proof. Notice that Wp4 is a function of the matrix G7% (the matrices G, being themselves

Hadamard powers of G1;). With a slight abuse of notation, we will write Wy = WS(GT5).
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Define R : G411 — R to be the function that takes as input a ¢t +1 x t + 1 symmetric matrix G and

outputs

R(G) = [] detVs(@)). (A.7.14)

p<D

By checking Egs. (A.7.12), (A.7.12), we see that this is a rational function on &; = R(1). Further,
it is not identically zero or infinity, as it can be checked by computing Wp5(I). Applying Lemma
A.7.5 to the set of PSD matrices, which is locally full in ]R(;), and the rational function R, we obtain
that, for any £ > 0, there exists G = 0, with |G, — G5 |lr < &, and R(G.) & {0, +00}, which
implies omin(Wp53(G+)) > 0 for all p < D.

Finally, using Lemma A.7.3 and the implicit function theorem, we conclude that we can find a
perturbation (¢s)s<¢, and €9 > 0 such that G1;(¢) = G.. By taking ¢ sufficiently small, we can

ensure that € can also be arbitrarily small. O

A.8 Extension to the case D = oo

Here we extend the state evolution result proved for finite mixtures to the general case where £ has
infinitely many components. The proof proceeds by induction over the number of iterations, and is
similar to previous arguments. Let us write () 1= 3., p cia¥ while £(z) = 350, cia®. Denote
by (X°,---, X*) the state evolution Gaussian process cor;esponding to &, and (X°,---, X*) the one
based on &. First, using the fact that f, is Lipschitz, it is easy to show by induction over ¢ that
there exists a coupling such that E[(X? — X*)2] = op(1) (throughout this section, op(1) is a term
independent of N that vanishes as D — 00). We deduce from this that dy; — dg; = op(1) for all
(,j. (Here, dy; is defined similarly to dy;, based on the mixture €.)

Next we show that the AMP iterates are close. Let 2°,--- 2 be the AMP iterates based on §~
and 2°,--- 2’ those based on &. Let 2° = z° = 0 and assume limp_,o, p-limy_, _[|27 — 27|y = 0
for all j < ¢. Further let f; = f¢(2°,--- ,2%). Then

||22+1 _Ze+1||N

IN

D 0o 4
c ~ c S
| 2wogy > 2wwie)| + | Y dufio-det] o as
=2 p=2 =0

We have

s
IA

o0
> WO E L+ 0 HIW ) - WOE
p>D+1 p=2
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The first term in the above is bounded by

C _ - —
> ENEIRIW O o [R5
p>D+1

Using Theorem 40, ||f||;y < C with high probability. Lemma A.2.1 then implies that the above is
op(1) with high probability. Next, the second term in F; is similarly bounded by

o0
C _ ~ _ -~
> ;’.’N“’ D2\ WPy - (|l w + £oll 5)P~2]|F — £l -

p=2

Since f; is Lipschitz, and using the induction hypothesis, similar considerations show that this term

converges to zero in probability as N — oco. Next,

L L
p
Z dZ,J d&a ||fj 1~ +Z|d€,3|”fj 1= j71HN ~op(1).
7=0 7=0

This implies
g gm0 = =0

which concludes the inductive argument. Finally, for ¥ a pseudo-Lipschitz function, we have

Rgngw = g—ﬂ{gﬁ;w )+ op(1) (A8.3)
ZEW(XO"“ 7)26)] +0D(1) (A'8'4)
=Ep(X% -, X +op(1). (A.8.5)

This concludes our proof of state evolution, Proposition 3.6.1.



Appendix B

Properties of the Parisi PDE and

Variational Problem

In this Chapter we prove several useful properties of the extended variational principle inf.c « P(7).
A first set of properties concerns the solution of the Parisi PDE (4.1.1) for v € . Most of these are
generalizations of results obtained in [JT16] for v € % bounded (hence, with finite total variation
over [0, 1]). We will refer to the proofs of [JT16] whenever they can be adapted without significant
changes. In several cases, new arguments are required, e.g. in the regularity result of Lemma B.1.3,
in the first variation formula of Proposition B.2.1 and elsewhere. The second set of technical results
concerns properties of the minimizers. These are of course entirely new because the minimizer is —in

general— outside % . Finally in the third section we establish several Lemmas used in Chapter 4.
We consider the function space . from (4.1.5), endowed with the weighted L' distance ||y —

Ll
Yoll1,er = fol E"(#)|y1(t) — y2(t)|dt. We will write v, —> 7, whenever ||y, —v|[1.ev — 0 as n — oo,

We recall the space of piecewise constant functions

m

SF, = {g =Y a4l yuy: O=to<ti < - <ty=1a;>0me N}. (B.0.1)
=1

We study the PDE (4.1.1), with a slightly more general initial condition

8,0 (t, ) + %5//(15) (agcp(t, ) + (1) (0.0t w))2> o,

(1, 2) = fo().

(B.0.2)

Throughout we assume fy to be convex, continuous, non-negative, with fo(—z) = fo(z) > 0, and

347
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differentiable for x # 0, with 0 < f}(z) < 1 for all z > 0. We will write f}(x) for the weak derivative
of fo (the right and left derivatives exist but are potentially different at © = 0). Associated to the
above PDE, we consider the following stochastic differential equation driven by Brownian motion
(Bt)tzoi

dXy =" (t)y (1) D(t, Xo) dt +/€"(t)dBy,  Xo=h. (B.0.3)

In the following we will also write ®,,, ®,, and so on for the partial derivatives of ®, and ®, whenever
we want to emphasize the dependence of ® on y. We write 5‘ti<I> for the left and right derivatives of
.

B.1 Existence, Uniqueness, and Regularity

We first collect a few properties of ®(¢,x) when v € SF.

Proposition B.1.1. (a) For any v € SFL the solution ® : [0,1] x R — R of Eq. (B.0.2) ez-
ists uniquely in the classical sense and is smooth for t € [0,1). Namely, for any j > 0,
||8£(I)||L°°([0,1*6)><R) < C(’Y,E), and Hatiaiq)HLOC([O,lfs)X]R) < C(’Y,E), with aja:]c(b(tax) =

0y 02®(t, x) whenever t is a continuity point of .

(b) For any v € SFy the solution ® of Eq. (B.0.2) is such that x — 0,P(t, -) is non-decreasing
for all t € [0,1], with [0, ®(t,z)| <1 for all x € R.

(¢) If 1,72 € SF4 and ®,,, ®,, are the corresponding solutions, then

199 = Prplloe < flv1 = 2ll1em-

Proof. Point (a) follows from the Cole-Hopf representation which allows us to write an explicit
form of the solution for v € SF, [Gue0l, AC17b]. This solution is C* except (possibly) when
t € {t1,...,t;u_1}, the set of discontinuity points of 4. As a consequence of point (a), the SDE
(B.3.1) is well defined, with unique strong solution on [0,1]. Further, ® satisfies the following
representation, for v € SF, [JT16]:

0.®(t, ) =B [f)(X1)| Xy = ] .

Since || fillcoc < 1, this implies |0, P (¢, z)| < 1. The non-decreasing property also follows again by

the Cole-Hopf representation.

Finally, point (c) is identical to Lemma 14 in [JT16] (the assumption that - is non-decreasing is

never used there). O
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As a consequence of Proposition B.1.1, we can define ®, by continuity for any v € .. Namely,
1

L
we construct a sequence 7, € SF, v, — ~ and
Oy (t,2) = lim @, (¢, 2).

Lemma B.1.2. For any v € £, ®, constructed above is such that 0, P exists in weak sense, is

Ll
non-decreasing, and [0, ®~(t,x)| < 1 for all t € [0,1], x € R. Further, if v, € SF4, 7, —5 ~, for
any t € [0,1], we have 0, ®., (t,z) — 0, @ (t,x) for almost every x.

Finally, ® = ®. is a weak solution of the PDE (B.0.2). Namely, for any g € C°((0,1] x R), we

have
0:/(071]/R{—<I>8th+;f”(ﬂ(@@ih—%’Y(t)(ﬁx<b)2h>}dxdt—i—/Rq)(l,a:) fo(z)dz.  (B.1.1)

Proof. Since ®,(t, -) is the uniform limit of convex 1-Lipschitz functions, it is also convex 1-
Lipschitz. Hence its weak derivative exists, is non-decreasing and is bounded as claimed. The

claim 0, ®,, (t,z) — 0, P~ (¢, z) follows by dominated convergence.

Ll
In order to show that ® is a weak solution, let ®, = &, for v, € SFy, v, =5 ~ (hence

|®,, — ®|loc — 0). Since ®,, is a classical solution corresponding to ~,, we have

= /(0,1] /]R {_(I)nath * %gﬂ(t) ((I)nazh + %(t)(aszn)Qh) } dedt + /R 3, (1,2) folz)da

Letting A denote the right-hand side of Eq. (B.1.1), we have (since ®,,(1,z) = ®(1, z) is independent

of n)
A= /0 ; / { ®)0h — 55 "()(®,, — @)aﬁh} dx dt

/ / () (9 (8) (00 — (t)(am‘I))Q)hdxdt.
(0,1]

The first term vanishes as n — oo by dominated convergence. For the second term, by the bound
on 9,9, 9,P,,, we have

1 " " 2
'A'%/(O,u/ﬁ () [y (8) = 7(8)] [Bldz dt + / /fv [(0:20)? — (0,9)% [|dz .

Ll
The first term vanishes as n — oo since 7, BN 7, and the second vanishes by dominated convergence,

using the fact that ||€"v|]1 < oo. O

Lemma B.1.3. For v € £ and any t € [0,1), the second derivative O2®(t, -) exists in the weak



APPENDIX B. PROPERTIES OF THE PARISI PDE AND VARIATIONAL PROBLEM 350

sense, with supg<;<1_. [020(t, - )| 2wy < oo for any e > 0.

Proof. Following [JT16], it is useful to introduce the the smooth time change 6(t) = (¢'(1)—&'(¢))/2,
and define w : [0,0p] X R, 05y = £'(1)/2, via u(0(t), z) = ®(¢,x). By a simple change of variables, u
is a weak solution of the PDE

dpu — Au = m(O)u?, u(0,2) = fo(x),

x

where m(s) = v(671(s)). The desired claim is implied by showing that the partial derivative 92u

exists in weak sense and is bounded uniformly over § > ¢ (for any € > 0).

Again, as in [JT16] the fact that u is a weak solution implies the Duhamel principle

0
u(0) = Gg * fo +/0 m(s) Go_s * uz(s)?ds, B1s)
1.2

—_

.2
e m/4t'

Gt(x) =

4

~

(Here * denotes convolution and this equation is to be interpreted in weak sense, namely, for any
g € CX(R), [g(x)u(f,z)dx is given by the convolution with g of the right hand side.) Note that by
Lemma B.1.2, x — u,(s,x)? is bounded between 0 and 1, non-increasing in (—oo, 0], non-decreasing
in [0,00) and symmetric (the value at = 0 is immaterial). Hence, there exists a measure v, on
[0, 00), with total mass v4([0,00)) < 1, such that

um(s, x)z = VS([Ov x)) Ip>0 + Z/S([O, _w)) I:<o0.

We then obtain, from Eq. (B.1.2)
0
Uy (6) :Glg*f6+/ m(s) / [Gy_ (- —2)+ Gy_ (- +x)]dvs(x) ds. (B.1.3)
0 R0

The claim follows by showing that each of the two terms on the right hand side of Eq. (B.1.3)
is a well defined function, bounded in L?(R). For the first term, notice that f} is bounded and
non-decreasing. Hence there exists a measure wy on R with wg(R) < 2, such that G * f§ = Gg*dwy,
whence

C
165 £l = | [ Got- = o) (o oy

< 2||Ggll2 <
2

where the upper bound follows from Jensen’s inequality. The second term on the right-hand side of
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(B.1.3) can be treated analogously. Denoting it by w(6), we have, again by Jensen with 6 = (1 —¢),
)
[wO)e < [ m(s) [ 1G5+~ )+ Gy + ) advs(a)ds
0 R>o

T 0
<0, g | gmen g

where the second inequality follows by ||G%|l2 < C't3/%. Decomposing the last integral, we get

ds

) 1—€/2 f”')/(s) , 1 f”’y(s)
[w()]]2 < C /1_5 (€(s) — (1 —e))3/ ds+¢ /1_5/2 (€(s) —€'(1 — )3/

176/2 1

< 0/5/,7(1 - 5/2) /175 (f’(s) _ fl(l _ E))3/4 ds

C/ ! 1!
T O — (=) /15/25 7(s)ds

< CN”g”’Y”TV[O,l—E/Q] + 011673/4 ||§N'Y||1 )

The last expression is bounded by some C(g) < oo since v € Z. O

Lemma B.1.4. For any v € Z, the solution ® = ®., constructed above is continuous on [0,1] x R,

and further satisfies the following reqularity properties for any € > 0

(a) 8i® € L>([0,1 — ¢]; L>(R) N L>=(R)) for j > 2.
(b) 9;® € L*°([0,1] x R) and 8;0.® € L>°(]0,1 — ¢]; L2(R) N L>®°(R)) for j > 1.
Proof. Continuity follows since ®., is the uniform limit of continuous functions. Point (a) and (b)

follows from the same proof as Lemma 10 in [JT16], applied to the PDE (B.0.2) with boundary

condition at t = 1 — ¢, whereby we use Lemma B.1.3 to initiate the bootstrap procedure. O

As a consequence of the stated regularity properties of ®, we can solve the SDE (B.3.1).

Lemma B.1.5. For any v € .Z, let ® = ®, be the PDE solution defined above. Then the stochas-
tic differential equation (B.3.1) has unique strong solution on (Xi)icjo,1), which is almost surely

continuous. Further, for any t € [0, 1]

0, ®(t, Xy) = /t V&€ (5) 02®(s, X,) dB, . (B.1.4)
0

Proof. Existence and uniqueness for ¢ € [0,1 — ¢) follow because 0, ®(¢, -) is Lipschitz continuous

and &”+ is bounded on such interval (see, e.g., [Oks13, Chapter 5].) By letting £ | 0, we obtain
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existence and uniqueness on [0,1). Further X; can be extended at ¢t = 1, letting

X, = / &' ()7(£)0, (¢, X;) dt+/ VE)dB, .

It is easy to check that this extension is almost surely continuous at ¢ = 1, since
1 1
XX < [ s+ [ VE@aB.
t t

The first integral vanishes as ¢ — 1 since fol &"~(t) dt < oo, while the second vanishes by continuity

of the Brownian motion.

Next notice that, since &, = 9, P smooth in space and weakly differentiable in time for ¢ € [0, 1)

by Lemma B.1.4, it is a weak solution of
0@ (t,x) + %5”(15) (ag%(t, ) + (1) 0 (P (2, x))Q) ~0.
More precisely, for any « € R and any g € C.((0,1)), we have
/ {g(t)@tq)x(t,x) + #g(t) (8%(1%(1&,96) (1) D (B (t, x))Q) } dt=0. (B.1.5)

Equation (B.1.4) is then obtained by Itd’s formula (see Proposition 22 in [JT16])

0(t.) = [ VEG0200.x,) a5,
[ (0o 4 €6 (3802050 #0005, %0)7) b,

The second term vanishes by Eq. (B.1.5). O

Corollary B.1.6. For any v € £ and any t € [0,1),

E [0,®,(t, X;)? / §'(5) E [(9a®4 (5, X,))"] ds.

Proof. This follows from Lemma B.1.5, using the regularity properties of Lemma B.1.4. O

Lemma B.1.7. For any v € £, the values
E liazq)"/(ta Xt)2] ’ E [azzq)v(t7Xt)2]

are continuous functions of t € [0,1).

Lemma B.1.8. The function P = P¢ ¢, is strictly convex on £ .
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Proof. The proof is exactly the same as [CHL18, Lemma 5] which shows strict convexity on 7. 0O

B.2 Properties of the Minimizing Order Parameter

We now compute the first variation of the Parisi functional.

Proposition B.2.1. Lety € %, and 6 : [0,1) = R be such that ||£"6||py04 < 0o for allt € [0,1),
I€"0]l1 < o0, and 6(t) =0 fort € (1 —e,1], € > 0. Further assume that v+ sd > 0 for all s € [0, sp)

for some positive sq. Then

dpP

P (7—&-36

/ &'(t)5(t)(E [0,®4(t, X¢)?] — t)dt. (B.2.1)

Proof. Let v°* = v+ s, s € [0,¢), and denote by ® the corresponding solution of the Parisi PDE.
Following the proof of Lemma 14 in [JT16], we get

®,(0,0) — 24(0,0) / " (1)5(t) B{0,Po(t, Y;)?} dt, (B.2.2)
where Y’ is the solution of the SDE
1
dYy = & (O (6) [0:Do(t, Yy) + 02 @ (8, Y))] dt + V€' (#)dBy, Y7 =0 (B.2.3)

We also obtain (by the same argument as in [JT16, Lemma 14], using Lemma B.1.4, and noting
that §(t) =0 for ¢ > 1 — e and &" is bounded on [0,1 — ¢))

[0:®5 — 9 Polloc < C(e,ME"d]1 - 5. (B.2.4)
Taking the difference between this Eqs. (B.2.3) and (B.3.1), we get, for t € [0,1 — &)
t t
=X <C [ €y ) = 5(w)ldu+ C / € (0) 0uolu, V) — 0., (0, ;) du
+C/£”7 )|02®o(u, Xy) — 0xPo(u, Y,))| du

< CIE" (v =)+ CleNE" (v =)l lg" VI

t
+ C(Eo)/o &y (u)|Yy — X | du.

In the second inequality we used Eq. (B.2.4), and the fact that 92® is bounded for t € [0,1 — &9),
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see Lemma B.1.4. Since £"vy(u) < [|€"7][rv[0,1—-e0] for u € [0,1 — &¢), we finally obtain

t
Y7 = X < ) s8]+ Clozo) [ |V = X du.
0
Therefore, we conclude by Gronwall lemma that

sSup |Y;SS - Xt| S C(£7£037)‘|£I/5||1 s

t<l—gg

Using this in Eq. (B.2.2), together with the fact that 9,®¢ is bounded and Lipschitz, and 6(¢) =
fort > 1 —¢, we get

B.(0,0) — @ (0,0) / €7(1)5(8) B{DuBo(t, X,)2} dt + O(s2),

whence Eq. (B.2.1) immediately follows. O

For any v € £, we have [|v[|rvjo,y < oo for any ¢ € [0,1). We can therefore modify ~ in (at
most) countably many points to obtain a right-continuous function. Since this modification does
not change the solution ®., by Proposition B.1.1, we will hereafter assume that any v € £ is

right-continuous.
For v € ., we denote by S(v) = {t € [0,1) : v(t) > 0} the support of v, and by S(v) the closure
of S(7) in [0,1) (in particular, note that 1 & S(v)).

Lemma B.2.2. The support of v € fg is a disjoint union of countably many intervals S(vy) =
Uacala, where Iy = (aa,by) or In = [aa,ba), ¢ < aq < by <1, and A is countable.

Proof. If ty € S(v), then by right continuity there exists 6 > 0 such that [to,to + ) C S(y). This

implies immediately the claim. O

Corollary B.2.3. Assume v, € Z is such that P(v.) = inf,c o P(y). Then

teS(v) = E{0,9, (X))} =t, (B.2.5)
€0, )\ S(v) = E{0.®, (t,X;)*} >t. (B.2.6)

Proof. First consider Eq. (B.2.7). For any 0 < t; < t2 < 1, set §(t) = v.(t)I(t € [t1,1t2)). Clearly
Y« + 56 € £ for s € (—1,1). By the optimality of 7., and using Proposition B.2.1, we have
dP

0= — (v, + s0)
ds(v + 50)

/ &' ()7 (t) (E{0:®. (t, X;)*} — t)dt



APPENDIX B. PROPERTIES OF THE PARISI PDE AND VARIATIONAL PROBLEM 355

Since t1,ty are arbitrary, and £”(¢) > 0 for ¢ € (0,1) this implies v, (¢)(E{0,®,. (t, X;)?} —t) = 0
for almost every ¢ € [0,1). Since 7, (¢) is right-continuous and E{9,®.,. (¢, X;)?} is continuous (see
Corollary B.1.6), it follows that ~.(t)(E{9,®., (t, X¢)>} —t) = 0 for every ¢ € [0,1). This in turns
implies E{0,®., (t,X;)?} = t for every t € S(7.). This can be extended to t € S(v.) again by
continuity of ¢t — E{0, 9., (¢, X:)*}.

Next consider Eq. (B.2.8). Notice that, by Lemma B.2.2, [0,1)\ S(v.) is a disjoint union of open
intervals. Let J be such an interval, and consider any [¢1,t2] C J. Set 6(¢) = I(t € (t1,t2]), and
notice that v, 4+ sd € . for s > 0. By Proposition B.2.1, we have

_L " ¢"(6) (E{0,®(t, X,)2} — 1) dt.

OSdP
2 Jy,

£(7+35)

s=0

Since t1,t9 are arbitrary, £”(t) > 0 for t € (0,1) and ¢ — E{0,®(¢, X;)?} is continuous, this implies
E{0,®(t, X;)?} >t for all t € J, and hence all ¢ € [0,1) \ S(v.). O

Corollary B.2.4. Assume v, € Z is such that P(v.) = inf,c¢ P(y). Then
teB(n) = € OEOD, (1 X)) =1.

Proof. Set ®(t,x) = ®.,_(t,z). By Lemma B.2.2, S(v.) is a disjoint union of closed intervals with
non-empty interior. Let K be one such intervals. Then, for any [t1,t2] € K, we have, by Lemma
B.2.3

by — b = E{0,®(t2, X1,)*} — E{0,B(t1, X0,)*} = / " e B{020 (1, X))t

Since t1,ty are arbitrary, we get £”(t) E{02®(t, X;)?} = 1 for almost every t € K. Using Lemma
B.1.7 we get £ (t) E{02® (¢, X;)?} = 1 for every t € S(7x). O

Z.
Throughout this section we let v, * be the minimizer of P over ., assuming it exists. Note that
o a
we will eventually show in Lemma 4.1.3 that v; * = vZ if either minimizer exists.
2y .
Lemma B.2.5. Assume 7y, — exists. Then

te supp(vfi) = E[amfbvzg(t,XtV] =1, (B.2.7)

t>2q = E[0:D z(t, X)) 21 (B.2.8)

Proof. We first show Equation (B.2.7). For ¢ <t; <t <1 we take 6(t) = *y;gi(t)lte[tl)tz). Clearly

<, <,
Vet 480 € 4. Since 7. % minimizes P(-) over Ly
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dP <
0< — (vt 456
_d8(7 + 50)

1=, Zy
s=0 ) /tl &t O (E [696@72(@(75’)(02} — t)dt

Since t1, to are arbitrary, and £”(t) > 0 for ¢t € (0, 1) this implies fy;%i(t)(]E {&cfl)vzg(t, Xt)Q] —t) =

by Lemma B.1.7, it follows that fy:?i(t)(IE {amq)’ygg(t, Xt)Z] —t) = 0 for every t € [¢,1). This in

Z,
0 for almost every t € [¢,1). Since . *(t) is right-continuous and E [ﬁzcbﬂyxg(t, Xt)z} is continuous

%, <,
turns implies E [616(1){5@(15, Xt)z] =t for every ¢t € S(s %) by right-continuity of v; *. This can be
PZ
extended to all ¢ € supp(vx *) by again using continuity of ¢t — E {5}@722(@ Xt)z}.

Z,
Next consider Eq. (B.2.8), where it suffices now to consider t € [¢,1) \ supp(yx *

). By Lemma
Z,
B.2.2, [¢,1) \ supp(vx %) is a disjoint union of open intervals. Let J be such an interval, and consider
- %,
any [t1,t2] € J. Set 0(t) = I(t € (t1,t2]), and notice that v, * + 5§ € £, for s > 0. By Proposition

B.2.1, we have

dP
<7
0< ds(’y—i—sé)

o % / &' (1)(E 0,0 wa(t, X0)?| — 1) at.

Since t1,ts are arbitrary, £”(¢) > 0 for t € (0,1) and ¢t — E [&fbvzg(t,Xt)ﬂ is continuous, this
implies E 8I<1>7;zg(t, Xt)Q] >t for all t € J, and hence all ¢ € [q, 1) \supp(ﬁ%). O

£
Corollary B.2.6. Assume vy, * exists. Then

te supp(’yf@) = ¢"HE [&cw@vzg(t,Xt)z =1.

,
Proof. By Lemma B.2.2, supp(vs *) is a disjoint union of closed intervals with non-empty interior.

Let K be one such interval. Then, for any [t1,t2] € K, Corollary B.1.6 and Lemma B.2.5 imply

to
to —t1 = E [0, (t2, X1,)*] —E[0,P(t1, X1,)?] = | €"(H)E [0,29(t, X1)?] dt .
ty
Since t1,ty are arbitrary, £ (t)E [0,.®(t, X;)?] = 1 for almost every t € K. By Lemma B.1.7 it
follows that ”(t) E [0,,®(t, X;)?| =1 for all t € Supp(,yfi)' 0

Lemma B.2.7. Let v € £ satisfy v(t) = 0 for all t € (t1,1), where t; < 1. Then, for any
t« € (t1,1), the probability distribution of X;, has a density p;, with respect to the Lebesgue measure.
Further, for any t. € (t1,1) and any M € Rxq, there exists e(t., M,7) > 0 such that

pe(x) > e(te, M,7).

inf
|| <M et 1]
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Proof. Since the SDE (B.3.1) has strong solutions, X;, is a well defined random variable taking
values in R. Therefore, there exists C; = C1(7y) < oo such that P(| X, | < Cy) > 1/2. For t € (t1,1),
X, satisfies dX; = \/W dB; and therefore the law of X; is the convolution of a Gaussian (with
variance 0(t)? = &'(t) — £(t1) > 0) with the law of X;,, and therefore has a density. To prove the
desired lower bound on the density, let fo(x) = exp(—x2/2)/v/27 denote the standard Gaussian
density. Note that, for any |z| < M,

nie) = E{ g to () )
> & (e (S ceise}

1 M+ Cy 1 M+ Cy
> o (L) p(lX, | <
= 9(t)fG( o(t) ) P(lXu| =€) 2 29()f ( o(t) )
The latter expression is lower bounded by e(t., M,v) > 0 for any t € [t., 1], as claimed. O

Proposition B.2.8. For any v € .Z, the following identities hold:

B[, X0)] = 5 & (0 E 0.8, (1, X,)?) (B.2.9)
CE[X0,, (1 X)) = €' (D) B [0, (1, X)?] + €' (1) E 0.0, (1, X,)] (B.2.10)

Proof. We will write ®;, = 9;®, ®, = 9,® and ®,, = 92®. For the first identity, using the regularity

properties of Lemma B.1.4 and It6’s formula, we get
A (t, Xy) =P, (t, X;) At + " ()7 (£) o (t, Xy)?dt + /€ (t) P (t, X;) By + %(I)mw(tv X)€" (t)dt
= L0 (1), (. X2t + VD 9,0 X,) dB,.
where the equalities hold after integrating over a test function g € C2°([0,1)) and in the second

step we used the fact that ® is a weak solution of Eq. (B.0.2). The claim (B.2.9) follows by taking

expectations.

We proceed analogously for the second identity. Using Lemma B.1.5, and the fact that the
(Xt)te[o,1) solved the SDE (B.3.1), we get

d(Xtéw(t,Xt)): ot X0)dX; 4+ Xid(Ba(t, Xp)) + €7 (1) (8, X1) dt

(1) y(t) Py (t, Xo)2dt + /€' (1) Py (t, X, )dB; + /€ (1) X Ppp (t, X1 ) By
+ &7 () Pupp(t, Xy) dt.

The claim (B.2.9) follows again by taking expectations. O
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We now show that any minimizer v, of the Parisi functional over the extended space £ has
support given by an interval containing 1. Note that this is unrelated to the no-overlap gap property

which concerns solutions v, that are non-decreasing, and concerns the points of increase of 7.

2y
Lemma B.2.9. Assuming 7. Z exists, we have supp(yx *) = [¢,1).

%,
Proof. By Lemma B.2.2, [¢,1) \ supp(vx ) is a countable union of disjoint intervals, open in [g,1).
First assume that at least one of these intervals is of the form (¢1,t2) with q <t <ty <1l By
Lemma B.2.5 and Corollary B.2.6 we know that

E [@(I)’Yi@(t,;,Xti)ﬂ —t;, €'(t)E [awcp 2a(tiy X)) } —1, ief{1,2}, (B.2.11)

E [awq){gg(t,Xt) } >t Ve (tt). (B.2.12)
Further, for t € (¢1,t2), ‘IDV;Q solves the PDE

5”( )

at(bry,z’g(t7 ) amg(b Zq (t .Z') =0

which is simply the heat equation up to a time change. We therefore obtain

Z~N(0,1)

O cutim)= E [0 cltao+ VM) -ED2)], Ve (bt

Differentiating this equation and using dominated convergence (recall that 8m<1>7zg (t2, ) is bounded
by Proposition 4.2.5), we obtain 8ww©733(t,m) = EZ~NOD [amfbwgg(tg,x—l— & (ta) — &'(t) Z)}
Because dX; = +/£"(t) dB;, we can rewrite the last equation as

amfc(p,yffz(taxt) =E [a"cz(b,yffi(t%th”Xt} .

By Jensen’s inequality,

1

E [azwq),yff’g(t,Xt)Q} <E {5;]090‘1)732(752,)(@)2} = )

(B.2.13)
where in the last step we used Eq. (B.2.11). Using Corollary B.1.6 we get, for ¢ € [t1, t2]

E [a&vzg(t,xt)ﬂ {a D_y(ts, Xi,)? / ¢"(s) am@ a5, X,)?] ds

L E(s)
0 §"(t2)

<t + ds <t,

where in the last step we used the fact that ¢ — £”(¢) is increasing. The last equation is in

Z,
contradiction with Eq. (B.2.12), and therefore [g,1) \ supp(y« *) is either empty or consists of a
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single interval (¢1,1).

In order to complete the proof, we need to rule out the case [g, 1)\supp(7§?1) = (t1,1). Assume for
sake of contradiction that indeed g, 1)\Supp(7fl) = (t1,1). Fort € (t1,1),let r = r(¢) = &'(1)-¢£'(¢),

and notice that r(¢) is decreasing with r(t) = ¢”(1)(1 —t) + O((1 — t)?) as t — 1. By solving the
Parisi PDE in the interval (¢1,1), we find that for all ¢ € (¢1,1),

Z~N(0,1) "
0:P 24(t,x)= E sign | Z + —
Y ’I"(t)

Q( f&))]’

Z~N(0,1)
Qz)=1— E [sign(z+ 2)]*.

and therefore

1-E 337@721(15,)(&2} "

Note that 0 < Q(z) < 1 is continuous, with (0) = 1. Hence, there exists a numerical constant
do € (0,1) such that Q(x) > 1/2 for |z| < dg. Therefore, fixing t. € (¢1,1), for any t € (t., 1)

1-E [0, 20(t, X, > 2B [1X] < /7))

(@) ®
> 605(t*517’>/) \% T(t) > CV 1 7t7

where (a) follows by Lemma B.2.7 and (b) holds for some C' = C(y) > 0. We therefore obtain
E 8$<I>Vzg(t, Xt)ﬂ <1-C+/1 —t, which contradicts Lemma B.2.5 for ¢ close enough to 1. O

In the next lemma, we show that minimization of P over . subsumes minimization over .Z;. A

priori, one might expect that tuning the value of ¢ could lead to many different minima.

Z, Z,
Lemma B.2.10. Suppose 7. * exists. Then 72 = i *.

Proof. Let f(t) = E[@xq)’fgg(t, X;)?]. First by Proposition B.2.1, it suffices to show that f(t) >t
for all 0 < ¢ < ¢. Indeed this combined with Corollary B.1.6 and Lemma B.2.5 would imply that
%((1 - :s)’yff2 + 57)|s=o+ > 0 for any v € .£. This suffices as P is convex by Lemma B.1.8.

To show f(t) >t for all 0 < ¢ < ¢, we first recall that X; is simply a time-changed Brownian
motion on 0 < ¢ < g while (IJ’ng solves the time-changed heat equation on the same time interval,
therefore 89555(1)732(15, X)) =FE' [(3:,[/,I<I>v5fg(g7 X,y)]. By Jensen’s inequality, it follows that for 0 <t < g,

we have
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E[0u0c®_za(t, X0)?] < E[000®_ 24(g, X,)°]
1
fll(ﬂ
1

<

~—

¢"(t)

In the last line we used that £ is increasing as £ is a power series with non-negative coefficients.
Next, from Lemma B.2.5 and Lemma B.2.9 it follows that f(q) = ¢. In light of Corollary B.1.6, we
showed just above that f'(t) <1 for t < ¢q. It now follows that f(t) > ¢ for all 0 < ¢ < ¢ which
completes the proof. O

B.3 Proofs of Lemmas 4.1.3, 4.1.4, and 4.2.8

We first restate and prove Lemmas 4.1.3 and 4.1.4.

Lemma 4.1.3. For v, € £ and q = inf(supp(v.)), the following are equivalent:

1. 7. 1s optimizable.
2. P(y.) = inf e P(7).

3. P(y«) = infye e, P(v).
Moreover if a minimizer exists in either variational problem just above, then it is unique.

Proof. Lemma B.1.8 immediately implies uniqueness of minimizers. The second statement imme-
diately implies the third, while Lemma B.2.10 provides the converse result. To show that the first

statement implies the third, we observe that Proposition B.2.1 immediately yields

d
&P((l —8)V« +57)|s=0+ =0

for any v € .Zg when 7, is optimizable; this implies the third statement by again invoking Lemma B.1.8.
It only remains to show that if P(7.) = inf,cz P(7), then . is g-optimizable, which follows from
Lemmas B.2.5 and B.2.9. O

Lemma 4.1.4. Ifv” strictly increases on [q,1) for ¢ = inf(supp(v.%)), then no overlap gap holds,

i.e. v¥ is optimizable.
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Proof. Fix ¢ < t; <ty <1 and define §(t) = [y (t1) — vZ (t)[I, 1,)(t). It is easy to see that this
satisfies the assumptions of Proposition B.2.1 with sy = 1. Letting v° = v# + s,

dP

E(WS) !

=5 [ 06T 0 - 1) (B[ (X0 - ).

s=0+

On the other hand, v* € % for s € [0,1] (since v is strictly increasing on [g, 1)), so

(T (1) A (1)) (B0 (1 X0)?] — 1) dt < 0.

t1

for all t; < ty. Since vZ (t) — v# (t;) > 0 strictly for all ¢ > ¢y, this implies

E[0, @ (t, X;)?] < t

for almost every t, and therefore for every ¢. The inequality
B0, @, (t, X:)%] > t
is proved in the same way using 6(t) = [v/ (t2) — v (t)Liz, 1) ()- O

Finally we turn to Lemma 4.2.8, for which we recall some technical results on solutions to SDEs

with non-Lipschitz coefficients. We say the 1-dimensional SDE

dXt = b(t, Xt)dt + O'(t, Xt)dBt (B31)

satisfies the Yamada- Watanabe criteria if |o(s, x) —o(s,y)|> < Iw—iy‘ and b(t, z) is uniformly Lipschitz

in z on compact time-sets.

Proposition B.3.1 ([RY13, Chapter IX, Theorem 3.5 part (ii)]). If the solution X; to Equa-

tion (B.3.1) satisfies the Yamada-Watanabe criteria, then X, also satisfies pathwise uniqueness.

Proposition B.3.2 (IW77, Theorem 1.1]). Let the measurable functions o1 (¢, ), o2(t, x), b1 (t, x), ba(t, x)
be such that (o1,b1), (02,b2) satisfy the Yamada-Watanabe criteria. Further suppose that

bl (t, .Z‘) S bg(t, a:)
holds for all t,z. Let X}, X? solve

dX} = b;(t, X;)dt + o4(t, X;)d By, ie{1,2}.

If X} = X2, then almost surely X} < X2 for all t > 0.
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Lemma 4.2.8. If v, € £ is q-optimizable then it satisfies:

E[0se ., (1, X4)?] = gil(t) t>q, (4.2.7)
E[am.q)%(t,Xt)]:/17*(s)ds, telo,1]. (4.2.8)

Proof. First, (4.2.7) is clear given Corollary B.1.6. To establish (4.2.8), we first show that

d(afmq)% (t, Xt)) = _gll(t)'y* (t) (am@% (t7 Xt))th + 81106(1)7* (t, Xt) \% f”(t)dBt~ (B'3~2)

Indeed (B.3.2) follows by using Ito’s formula to derive

d(amq)'y* (t, Xf)) = (atmmq)'y* (ta Xt) + arq)'y* (t, Xt)amm(p'y* (ta Xt)fll(t)’}’* (t)

+ 8xmw¢’y* (t7 Xt) \% g/l(t)dBt

"
+ f (t)azmr;)'y* (ta Xt)) dt

and taking the second derivative with respect to x of the Parisi PDE to obtain

0= 0 (00t 1) + £ (00s (. + 7,010, (02)7)

+ gll(t)ammzz (I)'y* (ta QIJ)
2

= 8tmq)'y* (t,x) + fll(t)'V* (t) ((8171(1)7* (t, x))2 + azq)'y* (t, z)ammq)'y* (, x)) .

In particular (B.3.2) implies that for all ¢ € [0, 1),

i]E[am‘I)w* (t.2)] = —€" ()7 (DE[(Dra . (¢, )] (B.3.3)

dt

Therefore to show (4.2.8) it suffices to show lim;_,1 E[0,,P-. (£, X;)] = 0. Recalling that E[(0,, P, (¢, X¢))?] =

5,/—1@ is bounded on t € [g, 1], we use the general inequality

E[Y] <E[Y - ]IYZg:I +e
<VE[Y?2]-P[Y >¢] +¢

which holds for any random variable Y. Taking Y = 0,,®..(t, X;)) and noting that E[Y?] is
uniformly bounded (independent of t), it suffices to show p-lim, ,; 0;2®~, (t, X¢) = 0. To this end

we recall that ®.,_ (¢, x) is continuous on [0, 1] X R and is convex in z, with ®.,_(1,z) = |z|. It follows



APPENDIX B. PROPERTIES OF THE PARISI PDE AND VARIATIONAL PROBLEM 363

that for any € > 0,

%gr% lil‘lng Oz @, (t,2) = 0.

Therefore to establish p-lim, ,; 0;,®-, (¢, X;) = 0 it suffices to show

lim lim P[|X;| < ¢] = 0. (B.3.5)

e—=0t—1

To do this we will use Proposition B.3.2 to show that |X;| is stochastically larger than |Z;| for
7y = fot V& (t)dB; ~ N(0,¢'(t)), which implies (B.3.5). Applying Ito’s formula to (X;)?, (Z;)? gives

A(X1)? = (&7 (t)7+ (1) X100 D, (, Xi) + " (1))t + 2X,1/€"()ABy,
d(Z,)? = &' (t)dt + 2Z,\/€" (t)dB,.

We now define Brownian motions B}, B? via B} = sign(X;)B; and B? = sign(Z;)dB,. It is
easy to see by symmetry of the above SDEs that these are both Brownian motions. Then taking
Yi = (X0)%, Wy = (Z,),

dY; = (€" ()7(t) VY20 o, (t,/Y2) + € (1))dt + 20/Y;€" (t)dBY,
dW, = € (t)dt + 2/ W,£"(t)d B2

Here we use the fact that 0, P, (t,z) is an even function (because ®.,, (¢, x) is even for any t) to
obtain the first equation. Proposition B.3.1 applies to both SDEs, implying pathwise uniqueness and
hence uniqueness in law for Y;, W;. Moreover 20, ®., (t,z) > 0 holds for all (t,z) because ®,(t,x)

is convex and even in x. Hence Proposition B.3.2 applies to the above pair of SDEs, ensuring that
Yi>Wy >0

holds pathwise if B} = B2?. (Here we treat B}, B? as unrelated Brownian motions which can be
coupled together, forgetting their definitions based on B;.) Uniqueness in law now implies that Y; is
stochastically larger than W;, hence | X¢| is stochastically larger than |Z;|. We conclude that (B.3.5)
holds, completing the proof of Equation (4.2.8) when +, is optimizable. O



Appendix C

Deferred Proofs from Chapter 5

C.1 Overlap Concentration of Standard Optimization Algo-

rithms

In this section we prove using Gaussian concentration of measure and Kirszbraun’s theorem that
approximately 7-Lipschitz functions A : Hy — By are (A, e~»V) overlap concentrated. We also
show that common optimization algorithms such as gradient descent, AMP, and Langevin dynamics

are approximately Lipschitz.

C.1.1 Overlap Concentration of Approximately Lipschitz Algorithms

Recall that we identify each Hamiltonian Hy with its disorder coefficients (G(p))p€2N7 which we
concatenate into an infinite vector g = g(Hy). We can define a (possibly infinite) distance on these
Hamiltonians by

1Hy = Hylly = (Hy) = g(Hy) |- (C.L1)

1
ﬁ”g
We consider algorithms A : Hy — By that are 7-Lipschitz with respect to the ||-||; norms, i.e. A
satisfying

IAHN) = A(HN) Iy < 7l Hy = Hy |l y- (C.1.2)

for all Hy, Hy € Hy. This is the same notion of Lipschitz as in Theorem 22, though the current

scaling with ||-|| ; norms will be more convenient for proofs.

We will show overlap concentration for the following class of algorithms that relax the Lipschitz

condition to a high probability set of inputs.

364
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Definition C.1.1. Let 7,v > 0. An algorithm A : Hy — By is (7,v)-approximately Lipschitz if
there exists a T-Lipschitz A' : Hy — By with

PlA(Hy) = A'(Hy)] > 1—v. (C.1.3)

Proposition C.1.2. If A: Hy — By is 7-Lipschitz, then for all X > 0 it is ()\,exp (—%N))

overlap concentrated.

Proof. We write A(g) to mean A(H ) for the Hamiltonian Hy with disorder coefficients g = g(Hy).
Let A;(g) denote the i-th coordinate of A(g), so A(g) = (A1(g),..., An(g)). Define the gradient
matrix V.A(g) € RNV by

VA(g) = [VAi(g) VAxg) -~ VAx(g)|-
Because A is 7-Lipschitz, we have for all g, g’ € RN that

| Alg) — Ay

A=
g —g'lly

By taking the limit g’ — g from the best direction, we conclude that for all g € RY,
A > smax(VA(g)), (C.1.4)

where spax denotes the largest singular value.

Consider any p € [0,1]. We can generate p-correlated g!),g(®?) € RN by generating i.i.d.

glol gl gl2l € RN, each with i.i.d. standard Gaussian entries, and setting, for i = 1,2,
gl = \/ﬁg[ol + /1 — pglil.
We will apply Gaussian concentration to the function
(g, g, g%) = k (A), AE")).

which is a function of i.i.d. standard Gaussians. For each i € N, let V.A. ;(g) denote the i-th row of
VA(g), ie.

VA8) = | (e) %(e) - Hx(g).
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We can compute that

OF B
ogl (8", 8", g™) = % [VA-,i(g“))A(g@)) + V.AA,i(g(Q)).A(g(l))} : (C.1.5)
oF Vi—p
PO (g g, &) = T VAi(g™)A(g?), (C.1.6)
OF VI=p
8g[2] (g[O]v [1]’g[2]) = TVA‘,i(g(Q))A(g(l)) (C.1.7)

By the inequality (x + y) < 222 + 242, (C.1.5) implies

OF
g (0]

T

2 2
(€%, %) < 28 (VAL )A) + (VA D)AE) ]

Similarly, (C.1.6) and (C.1.7) imply

OF
8g[1]

oF
—— (g, g1, gP)? <
g,

T

2(1—p)
N2
2(1—p)
N2

0] 1] 212 2
(g™, g, g") ,

IN

(VA.,i(g(”)A(g(Q)))

(VA (&) AE™))

Summing over the last three inequalities and over ¢ € N gives

[vrE, e < 25 (VA AEC™) + 5 3 (VA () AE™))
€N 1€N
= 2 [Pt atg ], + 5 VA A

Since A(g"), A(g®) € By, this implies

2

2 2 9
\V/ [0] 1] &[2] il v (1) il \V/ (2)
H F(g 8,8 )HQ < Nsmax ( A(g )) + Nsmax ( A(g ))

2 472
< -
- N

for all gl glll, gl? € RN, The last inequality uses (C.1.4). By Gaussian concentration,

)\2
P[P g, g?) ~ EF(, g, g)| = A] < exp <_872N) :

Note that Gaussian concentration of measure applies in infinite-dimensional abstract Weiner spaces
as explained just before [Led01, Theorem 2.7] regarding Equation (2.10) therein. Alternatively if one
wishes to avoid infinite-dimensional Gaussian measures, it suffices to prove the present proposition

for the (still 7-Lipschitz) conditional expectations

Ap(Hy) =E[A(Hy)|G?), ... ,GP)]
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and observe that lim,_,o A,(Hy) = A(Hy) holds almost surely and in L'. O

Proposition C.1.3. Suppose A: Hy — By is (1, v)-approximately Lipschitz. Then, for any A > 0,

—4v)2
it is (/\, exp (— ( 8j2)+ N) + 21/) overlap concentrated.

Proof. If A < 4v the result is trivial, so suppose A > 4v. Let A’ be such that (C.1.3) holds.

Let p € [0,1], and let H](\}), H](\?) be p-correlated. We have
R (A, AHD)) - R (A@HP), A H))| <2
pointwise. Furthermore, (C.1.3) implies that
AHP) =AHP)  and  AHDP)=AHD) (C.1.8)
with probability at least 1 — 2v. So,
’ER (A(Hj(\})),A(HJ(\?)D _ER (A’(H}v”), A’(H](\?)))’ < 4. (C.1.9)
By Proposition C.1.3, we have

‘R (A’(H](\})LA’(H](\?))) _ER (A’(H](Vl)),A’(H](\?)))‘ <A—dv (C.1.10)

with probability at least 1—exp (— (’\gf;)z N). The events (C.1.8) and (C.1.10) occur simultaneously

with probability at least 1 — exp (— (kgf;)z N) — 2v. On this event, (C.1.9) and (C.1.10) imply

(R (AE), AHD)) ~ER (AHD), AHD))| <A
as desired. O
C.1.2 Standard Deterministic Optimization Algorithms are Approximately

Lipschitz

Fix constants Ty, T, ko € N and r € [1,v/2). We take as initialization a sequence (z=7°,... 1)
of vectors in By, which is independent of the Hamiltonian Hy. We consider rather general kg-th

order optimization algorithms which compute

2 = §, <(ws)_T0SS§t 7 (kaN(a’S))1§k§k0,—T0§s§t) , 0<t<T-1 (C.1.11)
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and output . Here, (fo, f1,- -, fr—1) is a deterministic sequence of functions such that fo, ..., fr_a
have codomain 7By, fr—; has codomain By, and these functions are all Lipschitz in the sense that

there exist constants cg,...,cr—1 > 0 such that

It ((ws)_Togsgt ) (Az)lgkgko,—ngsgt) — fi ((ys)_Togsgt ) (BZ)1§k§ko,—Togsgt> ’N

t ko t
- [ S et -yl S S AL Bl

S:—To k=1 S:—To

(C.1.12)

As we review below, the majority of standard convex optimization algorithms fall into this class.
However we remark that some optimization algorithms for highly smooth and convex functions, such
as Newton’s method and the recent advances [GDG119, Nes21], do not fall into this class. This is

because they require inverting a Hessian matrix or solving another inverse problem each iteration.

Example C.1.1. Projected gradient descent is of the form in (C.1.11) via
fk=p (wk — nkVHN(mk)) .

Here p is the projection map onto either By or Cny and the learning rate parameters (11, ..., ) are
arbitrary constants. Other variants such as accelerated gradient descent, ISTA, and FISTA (see e.g.
[Bub15]) can similarly be expressed in the form (C.1.11).

Example C.1.2. Approximate message passing (AMP) with arbitrary Lipschitz non-linearities
can be expressed in the form of (C.1.11). Given a deterministic sequence of Lipschitz functions
fi : R*"1 = R for each ¢t > 0, the AMP iterates are given by

t
:c“'l = vﬁN(ft(woa R wt)) - Zdt,sfsfl(wov e 7ws—1)7 (0113)
s=1
dis =& (R (fo(a®,...,at), for(2°,..., 2" 1)) -E 88)?8( 0. XY, (C.1.14)

Here XY ~ pg is a uniformly bounded random variable, and z° has i.i.d. coordinates generated
from the same law. The non-linearities f; are applied entry-wise as functions f, : RN*(t+1) 5 RN,
The sequence (X*);>1 is an independent centered Gaussian process with covariance Q; s = E[X'X®]

defined recursively by

Quitsr1 =& (E[fe (X°,...,X") fo (X°...,X")]), ts>0. (C.1.15)

It is not difficult to see that the iteration (C.1.13) is captured by (C.1.11), by defining the non-

linearities f:(x?,..., ") as additional iterates &’ so that their gradients can be evaluated.

Theorem 41. For any functions fo,..., fr_1 as above and any initialization (z=70,... =) of
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vectors in By, there exist constants T, c such that the map Hy — x® defined by the iteration (C.1.11)
cN

is (1, v)-approximately Lipschitz with v = e~
Proof. We will first show the existence of 7 such that the map Hy — a”, with domain restricted to
K (recall Proposition C.2.1), is 7-Lipschitz with respect to the ||-|| ; norms. Consider running the
iteration (C.1.11) on two Hamiltonians Hy, Hy € Kx with the same initializaton (xz=70,... & ~1);

0

call the respective iterates =0, ..., 7 and y°,...,y”. A straightforward induction using Proposi-

tion C.2.2 and (C.1.12) gives constants Cy,...,Cr such that for 0 <t < T,
=" — 4|y < Cill Hy — Hyll y-

In particular, we may take 7 = Crp.

By Kirszbraun’s theorem, there exists a 7-Lipschitz A" such that A(Hy) = A'(Hy) for Hy €
Ky. By Proposition C.2.1, there exists ¢ such that P(Hy € Ky) > 1 — e °N. Therefore A is

T, v)-approximately Lipschitz for v = e~ V. O
(T,v)-app y Lip

The following corollary follows immediately from Theorem 41 and Proposition C.1.3.

Corollary C.1.4. For any functions fo, ..., fr—1 as above and any initialization (x=10,... x=1)
of vectors in By, for every A > 0 there exists a constant cy such that for sufficiently large N, the

map Hy — xT defined by the iteration (C.1.11) is (X\,e=*N) overlap concentrated.

C.1.3 Reflected Langevin Dynamics are Approximately Lipschitz

Here we show that a natural version of Langevin dynamics, run for bounded time, is approximately
Lipschitz for almost any realization of the driving Brownian motion and hence falls into the scope

of our main results. The Langevin dynamics for a Hamiltonian Hy are given by the diffusion

dX; = gVHth +dB;.

When X; can range over all of space, the SDE above may explode to infinity in finite time. We
therefore modify the naive dynamics above by enforcing an inward-normal reflecting boundary for
the convex body K = rBy or K = rCx. We refer the reader to [Pill4] for the relevant definitions.

In short, the result is a stochastic differential equation of the form

Here /; is non-decreasing and only increases at times when X; € K. Meanwhile v; € R is contained

in the outward normal cone of X; € OK for all t. Note that there may be several inequivalent choices
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for such a reflected process; our results apply to any of these choices. The Langevin dynamics we
consider consists of solving (C.1.16) for a constant time T starting from Xy which is independent of

Hy, and then projecting X7 onto By or Cy.

The corresponding Skorokhod problem was shown to have a Lipschitz solution for convex poly-
hedra such as rCy in [DI91, Proposition 2.2]. In this case, solving (C.1.16) reduces to solving an
SDE with Lipschitz coefficients as explained in [Pill4, Section 2.2]. As a result, the solutions to
(C.1.16) from different starting points X, (but with a shared Brownian motion) can be coupled
together to give a continuous stochastic flow (see [RW94, Chapter 5, Section 13]). In the case of a
smooth boundary such as By, although the Skorokhod problem does not have a Lipschitz solution,

the results of [LS84] imply the existence of a stochastic flow as explained in [Bur09].

Lemma C.1.5. Let X;,Y; solve (C.1.16) inside a convex body K with the same Brownian motion.
Then .
/ (X¢ — Y, vfde —of el > 0.
0

Here (vX, ) denote the reflecting boundary terms for X; and similarly for Y;.

Proof. Recall that ¢X,¢) are increasing. Moreover (X; — Y;,v;X) > 0 whenever X; € 9K by the
definition of the normal cone, and similarly (Y; — Xy, v}) > 0 whenever Y; € 9K. The result
follows. .

Theorem 42. Both variants of Langevin dynamics above define, for any initialization Xo € By
and for almost every path (Bt)icpo,r), a (7,v) approvimately Lipschitz map A : Hy — By with
7= O¢pnr(l) and v < e~ N,

Proof. Fix Hamiltonians
H])\g, H}V/ € Ky CHy

satisfying HH])\f — H}\/,HN = A. Let X;,Y; be the solutions to (C.1.16) driven by a shared Brownian
motion with H f\,( and H}\; for Hy respectively, and with shared initial condition Xy = Y. We will
show that

| X7 = Yr|[y < CA

holds almost surely for some constant C' = C(§, h,T). This suffices to imply the result. (Note that
A might not be defined on all of H, but it suffices for it to be well-defined and Lipschitz on Ky.)

First observe that X; —Y; is a finite variation process, i.e. it has no Brownian component. With
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¢X and £Y the corresponding finite variation processes in (C.1.16), Ito’s formula gives

1
X = Vil = (X — Vi, X, — dYy)de

= (X; = Vi, =0 dfS + v A6 )dt + B(X; — Y, VHN (X;) — VHY(Y;))dt.
Integrating and using Lemma C.1.5, we find
t t
X~ il < [ (X - Yo o atd s+ 6 [ (X - Y VHE(X) - VEX(Y)ds
0 0
t
<5 [ 6= Vi VH(X) - VEY(Y.)ds.
0
By Proposition C.2.2 with C = (Y,
[VHR (X0) = VHx (V)| < C(A +[1X0 = Vi y)-

Using AM-GM and rescaling, we obtain for each ¢ € [0, T] the self-bounding inequality

t
1X, -Vl < c/o A X, = Yilly + X, = Va3t
t
< 20/ A2 4[| X, = Y, |3 dt
0
t
< 2CAT + 20/ 1Xs — Y| 3 dt.
0

2CT

Gronwall’s inequality now implies || X7 — YT||?V < 20A%Te2CT . This concludes the proof. O

C.2 Bounds on Hamiltonian Derivatives

In this section we will prove high-probability bounds on the derivatives of Hy, including Proposi-
tion 5.2.3. We write Hy (o) = (h,o) + Hy(o) for

fIN(O') = Z 'YpHN,p(a-)a
pE2N

where the p-tensor component is

1

() +®
No-1/2 (G, 0®7).

Hy (o) =

By slight abuse of notation, we also denote WG@) =Hyp.
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Proposition C.2.1. There exists universal constants ¢, C' > 0 such that for all sufficiently large N,

IHNpll,, < CVp
for all p € 2N with probability at least 1 — e~ N

Proof. By [BASZ20, Equation B.6] with k& = p, we have for some universal constant K and all
p € 2N,
P ||HNJ)||Dp > 2K,/p| < o KDN/2.

Take C' = 2K. The result follows by a union bound over p € 2N. O

Proof of Proposition 5.2.3. Let Ky C Hy be the set of Hamiltonians H satisfying the conclusion
of Proposition C.2.1. We will take

Co=C Y oy *phyp+ hi{k =1},

pE2N,p>k

where C is given by Proposition C.2.1 and p£ = p(p—1)--- (p—k+1) denotes the k-th falling power

of p. This is finite because r < v/2 and Ep@N 712,217 < oo implies limsup,,_, 72” < %
p

If Hy € Ky, for each o,...,0% € Sy we have

1

N<Vkﬁ1v($),01®"'®0'k>: Z %(VkHNyp(w),al®'-~®ak>

pE2N,p>k

k
pE2N,p>k

< D TR Hal,,
pE2N,p>k

<C Z ’Yprpikpﬁ\/ﬁv

pE2N,p>k

by Proposition C.2.1. Thus

HvkﬁN(m)

<C rPkpk /p.
0 T g

pE2N,p>k

o

For k > 2, VFHy(z) = VFHy(x), and for k = 1, IVHN(z)]|,, < HV-’?N(fB)

+ h. This proves

op
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the first claim. Similarly,

1
N (VFHy(z) — VFHN(y),0' @ - @ o")
= Y BT Hy (@) - VN ()0 @0 o)
pE2N,p>k
k
S %;\2]% <HN,pa (m®(pfk> _ y®<p7k>> ®0l® - ® gk>
pe2N,p>k
k p—k?—l
= Y S (Hyp -y 020 0y 9ol 00 0t
pE2N,p>k j=0
< 3w e =Rl -yl g .,
pE2N,p>k

< Crpillz =yl y,

SO HkaN(ZE) — VkHN(y)

s Cr+1|lx — y||y, proving the second claim. O

o

Proposition C.2.2. Fiz a model (&,h) and a constant r € [1,v/2). Let Ky be given by Propo-
sition 5.2.3. There exists a sequence of constants (C})g>1 independent of N such that for all

Hy,H)\ € Kn and z,y € RY with ||z|| v, |yl x <7,

[V Hy () — V*Hi (y)

o < Crlllz—ylly + 1 Hy = Hyllx)
where ||Hy — Hy ||y is defined by (C.1.1).
Note that when |[Hy — H)y|| is infinite, this proposition is vacuously true.

Proof. We have that

[V¥Hy (x) = VEHY (y)||, < |VFHN(2) - ViHN ()| + ||V H (=) = VR HY (y)]

Op’

and by (5.2.8),
[V*H Y () — VFH ] (y)

<Gl -yl

o

For all o', ..., 0% € Sn, we have
1
¥ (VFHy(x) - VEHN (), 00 @@ o) = > l]\f; (VFHy p(z) — VFHY (z),0' ®@ - ® o)
pE2N,p>k
k
= > M (- e P 90t 00
pe2N,p>k

—k, k /
S Z Wi’ | Hyp — Hy op
pE2N,p>k
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Moreover,

1
= max <G(p)—G’(p),0'1®~~-®a”>

H _H/ -
[Hxp = Hivyll,, = Form72 ol Sy

IN

1
—— |lg — G'(?’)H
\/NH 2

< ||Hy — Hyll -
Thus we have

1
5 (ViHy(@) = V' Hy(@).0' @ - @ok) < 3 || Hy — Hylly.

pE2N,p>k

Because this holds for all o, ..., 0" € Sy, we have

|VFHy(z) — VFHY ()

< > P TRpE | Hy — Hylly
pE2N,p>k

op

The result follows by taking Cj, to be the larger of Cj11 and ZpEQN >k 'yprp*kp&. O

C.3 Explicit Formula for the Spherical Algorithmic Thresh-
old

In this section, we will prove Proposition 5.2.2, which gives an explicit formula for ALG??}L.

We first remark that the ¢ defined in the second case of Proposition 5.2.2 exists and is unique.
Define f(q) = ¢€"(q) —€'(¢) = >_ conP(P— 2)’y§q1’_1. If we are in the second case of the proposition,
then h? + ¢'(1) < £"(1), so f(1) > h2 Since f(0) = 0 < h?, existence of g follows from the
Intermediate Value Theorem. Moreover, f(1) > h? > 0 implies 7, > 0 for some p > 2, so f(q) is
strictly increasing for ¢ € [0, 1]. This implies uniqueness.

Recall that the spherical Parisi functional PSP (5.2.2) is defined in terms of a function B (t) =
B — ftl €"(¢)¢(q) dg. As (B, () ranges over ¥ (§), B¢(t) ranges over all continuous, nondecreas-
ing functions from [0, 1] to Rsg. We can thus reparametrize the minimizaton (5.2.5) as one over
continuous and nondecreasing B : [0,1] — Rsg. By slight abuse of notation, for continuous and

nondecreasing B : [0, 1] — Rs( define

o= =4 [+ [ (518 + o) ]




APPENDIX C. DEFERRED PROOFS FROM CHAPTER 5 375

Proof of Proposition 5.2.2. We first handle the case h = 0. By AM-GM,

PSP () :;/01 (53((3)) +B(q>> dqz/olf”(q)”? dg.

Equality holds when B(q) = £”(q)'/? for all ¢ € [0,1]. However, this requires B(0) = 0, so this
objective is not attained, though approximations to this B get arbitrarily close. Thus ALGSP =
fol ¢"(¢)"/? dg. We will show this ALG®P equals the value claimed. If ~p > 0 for some p > 2, then
&'(1) < £"(1), so we are in the second case of the proposition. Since ¢ = 0, we are done. Otherwise,
v, = 0 for all p > 2, and £'(1) = £”(1). Then £”(q) is constant, so ALG™P = ¢”(1)1/2 = ¢/(1)1/? as

claimed.

Otherwise, h > 0. We extend the definition of ¢ to

g=sup{q€[0,1]:h*+&(q) = 4" (a)} -
This gives ¢ = 1 in the first case of the proposition, and matches the definition of ¢ in the second

case. Note that ¢ > 0. Define
N 2 1 1/2
B (h +¢ (q)) _
q

We will prove both cases simultaneously by showing that for any continuous and nondecreasing
B :[0,1] = R<q, we have

1
PSP(B) 261/2 (h2+§/(a\)>1/2+/ g/l(q)l/Q dq,
q

with equality if and only if

E q
é ,(q)1/2 q >

)

Q

q.
It is easy to check that this B is continuous and nondecreasing (i.e. if ¢ < 1, then B = &(Q)?)
and that it corresponds to the equality cases claimed in the proposition. By AM-GM,

;/; (%éj; +B(q)> dq > /; ¢ (@)"? dg, (C3.1)

with equality if and only if B(q) = ¢”(¢)'/? on (g, 1]. Define the truncated Parisi operator

g (s 50 .

Let B : [0,3] — R be given by B(q) = B, and note that PSP4(B) = §1/2 (h? + 5/@))1/2' We will

1

PSPa(B) =

\V]
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show that for continuous and nondecreasing B : [0,7] — Rsg, we have PSP(B) > PSP4(B), with
equality if and only if B = B on [0,4]. Along with (C.3.1), this implies the conclusion. We consider

two cases.

Case 1: B(0) < B. Define
7=suwp{q€(0.: Blo) < B}.

It is possible that ¢ = q. For ¢ € [q, q], we have B(q) > B, so

/; (g((s)) + B(q)) - /; (6"5) + l?) = /; (é —~ @)) (B(q)]§ - E”(q)) dg.

Because B(q)ﬁ > B2 > h? +;I(® > () > € (q),
we have /:7 (g((s)) +B(q)) . /N‘IA <§”éq) N E) ' (C.3.2)

>h? | = — —Z ¢"(q) BO) )dq
:<Bio)_}§ h2_/:<h2+qf/@ £'(q) dq]
2(10)% B /Oa(h“;/@ £(q) dq]

=0.

Thus PSP4(B) > PSP"T(E)7 with equality only if § = ¢ and B(q) = Bforallqe [0,q]. Combining
this with (C.3.2) gives that PSP4(B) > PSP4(B), with equality only if B = B on [0, .
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Case 2: B(0) > B. In this case, B(q) > B for all ¢ € [0,3]. So,

9 (pSP@(B) _ PSP"IA(E)) h2 <é\ - 10)) ) (B(Q)B §"( )) (é qu)) q
g [ -0 o)
() (50 0) (35t
> _h2 <11§ - 20)) + /OqA<h2 8@ _ 6”((1)) <é — 20)) dg

For equality to hold, we must have B(q) = Bforall g€ [0,q], so B = B on [0,q]. O



